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PROBLEMS PROPOSED IN THIS [ISSUE
H-320 Proposed by Paul §. Bruckman, Concord, CA.

Let
z(s) = 25371“3, Re(s) > 1, the Riemann Zeta function.
Also, let net
n
H, = E: k', n=1, 2,3, ..., the harmonic sequence.
Show that k=l

o

4y
> — = w0,

n=1
H-321 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA.
Establish the identity
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Fsz+1l+r + FS - (ler + Lsr + [’L‘Lr - 1) (Fn+12r + Fn+2r)
+ ([’201' + LlGr + Lur + 3)(Fr§+10r + Fne-%-ur)
. 6 6
- (Lzur = Lyop * hypp 2L8r - 1)(Fn+8r + Eh+er)
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SOLUTIONS
A Dawn

H-294 proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA.
(Vol. 16, No. 6, December 1978)

Fraluate Fopsn Fonts Flonts Frupsr Fravas
Frprs Fionss Foes10 _F28r+1u F36r+18

A= 1Fonss  Flanag Foort1s Fuopeor Tsupsar

P RETTrEY Fyontao “Foening T7om 436

Fiomss F3Or+15 F50r+25 F7Or+35 F90r+45

375



376 ADVANCED PROBLEMS AND SOLUTIONS [Dec.

Solution by the proposer.

After simplification,

1 1 1 1 1

L2r+1 _L6r+3 L10r+5 _Llhr+7 L18r+9
A= F2P+1F6r+3F10r+5Flur+7F18r+9 Lhr+2 L12r+6 L20r+10 Dognsrn LDaenste

L6r+3 —L18r+9 L30r+15 _L42r+21 L54r+27

Lsr+u Lzur+12 L40r+20 Lsersos L72r+3e

- bl
- F2r+1F61’+3b101’+5F14r+'7F18r+9(L6r+3 + L21’+1)(L10r+5 - L2r+l)

° (L14p+7 + Lzr+1)(518r+9 - Lzr+1)(L10r+5 + L6r+3)(L14r+7 - Lsp+3)
N (L18r+9 + L6r+3)(L14r+7 + L10r+5)(L18r+9 - L10r+5)(L18r+9 + Llur+7)

]

5 " 4 3 3 2 2
510 ,
F2r+lFHr+2F6r+3F8r+HF1Or+5F12r+6Flur+7 1er+eF18r+9

_ el054a4 b 53 @3 2 o2 _
=5 FwF2wF3thwﬂ5wF6wF7wF8wF9w’ where w = 2r + 1.
More ldentities

H-295 Proposed by G. Wulczyn, Bucknell University, Lewisburg, PA.
(Vol. 17, No. 1, February 1979)

Establish the identities

2 2 _ k+13
4 (@ Fliser+s = Ferspenfiaonss = GO F i lon i Disir s
an
2 2 - k+153
(b) E%E%+6r = Boverfiron = =1 Forlion Dy pyp -
Solution by the proposer.
2 2
(a) F%Fk+er+3 ~ Fversnlisorit

]

1 2k +127+6 2k +127+6 k
Tp {(ak - RO PRIIITTE 4 @RI g (1yE

(uk+8r+u - Bk+er+4)[qzk+ur+z 4 p2krur+z 2(_1)k]}

BPH2 4 9g12PH6 )

(—1)k+1 {uk—ur—z(a15r+s - 2

5/5
_ Bk-nr-2(615p+e 4 QRL2THE _ ophr+2 1)}

(-Dk*? Yp -2 hp+2 by 42 3 k-tp -2 phr+2 yp +2 3
= S (R M S D M T - BRI E o (BT

= (_;‘)/l;_-’—l {ak—’+r_2

0(2r+1(0(,2r+1 + 62r+1)(a2r+1)3(u2r+1 - BZZ’+1>3

+ Bk+ur+2(u2r+1 + 2T ALY (2L Bzr+1)3}

]

k+143
(-1) b2r+1L2r+1Lk+ur+z'

52 . 2
(b) FLEk+er - E%+BPF%+2P

1 k _ pk 2k +12r 2k +12r gy kL
Sg{m B {a +8 + 2(-1)**™
(ok*er Bk+er)[a2k+ur + g2kter 4 2("1)k+1]}
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(G D LA ST 127 4 k-t
=—5/_5_——{0L (o - 20, +20Lr—-1)_6‘1"(6151"_2612r+2841"_1)}
= (“l)k+1 {ak—kr (OLL*T _ 1)3(0(,1*1, + 1) _ Bk—“r(Blﬂ' 1)3(841' + 1)
5/5 B j
= (_1)k+l k+ur 2r _ 2rN3 2r 2r k+ur 2r 2ry 3 2r 2r
v T G b N CE e I R CE LY

(_l)k+1F3 I T,

2r2p

It

k+ur”®
Also solved by P. Bruckman.

