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6. CONCLUSION 

We have proven a number-theoretical problem about a sequence, which is 
a computer-oriented type, but cannot be solved by any computer approach. 
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1. INTRODUCTION 

The Stirling numbers of the first and second kind can be defined by 

(1.1) (x)n = x(x + 1) ••• (x + n - 1) =]T 5x(n, k)xk
9 

j k = 0 

and 
n 

(1.2) xn = ]T S(n9 k)x .(x - 1) ••• (x - k + 1) , 
k = o 

respectively. In [6], the writer has defined Weighted Stirling numbers of 
the first and second kind, S1(n9 k9 A) and S(n9 k9 A ) , by making use of cer-
tain combinatorial properties of S1(n9 k) and S(n9 k) . Numerous properties 
of the generalized quantities were obtained. 

The results are somewhat simpler for the related functions: 

( R1(n9 k9 A) =~S1{n9 k + 1, X) + S1(n9 k) 
(1.3) I 

{ R(n9 k9 X) = S(n9 k + 1, A) + S(n9 k). 
In particular, the latter satisfy the recurrences, 

R1(n9 ks X) = R1(n9 k - 1, X) + (n + A)i?x(n, fc, A) 
(1.4) 

i?(n, fe, A) = R(n9 k - 1, A) + (k + A)i?(n, fc, A), 
and the orthogonality relations 

n 
£/?(n, 3, A) • (-iy'kR1(.j, k, X) 

£ {~})n-'R1{n, 3, X)RU, k, A) = {J (" J §. 
j =0 

We have also the generating functions 

(1.5) 

d.6) £ J T E ^ I ^ ' k> x)yk = ( 1 - xy \-y 

ni 
n = 0 li = 0 
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(1.7) Yl f l & f a ' k> ^ k = eXxexp{2/(e* - 1)} , 
n=0 n'k-0 

and the explicit formula 

(1-8) R(n, k, A) = ^ r E (-Dk"J'(5)w + * ) " • 

Moreover, corresponding to (1.1) and (1.2), we have 

n 

(1-9) (X + z/)n = £i? (n, k> \)yk 
7< = 0 

and 
n 

(1-10) yn = £(-l)n"*i?(n,.fc, X)(z/ + \)k. 
k = 0 

It is well known that the numbers S1(n9 n-k)9 S(n5 n-k) are polyno-
mials in n of degree 2k, In [4] it is proved that 

Sx(.n, n - k) = £ > <fc, J)(n +/fe X) 
i -1 x ' 

v=±B(k,dn+ik-i\ 
3-1 X ' 

(1.11) < j=± (k>l)9 

S(n9 n 
3 

where B1(k9 j)s B(k9 j) are independent of n9 and 

(1.12) B^k, J) = S(k9 k - j + 1), (1 <. J <. fc). 
The representations (1.11) are applied in [4] to give new proofs of the 

known relations 

S(n, n-k) - £(£ * ")(£ I J)M* + t, t) 

Sxln.n-K) =ib(k
k
+_i)(k

klty(k + t, t). 
(1.13) \ 

For references to (1.13), see [2], [7]. 
One of the principal objectives of the present paper is to generalize 

(1.11). The generalized functions R1(n9 n - k9 \)9R(n9n-k9 X) are also 
polynomials in n of degree 2k. We show that 

R^n, n - k9 X) = X X (k, J\ X >( n
2 V) 

3 = 0 ^ ' 
k / p\ 

R{n9 n - k9 X) = X B ^ ' ̂» X)l 2k J 
j - o ^ ' 

(1.14) < 

3 •• 

where B1{k9 J, X), B(fc, j, X) are independent of n9 and 

(1.15) B1(k9 j 9 X) = B(k9 k - j, 1 - X), (0 <_ j < k). 
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As an application of (1.14) and (1.15), it is proved that 

k 
i lis JL <*, J_ 1 \ / Z> — ™ _ 1 \ 

A) 

(1-16) , 

*(„. n - k, X) = £ (* +
k 1 % ')(* I I "t >x(^ + *.*.! 

^ ( n , n - fc, X) = X ) (̂  t " t L)(* fe + I X)R(-k + t , t , 1 - \ ) . 
t -o ^ ' v ' 

For X = 1, (1.16) reduces to (1.13) with n replaced by n + 1; for X = 0, we 
apparently get new results. 

