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SECTION 1

Consider sequences

0= (A, Ay, +-0s Qy), (1.1)

where a; € Z; = {1, 2, ..., k}). The sequence is said to have specification
[ny, ny, ..., ny], where the n; are non-negative integers, N = n; + n, + -+
+ ny, if each element j, 1<j<k, occurs in 0 exactly n; times. The sequence
is called a derangement provided no element is in a position occupied by it
in the sequence

(1, 1, .., 1, 2,2, vooy 2, iy, Ky ky oo, K. (1.2)

Let P(n;, 7y, ..., Ny) denote the number of possible derangements. Even
and Gil is [1] (see also Jackson [2]) have proved the following result.
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Py, Myy vvuy ) = (1) . e
0
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1Tz, @\ dx, (1.3)
j=1 7

where L,(x) is the Laguerre polynomial defined by

Lo(x) = Z (—1)J'(”)ﬁ. (1.4)

)5
e J/J!

The object of the present note is to give a simple proof of (1.3) along
the lines of the standard proof of the case n;=#n,= .-+ =n;, =1 [3, p. 59].
We also prove some related results.

SECTION 2
Let P(n,m) = P(My, ooy Nys My, ooey mg), (2.1)

where 0 < m; < n;, denote the number of sequences (1.1) in which, for each j,
exactly m; of the values remain in their original position in (1.2). It
follows at once from the definition that

LIy LAy
P(n, m) = P(n -m, o)ﬂ'(ﬁj) = P(n —m)TT(Zi_), (2.2)
j=1

J=1
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where P(n) = P(n,, n,, > M)
Clearly
= !
ZP("’"’) = (g, ny, s M) T ny!’
[y 1:M2 k
where . n, o, ny
m=0 my=0 m,=0 my=0

Thus, by (2.2),

2(;1) (Z:)Hm) = (Mg, Mgy veey My

This relation is equivalent to

P(n) = E( - M( ) (Z:)(ml cees M) (2.3)
SR -
where M = m, + <+ + m.
SECTION 3

To verify that (2.3) is in agreement with (1.3), we take

/OZ'”{ﬁL,,j (x)} dx / J=1§‘( 1" (,’fé)x

’;(—1)‘4(21) o P / o M
2 - R

This evidently proves the equivalence of (1.3) and (2.3).

]

SECTION 4

By = Y B (4.1)

ny+eee+n=N

Put

Thus P(n) denotes the total number of derangements from Z; of length N. Then
by (2.3) we have

P, (n) = Z i(—l)”‘”@i) (Z:)%?M—'@—v
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-2 ““"wm—.@w Z( ) - ()

my+ece +m =N c+n,=N

where as above M = m,+ +-+ +m. Since the inner sum on the extreme right is
equal to
<N+k—1)
M+ k-1)

V- M N+ k-1
P (N) = Z (-1) m{M+ k - 1)

my+eee +m <N

N
_ Z(_l)w—m(zv + k - 1) Z M!
= M+ k-1 myt .. mg! "

ctm =M

we get

By the multinomial theorem

My+ees +m=M

N
P, (W) = Zﬁ (-1)”‘”(11;: .- Dk“ (4.2)
M=

It follows from (4.2) that

so that

N+k-1
- k=m-1 -
K<lp, () = E A G T
m=k-1
N+k-1

2(1N+kml(]\]+k._1> Z(lN+le(N+§—l>k

and therefore

B, () = kl'k{(k SEPLALEE Z( P (A l>kj} (k21). (4.3)

It follows from (4.3) that, for fixed k > 2,
By ~ KRk - YT s ). (4.4)
On the other hand, if N is fixed and k > «, it is evident from (4.2) that

P, () = ZN:(—I)M(N + Zil; - l)kN—M - i(—l)“%kﬂl'”
M=0 =0

so that
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N

Y '
By ~ k'Y L ), (4.5)
M=0

SECTION 5
Fairly simple generating functions are implied by (4.2). We have first

0 N 00
AN W-M(N + k- T\ om _ MM _N<N+M+k—l)n
NZOxMZ:O(l) <M+k-lk kazwzo(l) M P

M=0
= D RMzM 4 )R
M=0

- a +x)"‘( - 1kfx>_1'

Hence

A+ + 2 - k)t (5.1)

> 5zt
=0

In the next place

0 L] N
N v W-u(N + k - 1
P, (W) x = x (-1) ( )k”
_S Kl SNyl
_Z(M+k— 1):2(‘1) !
M=0 N=0

< kMM
-X —_—n s
e Z(M+k—l)!'
M=0

Thus
Em P (N)———L _ (kx)‘k+le—x ke _kizk_”ix_m (k > 1) (5.2)
N-Ok (N + k - 1)} — m =7 *

It is easily seen that (4.3) is implied by (5.2).
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