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1 . INTRODUCTION 

Put 

— - — r = I X * n a-D 
1 - kx - X n-0 

and 
oo 

cn(y) = ^2c
knyk (« = o, I , 2, . . . ) . (i.2) 

Jc-o 
By ( 1 . 1 ) , 

^ = 0 j = 0 j = 0 s = 0 n = 0 2s <n 

so t h a t 

°*»- z ( w ; s ) f e n " 2 s - a-3) 
2s < n 

Since c?kn i s a polynomial i n fc of degree n9 i t fo l lows t h a t 

rn (y) 
Cn(y) = (n = 0 , 1 , 2 , . . . ) , ( 1 .4 ) 

( l - y)n+1 

where vn{y) is a polynomial in y of degree n. Moreover, since 

Ck%n + l = ^Ck,n + °kyn-l> 

i t fo l lows from (1 .2 ) t h a t 
oo 

^ + 1^) = X/^,n + ^ .n- l )^ ' 
k = 0 

This g i v e s 

Cn + 1(aO = £„'(*) + Cn.±(x) (n .> 1 ) . (1 .5 ) 

Hence, by ( 1 . 4 ) , 
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^n + 1 ( ^ ) = (n + l)xrn (x) + x(±-x)rjl(x) + (1 - x)2rn_±(x) ( n > l ) 

w i th r0(x) = rl(x) = 1 . 

I f we put 

k = 0 
then, by (1.6), we get the recurrence 

(n - k + 2)i?njk_1 + kRHtk + Rn-l,k ~ 2^tt-l,k-l + Rn-l,k-2' 

By means of (1.8) the following table is easily computed. 

(1.6) 

(1.7) 

(1.8) 

n \ 
0 

1 1 
2 

3 
4 

5 
6 

I 7 

0 1. 

1 

-1 

3 
• 

8 

6 

21 

2 

2 
• 

14 

22 

99 
240 

3 

3 
4 

60 
244 

1251 

4 

5 
22 

279 
2016 

5 

8 

78 

1251 

6 

13 
240 

7 

21 

It follows from (1.6) that 

Rn+l,n + l = Rn,n + ^n-l,n-l ' 

Hence, s i n c e i?0,o = -̂ 1 1 = 1 ? 

^w,n = -̂n + 1 (n=0, 1, 2, . . . ) , 

Hoggatt and Bicknell [2] have conjectured that 

Ro R* (1 <. k <_ In + 1). L 2 n + l , k ±l2n + l, 2n-k+ 2 

We shall prove that this is indeed true and that 

*2n.2n-fc+l + ("Dfc(2nfc+1) = *2».fc d < * < 2*). 

(1.9) 

(1.10) 

(1.11) 

The proof of (1.10) and (1.11) makes use of the relationship of rn (x) to the 
polynomial An(x) defined by [1], [3, Ch. 2] 

xe 
( I - x) z = 1 + 2>»<*>§r (1.12) 

n-l 
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The relation in question is 

2k<n 

with AQ(x) = 1. The polynomial An(x) is of degree n: 
n 

An(x) = Y^An,k*k (w>.l), (1.14) 

where the A H t k are the Eulerian numbers. Since 

An(x) = xn + 1An(^)> (1.15) 

it is easily seen that (1.10) and (1.11) are implied by (1.13). 
It seems difficult to find a simple explicit formula for i?n>^ or a simple 

generating function for rn (x). An explicit formula for Rnik is given in (2.11). 
As for a generating function, we show that 

£r n(a:)~ = ^An{x)fn ((1 - x)z)(l - x)~n zn, (1.16) 
n- 0 * n = 0 

where 

k = 0 

Moreover 

/n (s) = Pn(s) cosh 3 + Src(s) sinh 2, (1.18) 

where Pn (s) , Qn(z) are polynomials of degree n, n - 1 , respectively, that are 
given explicitly below. 

While (1.16) is not a very satisfactory generating function, the explicit 
result (1.18) for fn(z) seems of some interest. It is reminiscent of the 
like result concerning Bessel functions of order half an integer [4, p. 52]. 