In the next place, we show that 

(/?(«, n - k, X) = (l)B(
k-n+k)(X) 

(1.17) < 

(/?(«, n - t W = f " J " ̂ " ^ ( l - X), 
(7c) 

where Bk (X) is the Bernoulli polynomial of higher order defined by [89 Ch. 
6]: 

IX'̂ fH^p"-
We remark that (1.17) can be used to give a simple proof of (1.16). 

For the special case of Stirling numbers, see [2], 
It is easily verified that9 for X = 0 and 1, (1.17) reduces to well-

known representations [8, Ch. 6] of S(n9 n - k) and S1(ns n - k). 
In view of the formulas (for notation and references see [3]), 

fc-i 

(1.18) \ \ 

i t i s of i n t e r e s t to define coeff ic ients Rf(ksj$ X) and R^(ksjs X) by means 

R(n9 n - fe, A) = | > f ( k s J , ^)(2fcW- j ) 

^ ( n , n - k9 X) - ^ ^ ( f c , j , X) (^2k\ ^j. 
(1.19) ^ \ = ° 

j - o 

Each coefficient Is a polynomial in X of degree 2k and has properties 
generalizing those of Sf(k9 j) and S*(ks j). 

Finally (§9)9 we derive a number of relations similar to (1.16), con-
necting the various functions defined above. For example, we have 

(1.20) \ *l° 
k, X) =t(-Dk-\n

k
+

+{)R>V<, RAn, n - k, X) = V (-1)""-7 " T i-W'(k, k - j, 1 - X) 

R{n, n - k , X) = ]T (-l)*"^ * ^'(fc, fe - J, 1 - A) 
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and 
/ A / _ +\ 

X) R[(n9 k9 X) = £ (^Wfe _ tV ? ( n 9 t s * " 
(1.21) < V 

In the proofss we make use of the relations (1.15). 

2. REPRESENTATIONS OF R(n, n - k9 \) 

As a special case of a more general result proved in [5] , if f(x) is an 
arbitrary polynomial of degree <m9 then there is a unique representation in 
the form 

m-l / , «\ 

(2.D /(*> = £ > , m
3 \ 

J = 0 X ' 

where the a are independent of x» Thuss since R(ns n - k9 X) is a polyno-
mial in n of degree 2k 9 we may put9 for k _> ls 

(2.2) R(n9 n - fc, X) = ̂ S(?c} j\ M* zk)> 

where the coefficients 5(fc9 j, X) are independent of n, 
By (1.4)5 we have9 for k > 1, 

(2.3) R(n + 1, n - k + 1, X) = (n - & + 1 + X)i?(n, n - fc + 1, X) 

+ R(n9 n - k9 X) . 
Thus, (2 .2 ) y i e l d s 

2k , . \ 2k-2 

J - 0 

Since 

we get 

£>(fc, j , X) 2 V- J l ) = <« - * + 1 + *> 2>(fc - 1, J, X)g, _ J
2 ) . 

. 1 - 0 ^ ' J - 0 ^ ' 

n - fe + 1 + X = (n + j - 2k + 2) + (fe - j - 1 + X), 

J 

+ 

I t fo l lows t h a t 
(2 .4 ) S(k 9 j 9 A) = (k + j-\)B(k-l9 j 9 X)+ (k-j+\)B(k- 1, j - 1 , X). 

We shall now compute the first few values of B(k9j5 X). To begin with 
we have the following values of R(n9 n - k9 X). Clearly, R(n9 n9 X) = 1. 
Then, by (2.3), with k = 1, we have 

R(n + 1, n9 X) - R(n9 n - \9 X) = n + X. 
It follows that 

(2.5) i?(n, w - 1, X) (»)+„». 
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Next, taking k = 2 in (2.3), 
R(n + 1, n - 1, X) - R(n9 n - 2, X) 

we find that 

(2.6) R(n9 n - 2, X) 

(n - 1 + X)i?(n, n - 1, X) , 

'(fl+GHG)**®*'- <«̂ >-
A little computation gives the following table of values: 

Bik, j, A) 

> < 

0 

1 

2 

3 

0 

1 

1 - X 

(1 - X) 2 

(1 - X) 3 

1 

X 

1 + 3X - 2X2 

8 + 7X - 12X2 + 3X3 

2 

X2 

1 + 4X + 6X2 - 3X3 

3 

X3 

The last line was computed by using the recurrence (2.4). 
Note that the sum of the entries in each row above is independent of X. 

