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INTRODUCT ION

There are numerous applications of linear operators and matrices that give
rise to tridiagonal matrices. Such applications occur naturally in mathemat-
ics, physics, and chemistry, e.g., eigenvalue problems, quantum optics, mag-
netohydrodynamics and quantum mechanics. It is convenient to have theoretical
as well as computational access to the characteristic polynomials of tridiag-
onal matrices and, if at all possible, to their roots or eigenvalues. This
paper produces explicitly the characteristic polynomials of general (finite)
tridiagonal matrices: these polynomials are given in terms of the Fibonacci
pseudogroup F, (of order f,, the nth Fibonacci number), a subset of the full
symmetric group &,. We then turn to some interesting special cases of tri-
diagonal matrices, those which have periodic properties: this leads directly
to periodic linear recurrence systems which generalize the two-term Fibonacci
type recurrence to collections of two-term recurrences defining a sequence.
After some useful lemmas concerning generating functions for these systems,
we return to explicitly calculate eigenvalues of periodic tridiagonal matri-
ces. As an example of the power of the techniques, we have a theorem which
gives the eigenvalues of a six-variable periodic tridiagonal matrix of odd
degree explicitly as algebraic functions of these six variables, generalizing
a result of Jacobi. We end with a brief discussion of how to explicitly cal-
culate the characteristic polynomials of certain finite dimensional repre-
sentations of a Hamiltonian operator of quantum mechanics.

SECTION A. THE FIBONACCI PSEUDOGROUP

We give a few essential definitions and observations about finite sets
and permutations acting upon them which will be necessary in the sequel. We
may think of this section as a theory of exterior powers of sets.

Let 4 be a finite set and let IA] denote the number of distinct elements
in A. Let 2# denote the class of all subsets of 4 and define A¥4 to be the
subclass of 24 consisting of all subsets of 4 with exactly k distinct elements
of A. Thus for B € 2*, B ¢ A*4 iff |B| = k. Clearly,

|AkA\ = <I£l> (binomial coefficient) and |2A[ = Z'Al.
We have

24 = U A*4 (disjoint class union)
0<ks 4l

which implies the usual relation

Note that A’4 = {¢} (empty class) and that AIA'A = 4.

435
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Let S, denote the full symmetric group of all permutations on # elements.
Assume S, acts by permuting the set of ciphers N = {l, 2, .., n) We will
write the permutation as disjoint cycles; empty products will be the identity
permutation. Consider the following subset 7, C S,, defined by

Byo= {(y, 4+ 1) wus Gy G+ D1 < i+ 1 <4y, 4, +1 <1y,
os Tyoy + 1< 7 <nf

F, is a certain subset of disjoint two-cycle groducts in S5,. Observe that
(1) € F,, (1) = identity of S,. For 6 € F,, 0° = (1), thus every element of
F, is of order two and is its own inverse. Thus, if 0 € F,, then o™t e F,.
Suppose 0, p € F,. Then 0p € F, iff 0 and p are disjoint; all the two-cycle
products of F, are not disjoint. A pseudogroup is a subset of a group which
contains the group identity, closed under taking inverses, but does not always
have closure. In the present case F, = 5, iff n = 0, 1,2. If n<2, F, is not

a group, but F, is a pseudogroup. We call 7, the Fibonacci pseudogroup be-
cause of the following lemma.

Lemma Al: Let f, denote the nth Fibonacci number. Then
|Ful = £ n20.
Proof: We may write
F, = U F, (disjoint unionm)
0 <k < [n/2]
where Fk‘n consists of k disjoint two-cycles of F,. But observe that

5.0 = (73F)

and the lemma follows. Note that (-—l)k is the sign of the permutations in

\ n=-k\ . . . (n - k)
Fk,n . Then there are ‘Z < % ) with negative sign and Z % with
k odd k even
even sign: this gives an alternative proof with IF”] = an—1| + IFn_2| , by
observing that |F0| =1, [Fll = 1.
Returning now to the finite set N = {l, 2, o, n} and the action of S5,

on NV, consider the convenient map
Fix: S, » 2%

given for 0 € S, by Fixo = {1, e N: o(Z) = 7;}, i.e., the set of elements of
N fixed by 0. Thus, Fix (1) = N. We also define CoFixo = {7 € N: 0(Z) # 7}
and note that N = Fix 0 U CoFix 0 (disjoint union) for every ¢ € S,. If mn >
3, then Fix can be onto.