2. PROOF OF (1.10) AND (1.11) 

By (1.2) and (1.3) we have 

<w -X>kZ;(V)*"_2' = E (V)£*"-2-»* 
k = 0 2s < n 2s < n k = 0 

Since [3, p. 39] 

i t follows that 

}knxk = , 
k=0 ( 1 - X) 

2s <n 
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and therefore 

*„(*) = £ (n'sS)a ~ X)2SK-2s(x)- (2.D 
2s<n 

Thus we have proved (1.13). 
Note that by (1.7) and (1.14), (2.1) yields 

2s < n Q » 0 

In the next place, since ince 

An(*) = xn + 1An(^j (n > 0), 

(2.1) gives 

*"+l2,(§) - E (V)*1 - *)28--2s+1^-4!> (2.3) 
2s< n 

We now consider separately the cases n odd and n even. 
Replacing n by 2n + 1, (2.3) becomes 

2s < n 

r2n+1(x) = * 2 * + ^ 2 n + 1 ( J ) . (2.4) 

so that 

On the other hand 
n-l 

^ 2 - + i ^ g ) = z (2n; > - *>2s - 2 n - 2 s + i ^n- 2 s © + *<* - -)2" 
s = 0 

= £( 2 n ; s )a -^) 2 s ^2„-2 S w - <i-ao2B+i, 
so that 

ln(x) = p 2 - ^ P 2 n ( i ) + (1 - * ) 2 " + 1 . (2.5) 

By (2.4) and (1.7) it follows at once that 

*2n + l,fc = *2» +l,2n-k+2 (1 < ft < 2n + 1) . (2.6) 

Similarly, by (2.5), 

2n^ 2n 2n+l 

k = 0 k=0 

which gives 
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*zn.* " *2n.2»-k + i + ( " D'CV 1 ) (1 < fc < 2n), (2.7) 

as well as 

i?2n>0 = 1 (n = 0, 1, 2, . . . ) . (2.8) 

The companion formula 

R2n + uo = 0 (n = 0, 1, 2, ...) (2.9) 

is implied by (2.4). 
Clearly, by (1.9) and (2.6), 

*2» + lfi = 2̂n + 2 (" = 0, 1, 2, ...) (2.10) 

while, by (2.7), 

^2n, i = 2̂n + i - (2n + 1) (n = 0, 1, 2, . . . ) . (2.11) 

Since 
n 

An(y) = 2/]£<2/ - Dn~ JVo n, 
j-o 

where, as usual, 

A j 0 n = X ! ( - 1 ) J " 8 ( J ) s n = J'!5(n' J-)' 
s = 0 

where £(n, j) is a Stirling number of the second kind, (2.1) implies 
n - 2 s 

2s~ 3 A j n
n " 2 s pn(^) = xJ2,(n~s

s)a - x)2s ]T(* - Dn'2fl-JAjo 
2k < n j ' = 0 

2s < n j = 0 

Hence 
n - 2s 

*»•* - E ( V ) £ ( - 1 ) n j-k+1(nk~-lY°n~zs- (2-12) 
2s < n j = 0 

For example, for fe = n, (2.12) reduces to 

2s < n 

3. GENERATING FUNCTIONS 

To obtain a generating function for rn (x), we again make use of (2.1). 
Thus 
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^ = 0 2 k < n n = 0 n = 0 2 k < n 

? n + 2k 

k * 0 w = 0 

If we put 

f , z ) = V (fe + n ) ! 2k+n= y* (k + 1 ) w .»+>. f 3 ,> 
• r n U ; 2-vfc! (2£ + n) ! 3 Z^(2fe + n ) ! 2 ' U *" U 

k'O k-0 

we get 

£ r „ w | = £ ^ ) / „ ( ( l - i ) 2 ) ( l - i ) - V . (3.2) 
n=0 n=0 

Clearly 

oo 2k °°  o 7 _ °°  2^ 

so that 

f0(z) = cosh s5 2f1(z) = s cosh s + sinh z« 

For ft = 2 we get 

k = 0 

,2*:+ 1 

( 3 . 3 ) 