This is in fact true generally. By (2.2), this is equivalent to saying that 
the coefficient of the highest power of X in R(n9 n - k9 X) is independent 
of X. To prove this, put 

R(n, n - k9 X) = a n2k + a'n2^"1 + ••• . 
Then 

R(n + 1, n - k + 1, X) - R(n9 n - k9 X) 

= ak((n + l)2k - n2k) + afe'((n + l) 2 * " 1 - n 2 ^ 1 ) + ... 

= 2kakn2k'1 + ... . 

Thus, by (2.3), 2ka. 

Therefore, 

(2.7) 

zk_1. Since ax = %, we get 

^ 1 = 1 
y- 2k(2k - 2) ... 2 2kkl 

Y,B{k9 j, X) 
j=o 

(2k) \ 
2kk\ 

1.3.5 ... (2k - 1). 

This can also be proved by induction using (2.4). 
However, the significant result implied by the table together with the 

recurrence (2.4) is that 
(2.8) B(k9 J, X) = 0, (j > k). 
Hence, (2.2) reduces to 

(2.9) R(n9 n - k9 X) = £ B(k9 j, A)(n ~t J ) . 

It follows from (2.9) that the polynomial R(n9 n - k9 X) vanishes for 
0 < n < k. 
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Incidentally, we have anticipated (2.9) in the upper limit of summation 
in (2.7). 

3. REPRESENTATION OF R1 (n, n - k, X) 

Since R (n9 n - k9 \) is a polynomial in n of degree 7k, we may put, 
for k _> 1, 

(3.1) R^n9 n - k9 X) = X X ^ > J. X)\2k)9 

where B1(k9 j, X) is independent of n. 
By (1.4) we have, for k > 1, 

(3 .2 ) ^ ( n + l , n - k + 1 , X) = (n + X)i?x(n, n-k+l9 X) + i ? x (n , n - f c , A) . 
Thus, by ( 3 . 1 ) , we ge t 

2k . . x 2fe-2 

j - 0 x ' j - 0 
I ^ f t . J. ^ U f c - l - (« + ** £ * ! < * - !» J ' X> 2" - 2 
-1 = n \ ' j - 0 \ / 

+ 

It follows that 

(3.3) B^k9 J, X) = (j + l-X^O:- 1, j, X) 
+ (2k-j- l + X)B1(k- 1, j - 1, X). 

As in the previous section, we shall compute the first few values of 
B1(k» j\ X). 

To begin with, we have R1(n9 n, X) = 1. Then by (3.2), with k = 1, we 
have 

R1(n + 15 n9 X) - R1(n, n - 1, X) = n + X, 
so that 

(3 .4 ) fl^n, n - 1, X) = ( 2 ) + n ' 
Next , t a k i n g fc = 2 in ( 3 . 2 ) , 

i? r (n + 1, n - 1, A) - i?!(w, n - 2 , X) = (n + X)i?x(n, n - 1, X). 

I t fo l lows t h a t 

(3.5) Vn.»-2.X)-.3(j)+2(5)+{3(»)+(;)}x+(;)xS 
(n>2). 

A little computation gives the following table of values: 
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B1(k9 j, X) 

\ 

0 

1 

2 

3 

0 

1 

1 - X 

(1 - X)2 

(1 - X)3 

1 

X 

2 + X - 2X2 

8 - 7X - 3X2 + 3X3 

2 

a)2 

6 + 8X - 3X2 - 3X3 

3 

<*>3 

Exactly as above, we find that 

(3.6) YjB^k, j, X) ="^§7= 1-3.4 ... (2k - 1). 

This can also be proved by induction using (3.3). Moreover, 

(3.7) B1(k9 j, X) = 0, (j > k), 
so that (3.1) becomes 

(3.8) R1(n9 n - k, X) = J^B^k, 3 * vl? 2k^\ 

Thus, the polynomial RY(n9 n - k, X) vanishes for 0 <_n < k. 

k. RELATION OF B1(k, j , X) TO B(k, j , X) 

In (2.4) replace j by k - j and we get 
(4.1) B(k9 k - j, X) = (2k - Q - \)B(k - 1, k - j, X) 

+ (j + \)B(k - 1, k - j - 1, X). 
Put _ 

B(k9 j , X) = B(k - j, X ) . 

