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PROBLEMS PROPOSED IN THIS 1SSUE
H-322 Proposed by Andreas N. Philippou, American Univ. of Beirut, Lebanon
For each fixed integer k > 2, define the k-Fibonacci sequence fék) by

W 0, £ =1, and

R S R E
n f;fl 4 oeee f#fi if n>k+ 1.

Show the following:
(a) (k) = 9n-2 4f 2 <y <k + 1;
n
() £ < 2" Hif n >k + 25

() D (F®/2my = 2k,
n=1
H-323 Proposed by Paul Bruckman, Concord, CA
Let (xn): and (yn): be two sequences satisfying the common recurrence
p(E)z, = 0, (1)

where p is a monic polynomial of degree 2 and E = 1+ A is the unit right-shift
operator of finite difference theory. Show that

T Ypsr = Tpyr¥ny = @O (xoyy = xyp)s n =0, 1, 2, ... . (2)

Generalize to the case where p is of degree e > 1.

H-324 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA
Establish the identity
A= Fl'—rr (Fn7+1ln’ + FZ) - 7F101ﬁ (Fn6+l+r‘Fn + Fn-v-hng)
+ 21F (S 2+ F2 , F2) = 35F,, (Fyy Py + Bl Fy)
7

hrF7n+1h'
H-325 Proposed by Leonard Carlitz, Duke University, Durham, NC

For arbitrafy a, b put

Spap) = 2 (H)PYEY m=0, 12, 0.
qkem 93



9k ADVANCED PROBLEMS AND SOLUTIONS [Feb.

Show that
D 8n(a, B)S,(c, d) = S,(a+c, b+d) (1
m+n=p
. (-1)"8,(a, b5, (e, d) = Sp(a~d, b - c). (2)
m+n=p

H-326 Proposed by Larry Taylor, Briarwcod, NY

(A) If p =7 or 31 (mod 36) is prime and (p - 1)/6 is also prime, prove
that 32(1 * V/-3) is a primitive root of p.

(B) If p = 13 or 61 (mod 72) is prime and (p - 1)/12 is also prime, prove
that 32(/~1) * v3) is a primitive root of p.

For example:
11 = v-3 (mod 31), 12 and 21 are primitive roots of 31;
11 = /=1 (mod 61), 8 = /3 (mod 61), 59 and 35 are primitive roots of 61.

SOLUTIONS
Vandermonde

H-299 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA
(Vol. 17, No. 2, April 1979)

(A) Eér FSP Flor Flur Flar
F%r Elzr EEOP FzBr F36r
Evaluate A = |F_, Flep Foom Fyop Feip
Fsr Fzsr F#Or F56r F72r
FlOP FBOP FSOP F?OP FSOP
(B) 1 L2r+1 Lirr-rz L6r+3 L8r+4
1 “L6p+3 Lisrss Ligris Dyup 412
Evaluate D = |1 Lygn,s  Logps10  Laowsrs  Luor+zo
1 _L14r+7 L28r+14 _Lk2r+21 L56r+28
1 L18r+9 L36r+18 L54r+27 L72r+36
© 1 L2r Lqr Ler LSP
1 Ler Ll 2r Ll 8r LZ Ly
Evaluate Dl =
1 Llor LZOP L30r LHOT
1 Llsr L36r Lskr L72r

Solution by the proposer
(A) Taking out the common column factors

Fzr’ Fsr’ Flor’ Flur’ and Flar

and simplifying, we obtain:
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1 1 1 1 1
L21ﬂ LSP LlOl" Llur LlSP
A= FszGrFIOPFllmFlsr Ll&r ler Lzor Lzsr Lssr
LGr LlBr LSOI‘ LMZI” LSGP
LBP L21+y' LMOP LSGr’ L72r

= P ForFronFrunFrer Lep = Lpp) Gyop = Lpp) Uyyy = Lpp) Tygr = Lop)
Gyor = Lep) Unyy = Lep) (Dygp = Lgp)

(Llur - Llor)<L18r - LlOr)

(LlBr = Lyyp)

5, F F g F, F

2r-6r - 10r - 1lur

10,55 b4 b 3 53 2
5 FszkrFGPFBrFlorFIZF

b o4 53 53 52 2
FZPFLWFGPFSPFIOrFlzz"FllirFlsr

2
Fl LU’Fl 6r Fl 8r°

18r

(B) The solution is as follows:

6r+3 = 5F gpss I

(1) Lgpys FLppyr = 5Fupyy Foppq woe (5) Lyypyy -1 4r+2
(2) Lisrse *hupso = SFepsy Fupsn »ov (6) Lygrprn = Ligrie = SF20r410F 804
(3) Lygrrs *hgras = SF1pnueferss »o (7) Duppyor = Digrss = SFs0rs15f12046
(4) Lyupsro T Dgpsn = SF1gnioFopsn o0 &) LIsenior = Loupsio = SFuorsrofieraes
(1) divides (2), (3), (&), ceo (5) divides (6), (7), (8).
D = (L6r+3 + L2r+1)(L10r+5 - L2r+1)(Llur+7 + L2r+1)(LlBr+9 - Lzr+1)
(Lyopss * Ler+3)(L1ur+7 = Lgpss) Dygpyo T Lepss)

(L14r+7+L10r+5)(L18r+9 - L10r+5)
(Ligpse * Diupsq)
= 510F2‘+r+1F:r+2F6§ﬂ+ 3F83r+4F120r+5F122r+6F1ur+7F16r+s-
(C) The solution is as follows:
(1) LIpwe+a) = Drwesy = Fraes2t+2Fn (2t - 20) (3)

(2) Lpxwt+2) = Doks+2) = SFrk(as +2t +20Frk 2t -20)  (4)

Since (3) divides (4), (1) divides (2). Checking for proper degree and sign,
the sum of the subscripts in the main diagonal, we have

Dy = (Igp = Lpp) (Tyor = Lop) Cyny = Lpw) (Lyes = Lop)
(Lyor = Ler) (Lyiur = Ler) (Lysr = Ler)
(Llur _LIOr)(Llsr = Liox»)
(Lyisr = Liup)
or Dy = 50 Py P F o FiorFiorF1unF16r -
Sum Difference

H-301 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, CA
(Vol. 17, No. 2, April 1979)
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Let Ay, 475 4,5 002544, ... be a sequence such that the nth differences are
zero (that is, the diagonal sequence terminates). Show that, if

Ax) = 2 Azt
1=0

then
A(@) = 1/(1 - &)D(xz/(1 - x)),
where .
D(z) = Edix‘;.
=0

Solution by Paul Bruckman, Concord, CA

It is assumed that the d;'s, which are not explicitly defined, are in fact,
defined as d; = A*4,. Then,

o

1 x .z -i- - i
(1_x)D<(1_m)>=Edixt(l—x) 1__,7;)521-.%

©

2 (e

1=0 &=
@ k w % '
=§rkzo(7;)d =?_%xkzo(7z) yia,

=3 xR+ M*4, = ) ek,
k=0 k=0

=Y Ak = A(z). Q.E.D.

k=0
Ltk