Restricting Fix to F,, the Fibonacci pseudogroup definition yields the
handy facts that if 0 € Fy ,, then |Fix 6| = n - 2k and |CoFixo| = 2k.

It will be convenient to work with just half of the set CoFix 0; there-
fore, we define the subset of CoFix 0, (small ¢) coFix o ={7Z € : o(¢) = 7 +

1}. Then | coFix 0| = k. Also, the number of elements of Fix o, 0 € Frn

with IFixGl = n - 2k is exactly (nn-_zkk> = <n;k> Again combining defini-
. . -2

tions, if 0 € F, ,, then |A\*Fixo| = (” N k).
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SECTION B. APPLICATIONS OF THE FIBONACCI PSEUDOGROUP TO DETERMINANTS
AND CHARACTERISTIC POLYNOMIALS OF TRIDIAGONAL MATRICES

We consider tridiagonal 7 X #» matrices of the following form.

a, b, 0 0 ... 0 0 0o |
¢, a, b, 0 0 0 0
0 e, a, b, 0 0 0
(1 Ay =0 0 ¢, a, 0 0 0
0o 0 o0 0 a,, b,
0 0 0 Cpop Gpey bpoy
0 0 Cpa1 a,

We define vectors
a=(a;, «ev5 ay)y b= (b, <o, by_y)s = (C15 euny Cpy)

and regard A, as a function of these three vectors, 4,= A4,(a, b, ¢) or as a
function of 3n - 2 variables. Let det4 denote the determinant of A. We re-

cord some simple facts about the determinant and characteristic polynomial of
Ay.

Lemma Bl1: Let A, be the tridiagonal matrix defined above. Then,
a. detd, =a, detd, . - b, 1o, detd,_,.

b. det (4,(a, b, ¢) - M) = (-1)"det (A\T - 4,(a, b, c))

det (4, (a, -b, -¢) - AI)

(-1)" det (AT - 4 (a, -b, -¢))
(-1)"det (A + A (-a, b, &)).

Our object is to give explicit information about det (4, - AI). We sum-
marize this information using the notation of Section A in the result.

Theosrem Bl: The characteristic polynomial of a tridiagonal matrix can be
written as the sum of a polynomial of codegree zero and a polynomial of co-
degree two as follows:

2) det (4,(a, b, &) = AI) = 11 (a, -2 +P,(As a, b, ©)
1<k<n
where
deg P,(X; a, b, ¢) = n - 2
and
P,(X; a, b, ¢)

(3) et e o TT bjcj< > ‘|‘[a1> ,

0<pus<n-2 1<kx< [n/2] geF,  \jecoFixo de N PPixo fea
In particular,

%) det An = sgn (@ TT a; T7 bie;.

g€ F, i€ Fixo je coFixgo
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This theorem gives complete closed form information about the polynomial
P,(A). P,(A) explicitly describes the perturbation of the characteristic
polynomial of A from the characteristic polynomial of the diagonal of A4.
Further, consider the family of hyperbolas x3y;, = dy, 1 <k <n -1 in R?" =2
space, dl, . dn_l fixed constants. Then for fixed a € R"”, points on these
hyperbolas parameterize a family of tridiagonal matrices A4,(a, x, y) which
all have exactly the same latent roots with the same multiplicities. The co-
efficients of the powers of A in P,(A) are elegantly expressed polynomials in
the components of a, b, ¢ and can be easily generated for computational pur-
poses: the set F, can be generated from {1,2, ..., n} in order 0 < k < [n/2],
Fk_n; coFix 1is had immediately therefrom, and A"Fix can be generated from a
combination subroutine.