Bracket Your Answer

H-296 Proposed by C. Kimberling, University of Evansville, Evansville, IN.
(Vol. 17, No. 1, February 1979)

Suppose x and y are positive real numbers. Find the least positive in-

teger n for which
| &L l‘_ I L I
n + Y n

where [2] denotes the greatest integer less than or equal to z.

Partial solution by the proposer.

Solution forn the Special Case y = 1:

m?> +m - 1

IA

2
L (m +%) -x if m? < x

L+/m+ 1?2 -z ifm?> +m<ax<m? +2m

Then the least positive integer » satisfying [n ‘f_ 1] = [%] is given by

Letm = [V/x] and 4 =

_fm-1+4 if 4 is an integer
n= m+ [4] otherwise.

Proof: First suppose m® < x <m’ +m - 1, where m = [Vx]. Let L = - m”,
Then writing kK =n - m gives

x _ _m2+L_m_k+k2+L
n m+k m+k m+ K -
Similarly )
x k+1D°+1L
n+1_m—k_1+m+ +1 -
. . (k+ D2+ . . .
The least k satisfying mrEk+ 1 > 1 is easily found to satisfy
1 1)?
> = =) -
k > 7+ <m+2> x.
Thus, for
1 1)\?2 . . )
—§+ m+§ - x if this is an integer

1 + (m + l)2 - & oth i
5 5 otherwise

. 1 -\ 2
we find thatk<—2—+ (m+7> -x=%+/m—L+%, so that

ot
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1y 1
(k-3) <n-p+g ama B2
Consequently, [%] =m - k. Furthermore, if

(k+ D2 +1

m+ k + 1 22

x ) L - i
then T+ >m -k + 1, contrary to PP < L < k. This shows that
(k + D?+L _,
m+k+1

x
so that [1 ¥ n] =m - K.

If n! < n, then for m =m+ k' we have k' < k; by definition of X this
implies

k' + 1?2+
m+ k' + 1 <1
so that
_* . S A r ikl_i_lli_t;g % 1
T35 =" k Lt T and T+ 7| < k' -1
12
On the other hand, ﬁ%‘= m - k' + %T:f%ﬁg’ so that [i%- >m-k' This shows

Now suppose m? +m < x < m* + 2m, where again m = [/x]. Let
I =x-m>-m and k =mn -m.

An argument analogous to that above shows that the least k for which

(5] - i)

Jim + 1D -2 if this is an integer
) g

R
1 +-{¢(m + 1)? - m:] otherwise.

The solution stated above now follows from kX = n - m.

is given by

Note: 1t appears likely that for any y, at least for any positive integer Yy,
the solution can be written in the form {x/j] + 1, where J is an integer.

Also solved by C.B. A. Peck.
The Limit

H-297 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, CA.
(Vol. 17, No. 1, February 1979)

Let P, =P, =1, B, () =P, ,(A) = \P,_,(}). Show

1P O)/B0) = (=TT AN/ = 506, "

where C, is the nth Catalan number. Note that the coefficients of P, (}) lie
along the rising diagonals of Pascal's triangle with alternating signs.

Solution by Paul S. Bruckman, Concord, CA.
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The characteristic polynomial of the P,'s is x’-x2 4+ X = (z - u)(x - v),
where

w=u() =21+ /T &N, v = p(A) = U - /TN,
It follows readily from the initial conditions that
B,V = @t - o™ DY/ w-v),n=0,1, 2, ...

Although it is not stated in the problem, we assume that I)\[ < 1/4, to
avoid possible problems of convergence. Being acquainted to some degree with
the proposer of the problem, it is nearly safe to say that he did not intend
the problem to involve a rigorous treatment with A ranging over all admissible
values, but rather a formal result valid for "nice" values of A. Moreover, we
assume A is real,

Let », =P, _;(W\)/P,(}), and f(A) =u(d)/v()). Since uv = A,

FOY =u?/x = (@ -N/x=u)/x - 1.
Also

£ () = (un - vty @ -ty o @ oL fTo 1
v{@/v)™ -1} (T - 1)

If we consider the graph of f, we see that the graph has asymptotes at
A =0 and at f = -1; however, the latter asymptote is approached only as A —+
-o, and we exclude this possibility, by hypothesis. If A > 0, clearly u > v,
Tflx <0, thenu >1, v <0, and f < -1. It follows that, if |A| < 1/4, then
fl > 1.