A^ /„x _ V^4(fe + l)(fe + 2) _2?c + 2_ \ p (2fc + l)(2fc + 2) + 3(2fe + 2) 2fc+2 
4 J 2 ( ' S ; Z ^ ( 2 f e + 2 ) ! S Z ^ ( 2 f e + 2 ) ! Z 

k = 0 k = 0 

which reduces to 

4/2(;3) = z2 cosh z + 3z sinh s. (3.4) 

With a little more computation we find that 

8/3(3) = (z3 + 3z2) cosh z + (6s2 - 3) sinh z. (3.5) 

These special results suggest that generally 

2nfn(z) = Pn(z) cosh g + Qn(z) sinh 2, (3.6) 

where Pn (z) , Qn(z) are polynomials in 2 of degree ft, ft-1, respectively. We 
shall show that this is indeed the case and evaluate Pn(z) , Qn(z). 

If we put 

Sn(z) = Pn(s) + Qn(z)9 Tn(z) = Pn(g) - Qn(z), (3.7) 

then (3.6) becomes 
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2n/n(» = \{sn(z)e* + Tn(z)e'*). (3.8) 

By (3.1) we have 
» 2n(k + i)M 

k = 0 

This suggests that we put 

n 
2n(ar+-l)n = ̂ a n J ( 2 * + j + 1 ) ^ . , (3.10) 

j = o 

where the anj are independent of #. Clearly the aWj are uniquely determined 
by (3.10). Indeed, rewriting (3.10) in the form 

2-(|<«- »> +1)„ - E ( w - ^ , a X - j ) » 
j =0 

it is evident, by finite differences, that 

3 
2 

a 
l n , n-j 

s = 0 

3 

s = 0 

Subst i tut ing from (3.10) in (3.9) we get 

k = 0 j = 0 

^Lja^zn dLj (2k + j ) ! 

X, an,2j^ 2J < 2^(2&)! Xf (2*)!Y 
2j<n ( k = 0 t = 0 j 

+ 2^ a n ' 2 J + l S )Z^(2fc + l ) ! 2^(2^ + 1)! 

= / ^ an,2j ^ n _ 2 j " cosh z + V ] an,2j + i zn~2^'1 sinh 3 
^7< 

E ^ zn-2j-2t —y _ s n - 2 . j + 2 t 

2^an'2^' (2t)! ~Z> 2-(a"*^ + 1 (2* + 1)! ' ( 3 ' 1 2 ) 2 j < K t < j 2j<n t<j 
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Now 

Q-v, 11 " - 7 2 , 2 ^ + 1 

E r ^ ^ n - z j + zr _ ^ , _ ^ n - z j + zr 

2^an,2j (2t)! + 2-J 2~jan>2J + l~(2 + 1)1 
2j<n t< j 2j<n t < j 

_ Vs-24 v an'2j + 
L~> \ LJ (23 - 2*)! + 

<2t<n f2t<c 

By (3.11) 

(2j - 2 t ) ! (2j - 2* + 1)! 
<2t<n f 2t<j<n 

an,S 

U - 2t)! 
0 < 2t< n 2t <j<n 

£ (J - 2t) ! 
2 t < 3 < n 

= Z (J--2t)t(n-J-)1s<-i>n"J"(n;0(a+w)(B+n-2) ••• (s-n+2) 
2t<Q<n S~° 

= n^|(n-2t-j)»^(-1)J"(e)(8 + n ) ( 8 + w - 2 ) • • • ( S " n + 2 ) 

j = 0 s - 0 

• F w S " ; a ) " « " - » - <«-«> "f <-i>'-(-A-)-
s = 0 

The inner sum vanishes unless n = 2t + s. Since n > 2t, the double sum must 
vanish. Therefore, (3.12) reduces to 