To prove the theorem, we begin with

det 4, =ngn (@) a},(l) a;‘(n),

g€ Sy,

where ad?' =a;, by, ¢;, 0 for 2 =4, 4+ 1 =4, < -1=g, otherwise, respec—
tively, 1 £ %, J < n. However, det 4, is really a sum over F, C S,, has, in
general, f, terms, and b,c; occurs whenever b; occurs (Lemma Bl). From the
partition of F, into k two-cycles, 0 < k < [#n/2], we have

(6) det 4, = Z (-1)7<Z Tiry - Dacm)

0 < k< [n/2) 0 € Fyn

= > (—l)kﬂ a; ﬂ bjcj

0< k< [n/2] e Fixo J € coFix o

because there are three cases, j = 0(j), J > 0(J),and § < o(j). If ac'j,(j) £ 0
. oG

Sy 4

product. For O € Fy ,, O moves 2k elements and fixes n - 2k elements and is

characterized by its fixed elements. The most O can fix for kK > 0 is n - 2,

so that (replacing each @, by a, - A) we have deg P, (A, a, b, ¢} =n - 2.

Setting P, (A) = P, (A, a, b, ¢), we have

then |J - 0(7)| £ 1. 1In case of equality, a = bjc; occurs in the

@ P,O) = 2, (-DFR, (M)

1< k< [n/2]

where deg P, (A) =n - 2k and

(8) P, = 2 TT@-n TI e

Let MQ]V, then o€ Fy,, teFixo J € coFix g

(9) TT @ -2 = Z (_1)1M|—2< Z TT a~;> )\lMi"z
teM 0<1 < |u Aerty ied

is simply the symmetric polynomials identity rewritten in the notation of ex-
terior powers of sets. From this fact (9) and rearranging (8) for M = Fix o
we have

(10) Bea =2 3 VTN TT be; 2, T as

cehR , 08 <n-2k J € coFix ¢ AenFixo i€d
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For comparison, we note that combining equations (9) and (2) gives a direct
evaluation of the traces of exterior powers of A, (in this context, exterior
powers of A4, are the compound matrices of 4,). This is so from the identity

(11) det (4, - AI) = Z (-1)"*(er A" R ) AK 4+ (<1)"A",

0<kz<n-1

where 4, can be an arbitrary » X » matrix, tr is the trace of a matrix, A4,
. . n n . A .
is the kth exterior power of 4, <an <k> X <k> matrlx). Thus, it is possi-

ble to also give trAkAn(a, b, ¢) as an explicit polynomial in the components
of a, b, ¢ for 1 < k < n.

We conclude this section with two examples. The first arose in a problem
of positive definiteness of certain quadratic forms of interest in & plasma
physics energy principle analysis.

a. Let 1 <m < n and choose a, = a/m, b,c, = b. Then

(12) n! det4d, = Z (_l)kBk‘nan-Zkbk
0 < k< [n/2]

where the B, = are certain integers

(13) By » = Z TT =

o€ Fy,n meCoFixo

(note the upper case C on CoFix here,|CoFix OI = 2k). See Table 1 for a few
of these integers.

b. Let 1 <m < »n and choose a, = a, b,c, = b. Then

(14) det 4, = D (-, ,a" %k
0<k< n2)

where the C, , are certain integers

(15) Cow =9, TT m

o€ Fy p me Fix o

Table 1 also contains a few of these integers.

Table 1. The First Few CoFix; Fix Integers By,,; Cy,, Defined by
Equations (13); (15), Respectively; 0 < k < [n/2]

n K 0 1 2 3 4

1 1; 1

2 1; 2 2; 1

3 1; 6 8; 4

4 1; 24 20; 18 245 1

5 1; 120 40; 96 184; 9

6 1; 720 70; 600 7845 72 720; 1

7 1; 5040 112; 4320 24645 600 8448; 16

8 1; 40320 168; 36480 6384; 5400 422725 196 40320; 1
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SECTION C. PERIODIC LINEAR RECURRENCE SYSTEMS

It is now possible to use the results and notation of Sections A and B to
draw conclusions about periodic linear recurrence systems. Of course, these
generalize the usual linear recurrences; however, it is surprising that the
Fibonacci pseudogroup is the key idea in their description. We first state a
natural corollary to Theorem Bl without restriction of periodicity.