Then (4.1) becomes 

(4.2) B(k9 j, X) = (2k - j - X)B(k - 1, j - 1, X) 
+ (j + \)B(k - 1, j, X). 

Comparison of (4.2) with (3.3) gives 

3i.(fc> J, A) = B(k, J, 1 - X), 
and therefore 

(4.3) B1(k9 j, X) = B(k9 k - j, 1 - X). 
In particular, 

Bx(k9 0, X) = B(k9 k9 1 - X) = (1 - X)k 

^(k, k9 X) = 5(k, 0, 1 - X) = (X)k. 
We recall that 

(4.5) R(n9,k9 0) = 5(n, k) , R(n9 k, 1) = 5(n + 1, k + 1) 

(4.4) 
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and 

(4.6) R1(n9 k9 0) = S1(n, k) 9 R1(n9 k, 1) = S1(n + 1, k + 1) . 

In (2.9), take X = 0. Then, by (1.11) and (4.5) with k replaced by n - k9 

| > * . J. o)(n
2v') - i > * - ^(n +

2 i_ x)-
It follows that 

(4.7) B(fc, j, 0) = B(k, j + 1), (0 < j < k); B(k, k, 0) = 0. 
Similarly, taking X = 1 in (2.9), we get 

k k 

j-o x ' J-I x ' 
Thus 

(4.8) £(k, j, 1) = B(k9 j) s ( l < i < k); B(k, 0, 1) = 0. 

Next, take X = 0 in (3.8), and we get 

j-o x ' .j-i x ' 
This gives 

(4.9), B^k, j, 0) = B1(k9 j + 1), (0 £ j < k); ̂ (k, k, 0) = 0. 

Similarly, we find that 

(4.10) B^k9 J, 1) = B1(ks j), (1 <. j <. k); ̂ (k, 0, 1) = 0. 

It is easily verified that (4.9) and (4.10) are in agreement with (4.4). 
Moreover, for X = 0, (4.3) reduces to 

B1(k, j, 0) = B(k9 k - j, 1); 

by (4.8) and (4.9), this becomes 

B1(k9 j + 1) = B(k9 k - j), 

which is correct. For X = 1, (4.3) reduces to 

B1(k9 J, 1) = B(k5 k - j, 0); 

by (4.7) and (4.10), this becomes 

B1(k9 j) = B(k9 k - j + 1) 

as expected. 

5. THE COEFFICIENTS B(k, j , X); B1(k, J, X) 

It is evident from the recurrences (2.4) and (3.3) that £(k, J, X) and 
B1(k9 j, X) are polynomials of degree <k in X with integral coefficients. 
Moreover, they are related by (4.3). Put 

k 

(5.D fka9 x) = Y.B(k> o> X^J' 
3 = 0 

and 
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k 

(5.2) / l f c (X, x) = £ B i ( k > 3> *>*'• 
j - o 

By (4 .3 ) , we have 
(5-3) / l f k (X, x) -x%(l - X, £). 

By (2.7) and (3 .6 ) , 

In the next place, by (2 .4 ) , (5.1) becomes 
k 

fk (X, a?) = £ { ( f c + J - X)B(fe - 1, J , X) 

+ (& - J + X)B(fe - 1, J - 1, X)}a;'. 
Since 

]£(fc + J - X)B(fc - 1, j , X)ar* = (fc - X +a;Z?)/k-1(X, a;) 
and 

k fc-l 

£ ( f e - J + X)B(fe - 1, j - 1 , X)a?* = x^Qc - j - 1 + X)B(fc - 1, j , X)a:' 
j = o j = o 

= a?(fc - 1 + X - xD)fk_1(X9 x)9 

where D = dldx9 i t follows that 
(5.5) /fc(X, x) = {k - X+ (k - 1 + X)a? + x(l - x)B}fk^{\9 x). 

The corresponding formula for f k(\9 x) i s 
(5.6) flfk (X, a?) = {1 - X + (2fc - 2 + X)a? + a;(l - ^ P } ^ ^ . x ( X , a ? ) . 