Hence, r = 1lim r, exists and
n+w

1 - V1 = 4)
2\ ’

Now, by the binomial theorem,

i (12 . ; < -3 ()
(1 - 4)) 1/2 _ Z( )(_Z;)\) (provided I)\I < 1/4) = nzx-:o(n )>‘ .

n
n=0

Integrating with respect to A, we see that

2n)
1/2 _ (7’1 n+l
(-1/2) (1 - 4)) c +7;) n+l>\ , for some comstant c.

)
Setting A = 0, we find that ¢ = -1/2. Also, observe that C,, , = ” Z T the
(n + 1)th Catalan number. Therefore,

r=r0) =9, C,\". Q.E.D.

Also solved by the proposer. n=0
The Big Six

H-298 Proposed by L. Kuipers, Mollens, Valais, Switzerland.
(Vol. 17, No. 1, February 1979)

Prove:
(1) PS4y = 3F5 o+ SFSFP = 3F F° - F° = (-1)",n=0,1, ..

(ii) F§,¢ - l4Fp, o - 90F;, ., + 350F%, . - 90FS, , - 14FS . + F§
= (_l)nSOs n = 0, 1, seasy

(iii) F,,o - 13F,, o + 41F;, , - 41F°,

n+5 n+ b

0
>

6 6
+ 1375, - F

3 n+l

= 40 +%(1 + (-1)")80 (mod 144).
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Solution by L. Carlitz, Duke University, Durham, NC.
(1) Let P(x, y) = x® - 32y + 5x%y% - 3xy® - y®.
fied that P(y + =z, y) = -P(y, 2).
In this identity, take y =F,, 2 = F . This gives

n-1
P(F,,,» F,) = -PF,, ) (n=1,2,3, ...

It is easily veri-.

1
Thus, n

F) = (-1)'P(1, 0).

P(Fyyys F,) = (-D"P(F, F,
Since P(l, 0) = 1, we get

P(F a1 Fp) = (- n* m=0,1,2, ...,
as asserted.

(ii) Put

Fr @ -Z 10" =0, 1, 2, ...).

It has been proved (L. Carlitz, "Generating Functions for Powers of Certain
Sequences of Numbers,' Duke Math. Journal 29 (1962):521-537; see also Riordan,
""Generating Functions for Powers of Fibonacci Numbers," Duke Math. Journal 29
(1962):5-12) that

U, (x)
(*) f & = D, (x)°
where k+:‘L 2)1/1(11+1)Fk+1Fk Y Tk-rt2
D, (x) = r=%(—1f” FF, .. T x”

and
o
Up@) = 9 Upsd (k =1, 2, 3, ...)
J=0

can be computed recursively by means of
Ukarsg = FjarlUe,y + CDIE_ ;0
For kK = 6, we find that

Dg(x) = 1 - 13x - 104x> + 260x3 + 260z" - 104x° - 13x® + x7

k,d-1°

and
U, (@) =1 - 12z - 532" + 53xz° + 12¢" - x°.
Moreover, it can be verified that

Dg(x) = (1 + 2)(1 - lbx - 90x? + 350x® - 90x* - l4x® + x°)
and
Ug(@) = (1 +2)(1 - 13z - 402” + 93z° - 8lz") + 80x°.

Thus, taking k = 6 in (*), we have

Ug ()
(1 - l4x - 90z2 + 350z° - 90x* - 14z + xG)Z Py @ 755
80zx°
= _ - 2 - &
=1 - 13z - 402” + 93° - 8la* + 57
=1 - 13z - 40x? + 93z° - 8la* + soZ( 1) " *s,
n=0
Comparing coefficients of x"*5, we get
6 6 6 6 6 6
FS, . = 14F; o = 90Fp . + 350F;, , - 90F,,, - 14F, , + F,

= (-1)"80 (n=0,1, 2, ...).
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(iii) We have
1 - lbx - 9022 + 350x° - 90z* - 14x° + z©

= (1 - 2)(1 - 13z + 41x? - 412° + 132" - %)
so that

(mod 144),

De(x) = (1 - 2*)(1 - 13z + 4lx® - 4lx® + 13z - 2°) (mod 144).

It follows that

2 3 4 5\ N 6 Ue @)
n =
(1 - 13% + 41x® - 41z° + 13x* - x )2g%p;+lx =i
_1 - 1lx - 64x® - 11x° + "
B 1+
402"
= - - 2 3 I
=1 122 - 52x2 + 41x T+ (mod 144).
Comparing coefficients of x"*°, we get
6 6 6 6 6 6
Fn+6 - 13Fn+5 + 41Fn+'+ - 41Fn+3 + 13Frz+2 - Fn+1

= (-1)"40 (mod 144) (m =0, 1, 2, ...).

Also solved by P. Bruckman, G. Wulczyn, D. Zeitlin, and the proposer.
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