Theorem Cl: Given a pair of arbitrary sequences Ay, Ay, Ay -.. and bl,
b2, ba’ ., then the one-parameter class of linear recurrences

(16) f,(8) =a,fu.1 + thy_1fu->
with fy = 1, f; = a;, has the general solution n > 1

tkz ﬂaiﬂbj.

0< k< [n/2] oeFy,, i€Fixo J € coFix o

a7 1, @

For example, taking £ =1, a, = a, by = b, k > 1, and recalling that for
. . n-k\ .
O€F ., |Fix 6| = n - 2k, |coFixo| = k, and |Ek’n| = ( % ) yields

o G
0 < k< [n/2])

the general solution of f, = a,.; +bf,_,,fy =1, f; =a. Takinga=»5b =1
yields the well-known sum over binomial coefficients expression for the Fibo-
nacci sequence. On the other hand, writing the generating function

(19) G(t) =) f,t"
n>0

and recognizing that G(¢) is a rational function of at most two poles, indeed
G(t) = 1/(1 - at - bt?), yields the alternative solution

1
- 1 a+ Va? + 4b " _ (e - Va? + 4b "
Vit : :

Of course, from (18) we may regard f, = f,(a, b) as a polynomial in g and b.
In particular f,(a - A, b) as a polynomial in X can be written

@1 f@-A b=y <-1>'"( > (”;k)(”;fk)a"-'"-%k) z

0<m<n 0<kx [n/2]

(20) £,

We see now that the zeros, A , 1 < k < n, of polynomial (21) are precisely
(22) Ay =a+ 2/=b cos (Tk/(n + 1)), 1 < k < n.
This follows from equation (20), for f, = O implies that

a + Va2 + 4p = (a - M)eank/n+1
Va?® + 4b = /T a? tan Tk/n + 1.

Squaring gives a® sec? (Tk/n + 1) = -4b. Replacing a by a - A gives equation
(22). We have basically done the case of a period of length one.

so that
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We now take up the case of period two.
Lemma C1: Let {f,}, » > 0, be a sequence defined by
fo = @l s+ buifuys Fo=1, f; = a,
and the sequences {a,}, {b,}, have period two, i.e.,

Qop = Ayy Ay, 1 = Ay, by, 1 = Dby, by, = Dby, n2>1.

n

Then the generating function is rational with at most four poles:

(23) G(t) =D f,t"
n>0
- b t?
(24) - 1+at-b,
1 - (bl + bz + alaz)tz + blbztu
(25) _ Ao, B) L AGa, B) L A, @) | AC-B, ©)

1-at 1+ at 1 - Bt 1+ Bt

where for D = b, + b, + a;a,,

(26) 20* = D +vD* - 4b,b,, 2B% =D - V/D® - 4b b,
and
(27) Ao, B) = (of + aja - b,)/2(a® - B?).

Proof: Write G(t) in terms of its even and odd parts (two functions).
Then substitute the period two relations in to get the rationality of G(¢)
from the pair of relations

a, —a b.+b - b,-b

(28) ( - 22 Ly - 12 2t2>G(1;)+<a22a1t+ 22 1t2>G(—t) =1
- b,-b + b,+b

(29) (—a22a1t+ 22 1t2>G(t) +(1 +a22a1t - 22 1#)5:(_75) -1

where the determinant of this system is the denominator of the right-hand
side of equation (24).

Of course, comparing coefficients will give an expression for f, as a
linear combination of powers of poles of G(£) analogous to equation (20). On
the other hand, there are polynomial expressions in the four variables a
a,, b,, b, of the type (18) which follow directly from Theorem B.