2nfn{z) = 5^an'2^n2j COSh Z + ^ a n ' 2 J + lSn"2j_1 Sitlh Z' (3.13) 

Comparing (3.13) with (3.6), it is evident that 

-23 
*n, 2j " 

2j<n 
(3.14) 

2j<n 

Hence, as asserted above, Pn(s), Qn(z) are polynomials of degree n, n - 1, 
respectively. It is in fact necessary to verify that aHi0 ^ 0, antl ^ 0. 
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By (3.7) and (3.14) we have 

n n 

J = 0 3 = 0 

4. ANOTHER EXPLICIT FORMULA 

While we have found anj explicitly in (3.11), we shall now obtain another 
formula that exhibits anj- as a polynomial in n of degree 2j. To begin with 
we have, by (3.11), 

k=0 J 

o°  K. 3 

£fr£G)E ( - 1 ) , '" s ( f ) ( s + n ) ( s + n - 2 ) ••• <s-w+2> 
k=0 j=0 s = 0 

fc = 0 s = 0 

It follows that 

V = r\ c ~ c\ J - o v f 

VnW = «•*„(«) .£(fc + ")(fc + "-2)-(ft-n + 2),>. (4.i) (k + n)(k + n- 2) ••• (fe-n + 2) ^ 

Then 

fc = o 

(*/„»(«) - «*„<*>) .^(fe + » + l>(ft + n-l> •••(&-» + !>,* = yn + l(2). 

Carrying out the differentiation this reduces to 

Sn + 1(z) = s^'(s) + (2j3-n + l)S„'(;3) + (2 - n + l)£n(2). (4.2) 

Comparing coefficients we get 

an + i,j = anj + (w-2j + 3)a„iJ-_1 - («/- 2)(n-j + 2)anfJ._2. (4.3) 

Hence, for j = 0, we get 

a H t Q = 1. (4.4) 

For j = 1, (4.3) becomes 
a« + l,i = «nl + (n + l)an0, 
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which gives 

For n = 2, (4.3) reduces to 

which gives 

3(T). <*-6> cn2 

With a little more computation we get 

' - - " ( " D - ' C ; 1 ) (4.7) 

^ = 105(^1)-45(^1) (4.8) 

an5 = 3 • 5 • 7 • ̂ o 1 ) - G S O ^ 1 ) + 4s(» J X ) . (4.9) 

These special results suggest that generally 

2s <j 

Indeed assuming that (4.10) holds up to j, it follows from (4.3) that 

(n- 2 j > l ) 2 / - 1 > " ^ . ( 2 j - 2 e ) - W - 1 ) ( " - J ' + 1 ) Z ) ( - 1 ) ' ^ - ^ ( 2 / - 2 a 1 - 2 ) 
2 8 < J - 1 

= Z ( " 1 ) S ( 2 i - 2 S ) {(W-2J' + I ) e ^ + W - D ^ - J + D ^ - i . a - l } 
2 S < J 

= 2™^ ( " 1 ) S ^ ' + 1 > s V2 j -2s + l ) 
2fl< j + l . 

provided 

( n - 2 j + 2s + l ) a / + 1>8 = ( 2 j - 2 s + l ) ((n-2j + l)cjs + (j - 1) (n - j + Daj _ l f 8 _ x) . 

This gives 

c . _ 2-J (J - 1) ' (2J - 2s) ! ( 4 u ) 
C j ' s ^ 8 ! ( j - f l ) ! ( j - 2 e - l ) ! * ^ • i l ; 



226 SOME POLYNOMIALS RELATED TO FIBONACCI AND EULERIAN NUMBERS JUNE 1978 

Thus (4.10) becomes 

2-S < j 

• (j-l)i(2j-2s)! / w+1 \ 
s\(j-s)\(j-2s-l)l\2j-2s) (4.12) 

:n,j' 

^ M . II , l — | ~ — 

! o 
1 
2 

3 
k 

5 

0 1 

1 

3 
6 

10 
15 

2 

3 
15 
45 

3 

-3 
-15 
-30 

A 

-45 

5 

+45 
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