Let E denote the familiar operator defined by Ef{n) = f(n + 1). Then, 
by (2.9) and (5.1), we have 

(5.7) R(n9 n - k, X) = /fc(X, E)(%\ 
Similarly, by (3.8) and (5.2), 

(5.8) R^n9 n - k, X) = /lffc(X, #)(j)-

Thus, the recurrence 

R(n + 1, n - k + 1, X) - R(n9 n - k, \) = (X+-n-k+l)R(n9 n - k + 1, X) 
becomes 

A<*- ^(V/)-A^»"B>(2
Bfc) -<* + » - * + DA. i» . ^(2few- 2)-

Since 

we have 

/?2 + 1\ / n \ _ ( n \ 
\ 2k ) \2k) " \2k - l)9 

(5.9) fk{\9 E)(2k
n_ ^ = (X +n - k+ D/fc.^X, *)(2kn_ 2 ) . 

Applying the finite difference operator Zl we get 

(5.10) 4 ( A , ̂ ( ^ l i ) = (X + n-fe+2)4.1(X, *)(2fel 3 ) + / ^ (A, *)(2fen_ 2 ) 
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Similarly, the recurrence 

i?x(n + 1, n - k + l s X) - R±(ns n - ks X) = (X + n)Rln, n - k + 1, X) 

y ie lds 

(5.11) / l k ( X , E)(2k
n_ : ) = (X + n ) / l f k _ 1 t t , ^)(2fe

n_ 2) 
and 

(5.12) fitka, E)[2k
n_ U (X + n -f D / ^ ^ t t , ^ ) L n _ 3 ) 

Ji,k-i\2k - 2} 

6. AN APPLICATION 

We shall prove the following two formulas: 

(6.1) R(n, n - k , 1 - X) = £ ( V - V ) ( \ ~ + V ) f l i < f e + *• '*» A> ' 
and 

(6.2) fl^n, n - ft, 1 - X) = X ( \ + - V (̂ fc + V ) * ( / c + * ' *9 X ) ' 

Note that the coefficients on the right of (6.1) and (6.2) are the same. 
To begin with, we invert (2.9) and (3.8). It follows from (2.9) that 

2>(n, n - k, \)xn-* = £><*, j , \)xk-J £ ("2VV"2* + ' 

>̂" = n m = n \ ' 

so that 

j = 0 m = 0 

J = 0 

^B(fe, k - j, X)^' = (1 - ̂ ) 2 k + 1 X i ? ( n s n " ̂ ' ^ ) * n " * 
j - 0 n = & 

= L(-iW2VVE *<* + *•*> 
«i_n \ ^ + _ n 

It follows that 
(6.3) B(fc, k - j, X) = ̂ ( -^'"'(T^tV^ + ts *» X)' 

S i m i l a r l y , 

(6.4) BAk - fc - j , X) 
* - o ^ c ' 

By (2 .9 ) , (4 .3 ) , and (6 .4 ) , we have 
k 

B(n, n - ks 1 - X) - X V ^ fe " ^> A>(n2fc J ) 
j - o v / 

•t("2V)i<-1)"t?-+t1h« + t-4 
J = 0 x /fO X ' 
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(6.5) 
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k k 

L 
j = t 

[Oct. 

t - o j = t 
equal to 

E(^ev)(»M-')"("2r)E^ 
The inner sum is equal to 
k-t k -1 (~2k - 1) . (n + t + 1). (-fc + t) . 

(n + t\ 
3^2 

t _ 2£ + l)d (-fc + ty. 

-2k - 1, n + t + 1, -Zc + t" 

The F i s Saalschiltzian [ 1 , p . 9] 9 and we find9 a f te r some manipulat ion tha t 

E n . /2 fe + l \ / n + £ + j \ __/fc + n + l\/fc - n - l\ 
. = 0

("1 } V j A 2k ) = { k ~ t ) \ k + t ) ' 

es Thus9 (6.5) becomes 

R(n9 n 

This proves (6.1). The proof of (6*2) is exactly the same. 

7. BERNOULLI POLYNOMIALS OF HIGHER ORDER 

Norlund [9, Ch. 6] defined the Bernoulli function of order z by means 
of 

(7.1) 

3<*V It follows from (7.1) that Bn (A) is a polynomial of degree n in each of the 
parameters s9 A. 