We give only one example of the former.

Let fy, = Fono1 + Foncas Foner = FH, + 20,15 fo =1, f1 = 1, so that f,
is the sequence 1, 1, 2, 4, 6, 14, 20, 48, 68, 166, 234, ... . Then, we have

1°
29

(30) £, = 3@+ D+ @ - VD),
(31) j2n+l = E%§<(2 + /§>n+1 - @ - /§>n+1>.

Alternatively (30) and (31) can be shown by induction to satisfy the linear
recurrence of period two.

We now consider the general case of rationality of generating functions
of arbitrary periodic systems of linear recurrences.
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Lemma C2: Let f, = a,fn-1 + by_1fn-2 be given with fy =1, f, =q,. Sup-
pose that a, = ay and b, = by if n = & (mod k) and that

ag, 1 <8<k, by, 0 <k -1

are given as the first elements of the sequences {an} and {bn} which are not
in two k-periods. Call the system a period k system. - Set

D fat”

n>0

i

(32) G(®)

then G(¢) is a rational function of ¢ where

(33) G(E) = P(£)/Q(%)

and P(t), §(t) are polynomials in %, deg P(%) £ 2k -1, deg Q(t) £ 2k.
Proof: TFirst write

(34) G(E) = D G,(®)

where

(35) Gu(®) = P ft"

n = L& (mod k)

and where the sum is over integers n > 0, # congruent to £ modulo k. From
the relations

(36) fo =afy, ¥ by 1fu_, if n Z L (mod k),
we have that
(37) G () = a,tGy_(£) + by 187G, _,(E).
Using the modulo k relations we can write the following equations
= 2 =
(38) G (B) = atG (L) + D t°G_ [ (E) = ayt + a,tG (2) + byt Gy _,(F),
(39 Gp(8) = a,tG () + b t?G%(t) = a,tG, (¢) + b t? + b t?G (8),

- 2

(40) Gy (t) = a t@,(t) + b,t*G, (%)

(41) Gy (£) = a,tGy _(£) + by t°G,_, (%)

This gives the system of equations in matrix form as:
— - -
1 0 0 0 0 oo =bott —ayt | |G, () 1
-a,t 1 0 0 0 . 0 -b,t2] |G, (¥) 0
-b,t? -a,t 0 0 0 0 0 Gy (E) 0

2

w2y |0 ~b,t? -a,t 1 0 . 0 0 G, () | _|0
0 0 -b,t%* -ast 1 0 0 Gs () 0
0 0 cee mby t? -a, 1 0 Gp_1(8) 0
0 0 “b,_t?  maut 1 LGk(t) 0
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We rewrite equation (42) as
(42) HG = J,

with the obvious interpretation. Now H is invertible (in the indeterminant
t) and we can solve for G;(¢), ..., Gy(¢t) separately as rational functioms,
their sum is G(¢). But, clearly, deg det H(¢t) = 2k, so that the denominator
of G(¢) must divide this, i.e., deg@(¢) < 2k. Also, the adjoint of H is given
by polynomials of degree < 2k - 1, thus, deg P(¢) < 2k - 1.

This rationality result is the starting point to produce further facts of
which Lemma Bl and equation (20) are examples. The central difficulty lies
in analyzing the denominator of the rational function to display sums of pow-
ers of its roots. We will apply the technique to tridiagonal matrices of
periodic type in the next section.

SECTION D. APPLICATIONS OF PERIODIC RECURRENCES TO TRIDIAGONAL MATRICES

We return to tridiagonal matrices to apply the results of Section C first
to recover a result of Jacobi and second to give a generalization of Jacobi's
theorem.

Theosem D1 (Jacobi): The latent roots of the tridiagonal n x 7 matrix

@ »p 0 o0 o0 0 0
ec a b 0 0 0 0
0 ¢ a b 0 0 0
(43) 0 0 ¢ a b 0 O

0 0 0 0
o o 0o 0 0 ... ¢

o
Q
18 <

are given for 1 < k < n by
mk
Ay = a - 2Vbe cos prmra i

Proof: This follows directly from Lemma Bl and equation (22), by recog-
nizing that the matrix (43) defines a (period one) linear recurrence system.

Theorem D2: The latent roots of the (2n+1) x (2n+1) tridiagonal matrix

(@ » 0 0 o0 0 0 0
d e e 0 0 0 0 O
0 f a b 0 0 0 0
0 0 d e e 0 0 0
0 0 0 f a 0 0 0
(44) .
0 0 0 0 0 a b 0
0 0 0 0 0 d ¢ e
0 0 0 0 O o f a

lie among the values (1 < k < n + 1 with the plus sign, 1 < k< n with the
minus sign):
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2
(45) A =4 ; ¢+ V/(“ - @) + bd + ef + 2/bdef cos

Tk
n+ 1"

Proof: Note that when @ = ¢, b = e, and d = f this reduces to the case of
the period one theorem. By Lemma Bl, we recognize (44) as defining a period
two linear recurrence system. Take therefore the odd case in Lemma Cl, thus
(-1)?""! = -1 and

Ao, B) = A(-0, B)
(46) 2(B, 0) = A(=B, O

Then f, is zero iff @/B)*"*%=
tion (22) yields

(47) bd + ef + ac = 2vbdef cos

a
8-
ek 0 <k <mn+ 1. Reasoning as with equa-

_TK
n+ 1"
Replacing ac by (a-A)(ec -A) and solving for A gives (45). Thus we have all
latent roots of a five-parameter family of matrices.

Again, to apply similar techniques to families of matrices with more par-
ameters involves analyzing the denominator in Lemma C2. We point out that
for large periodic matrices of special type (particular sparse matrices) the

root analysis is relatively easy to do numerically, say, for periods small
relative to the size of the matrix.

SECTION E. THE APPLICATION TO A HAMILTONIAN OPERATOR OF QUANTUM MECHANICS

The differential equation of the quantum mechanical asymmetric rotor may

be written as (D - E )¥ = 0. (Schroedinger equation) where the matrix cor-
responding to the inertia tensor is

4 0 0
(48) 0 B O

o o0 c
Define the variables o, B, § by the equation

4 2 0 1|f[a
(49) B -2 0 1{|8B8

L C 0o 1 1 _ﬁ
so that B = C - (4 + B), and the differential equation becomes (single vari-
able representation)
(50) Py Ly + Ay L + RGz) = 0

dz? dz

where

P(z) = az® + Bz" + 022,
(51) Q(z) = 20(j + 2)2° + Bz = 2(j + 1)z,
R(2) G+1G+2)2"-FE22+a( + 1) +2).

After choosing a convenient Z-basis of eigenfunctions, getting the correspond-
ing difference equation with respect to that basis we have a tridiagonal ma-
trix appear. This tridiagonal matrix, however, is tridiagonal with the main
diagonal and second upper and lower diagonals, but it is possible to reduce
it to direct sums of the usual tridiagonals that we have already treated in
Section B. We are not concerned here with giving the representation theory,
and so we will sketch briefly the facts we need.
The difference equation alluded to above becomes
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(52) E?JTAW+2-+ (Qj’m - B)A, - Rj”"Am_z =0,
where
Biy= (@G -m@G-m-1),
_ 2
QJ',m = Bm”,

Rim= (G +m+m-1).

We have here for convenience replaced g by B, % by E; note that P;,n = Rj,m,
where m varies through -j <m < j, j may be a half integer. We choose the
variable n = 2j + 1, so that § = n 5 L and the matrix of interest is the n x
© matrix 4 = (aij), where

g n= %f + 1 i=37,
(53) ag; = n-i)yn-121-1) gJ=1+2,

(-1 - 2) =49+ 2,

0 otherwise

This is a nonstandard tridiagonal matrix with off diagonal integer entries.
Generalizing this situation slightly, we define

a, 0 Bpey O 0, 0 0 0
0 a, 0 bn-s .'-".

b, 0 O

(54) L b, | 0-._..a4_. .