Consider 

(7.2) 
and 
(7.3) 

It follows from (7.2) that 

Kn, n - k , A) = (^B(-" + «(X) 

(n, « - fc, A) = (fe " £ ' i y ^ n + 1 ) ( l - A). 

E oo.. *. x # - E(n * k><-(A)^ - &£**>(*>£. 
Hences by (7.1)9 we have 

(7.4) ^fi(nj, « J = i(e»-l)V». 
n = k 

Comparison of (7.4) with (1.7) gives Q(n, ks X) = R(n9 k9 X) , so that 

(7.5) i?(w, n - k9 X) = ^)5("n + f c )(A). 
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Next, by (7.3), 

" -1j n = k 

n = k x 

n=k ' n=k 

UK 

kl 
It is known [8, p. 134] that 

tn 

U + V) "1-LOgU + V)) = 2^-r-
n = k 

Thus, 

(i + w-Hiogd + *»* = E oTTTyrerw • 

k = 0 n = k fc = 0 * " X x Ai/ 

= (1 - u ) " A ( l - M ) " * . 

T h e r e f o r e , Q (n , fc9 X) = R1(n9 k9 X), so t h a t 

(7 .6 ) ^ ( n , n - fc, X) = (^ " * " ^ " ^ ( l - A). 

For X = 0, (7.5) reduces to 

S(n, n-k) = [l)Bi-n+k); 
for X = 1, we get 

sin + i. „ - * + i) = (^r^CD = (̂)(i -Z^TTT^TK^-" 

For X = ls (7.6) reduces to 

5 l(„ + i, n-fc + 1) = ( f e - ^ ~ ^ B ^ " ; 

for X = 0, we get 

*i<».»-«-(*'r1)(i-£K° = f r K ' 
Thus, in all four special cases, (7.5) and (7.6) are in agreement with 

the corresponding formulas for S(n9 n - k) and S (n9 n - k). 

8. THE FUNCTIONS 2?'(n, k, A) AND ^'(n, fc, X) 

We may put 

(8.1) R(n5 n - fc, A) = £i?'(fc, j, *)(2fe
W_ j) 

and 

(8.2) fl^n, n - fe, X) -][>'(&, j, X)(2feW_ ^ . 
j-o 
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The upper limit of summation is justified by (2.9) and (3.8). 
Using the recurrence (2.3), we get 

R(n + 1, n - k + 1, X) - R(n9 n - k9 X) 
fc-i . , 

= (n - k + 1 + A)]p?'(fc - 1, j , X)Lfe J1. _ A 
k-l 
— ' n 

\2k - j 

Since 

= £ ( 2 Z c - 3 - l)R'(k - 1, J , X)(2 f e _ " . _ ^ 

fe-i , > 
+ £(fc ~ J - 1 + )R'(k - 1, 3, )y2k J1. _ \ . 

R(n + 1, n - k + 1, X) - R(n, n - k9 X) 
we get 

(8 .3 ) 2?'(fc, j , X) = (2k- j - l)R'(k- 1, j , X)+ (fc- j + X)i?'(fe- 1, j - 1, X), 

For k = 0 , (8 .1 ) g ives 

(8 .4 ) i ? ' ( 0 , 09 X) = 1, i ? ' ( 0 , j , X) = 0 , ( j > 0 ) . 

The following values are easily computed using the recurrence (8.3). 

R'(k, j, X) 

K N ^ 

0 

i 

2 

3 

4 

0 

1 

1 

3 

15 

105 

1 

X 

1 + 3X 

10 + 15X 

105 + 105X 

2 

X2 

1 + 4X + 6X2 

25 + 60X + 45X2 

3 

X3 

1 + 5X + 10X2 + 4X3 

4 

Xh 

(8.5) 
and 
(8.6) 
Also, 

(8.7) 

It is easily proved, using (8.3), that 

Rf(k9 0, X) = 1.3.5 ... {Ik - 1) 

Rf(k9 k9 X) = X\ 

|](-l)JVO:s j, X) = (1 - X)k < 

Moreover, it is clear that Rf(k9 j, X) is a polynomial in X of degree 

To invert (8.1), multiply both sides by (-1) f J 
Changing the notation slightly, we get * ' 

and sum over n. 