0 . . a, 0 2 0
0 el Tt as 0 b,
0 B by-3 P a, 0
0 0 Bpy O a,

We see immediately that the directed graph of this matrix has two components
each of which is the directed graph of a standard tridiagonal matrix. This
observation will give the first direct sum splitting: we shall see that each
of these splits for sufficiently large n.

Lemma E1: The #n X n matrix A is similar to a direct sum of four tridiag-
onal matrices if 7 is not trivially small. Alternatively, the characteristic
polynomial of the n x n matrix A factors into four polynomials whose degrees
differ by no more than one.

Proof: It is sufficient to exhibit the similarity transformations that
convert the generalized supertridiagonal matrix A into similar standard tri-
diagonal matrices. For the first stage define the permutation O,

2% - 1 if kgﬁ—;i

2k-[%] ifr k>ntl

(55) o(k) =
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where 1 < k < »n and [x] denotes the greatest integer in x function. Associa-
ted with 0 is an n X n permutation matrix Sy. Then, SOASU_l will be a stand-
ard tridiagonal matrix, i.e., zero entries everywhere except the main diag-
onal, first above and first below diagonals. Further, setting B = SBASgl, B
will be, in general, (n > 3), a direct sum of two tridiagonals:

k xk and (n - k) x (n - k) where m = Ezfg—l].

But these tridiagonals are of a special kind, in fact, of the form

Am-1 bm+1 O 0

(569 51 o bu-1  Qm bm 0
bn A bn-1
0 0 Dns1  Qpoy

for the even case and

— —_

Ap-1 bm+z O
(57) B" = bm-1  an b m+1

bm A m+1

for the odd case. Because of the special up and down features, we can split
these matrices by means of the similarity matrices:

I |J I 0 J
(58) P' = for n even; P" = 0(1{0 for n odd;
-J | I - 0 I

where I is the identity matrix of appropriate size and J is zero everywhere
except for ones on the main cross diagonal. Thus, PBP~! (with appropriate
primes on the P and B) is a direct sum of two matrices and of the form

Ay -1 Dm+1
bu_i a, - bn

(59) 4y + by bu-t for n even, and
bm+1 Apm-1
A pm-1 D m+2
(60) bu-r an when 7 is odd.

Am+1 Zb’”

bm+1 A
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We can now apply the lemmas of Section B to write down explicitly the
characteristic polynomials of these quantum mechanical Hamiltonian operators;
from such explicit forms one expects to elicit information about energy lev-
els and spectra, viz., the eigenvalues are roots of these polynomials.
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1. INTRODUCTION

In a recent paper, D. V. Jaiswal [1] considered some geometrical proper-
ties associated with Generalized Fibonacci Sequences. In this paper, we shall
extend some of his concepts to n dimensions and generalize his Theorems 2 and
3. We do this by considering column vectors with components that are elements
of a G(eneralized) F(ibonacci) S(equence) whose indices differ by fixed in-
tegers. We prove two theorems: first, the "area" of the 'parallelogram' de-
termined by any two such column vectors is a function of the differences of
the indices of successive components; second, any column vectors of the same
type form a matrix of rank 2.

2. PRELIMINARY RESULTS

We shall be considering submatrices of an N X N matrix Zl=[72+j-1] where
T, is an element of a GFS with 7, =g and T, =b. For the special case a = b =
1, we denote the sequence as F,. We shall indicate the kth column vector of
the matrix T as Ty, = [T;+x-1]. In particular, the first two column Vvectors of
T are Ty, =[T;] and Ty, =[T;,,]. We shall now prove a basic property of the
matrix 7.

Llemma 2.7: The matrix T = [T;,;_;] is of rank 2.
From the fundamental identity for GFS,
Tr+s = FI‘+1TS +FI‘TS—1’

it follows that
Tox = Feo1Top + g Tore