(8.8) R'(k, k - j , x) = x)<-i>i+*(£ + i)R(k + *• *> x>-
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Turning next to (8.2) and employing (3.2), we get 

R1(n + 1, n - k + 1, X) - R1(ns n - k9 X) 

fc-l 

= (n + \)J2R{(k ~ 1. 3> W[2k -"a - 2) 

k"1 

= X ^ - 3 ~ DRlik - l, j\ \)[2k _n. _ A 

+ ]£ (2fe - J - 2 + X)R[(k - 1, j, X)(^ _*. _ 2 j . 

I t follows that 
(8 .9 ) R[(k9 j , \)=(2k-j-l)Rf(k-l5 j , X) + (2fe- j - l+A)i?1

f ( /c- 1, j - 1 , X ) , 
For fc = 0 , we have 

(8 .10) R±(fl9 0 , X) = 1, Rl(0, j \ X) = 0 , ( j > 0 ) . 

The following values are readily computed by means of (8.9) and (8.10). 

N\ 
0 

1 

2 

3 

4 

0 

1 

1 

3 

15 

105 

1 

X 

2 + 3X 

20 + 15X 

210 + 105X 

RIOt, J Y X ) 

2 

(X)2 

6 + 14X + 6X2 

130 + 165X + 45X2 

3 

< * > 3 

24 + 70X + 50X2 + 10X3 

4 

an 
We have 

(8.11) 
and 
(8.12) 
Also 

(8.13) 

R{(k, 0, X) = 1.3.5 ... (2k - 1) 

R((ks k9 X) = (X)fc. 

k 
^ ( - D ^ t f c , j\ X) = (1 - X) k. 
J - 0 

Clearly9 R[(k, j, X) is a polynomial in X of degree j. 
Parallel to (8.8), we have 

(8.14) R{(k> k - j , X) = Yl ("DJ' + t f t + jK(fc + Y *> A). 
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9. ADDITIONAL RELATIONS 

(Compare [3, 4].) By (8.14) and (3.1), we have 

R[{k9 k - j, X) = £(-l)*(k \ ^R^k + j - t, j - t, X) 

0 • / , A & 

8=0 t= 0 / X / = 0 t = 0 

It can be verified that the inner sum is equal to ( - .1. Thus, 

k / \ 
(9.1) R[(k, j , X) = X ! u F i ( / c > s> * ) • 

Similarly, 

(9.2) i?'(fc, fe - j, « = £ •(- f . W , s, X). 

The inverse formulas are 

(9.3) Bx(k, t , X) = £(-D r f~*(jW(fe, J' X ) 

and ^"* 

(9.4) B(k, t, X) - Y,(-l)i'tll\R'0i, J\ X). 
j - * 

In t h e nex t p l a c e , by (9 .4 ) and ( 3 . 1 ) , 

R^n, n - k, X) = X B i ^ ' * ' X >("2fe*) = Z 5 ( f c > * - * . ! - x > ( " 2fe * ) 
t = o x / t = 0 V / 

-£*<*.*. i - x ) ( » + £ - y 
£ = 0 x / 

j » 0 £ = 0 \ / \ / 

The inner sum is equal to (-l)"7) \, and therefore 

V 2k - 3 I 

(9.5) Rx(.n, n - k, X) = £ ( - l ) * ' ^ * jV?'(fc. * - J. 1 - X). 
S i m i l a r l y , y -

(9.6) i?(n, n - k, X) = £(-Dfc"Jf^ + ffii^9 k " J'5 X " X) : 

The inverse formulas are less simple. We find that 
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(9.7) R{(n, k, A) = Y^{~l)n-'Cn{k, j)R(n + j , g, 1 - X) 
and j-o 

(9.8) R'(n, k, X) = £(-Dn"J^n(^5 J)^i(w + j, j, 1 - X), 

where 
j-o 

It does not seem possible to simplify Cn(k9 j) . 
We omit the proof of (9.7) and (9.8). 
Finally9 we state the pair 

(9.10) R{(ns k, X) = £ ( - D * ( £ Z f}Rf(ri9 t , 1 - X) , 

k . _ i 

(9.11) ;?'<n, fe, X) = £ ( - l ) * ( £ ._ J W ( n , *, 1 - X). 

The proof is like the proof of (8.8) and (8.14). 
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