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FIBONACCI INDUCED GROUPS AND THEIR HIERARCHIES 

KAREL D.E BOUVERE 
University of Santa Clara, Santa Clara CA 95053 

Hot. only WOA the late ?^o{esson. Hoggatt a dedicated teacher and a pn.oLi{ic 
scholaA, he was OIMO a {ine colleague and a meltable co-wonkoA* In the summer 
o{ 1980 w<i met o{ten9 both o{ us betng involved in Santa ClaAa's Undergraduate 
Research V anticipation program in mathematics. I showed him a rough dra{t o{ 
the, {m ideas expressed tn this paper, andf while he was encouraging me to pre-
pare it {OK. The Fibonacci Quarterly, at the same time he allied me urgently to 
make it: readable {on. a great vaAlety o{ readers, "our reader" as he called them 
not without a{{ection, In trying to comply with his request, I discovered that 
the paper became more than the communication o{ some results; it began to tell 
the story o{ how they were obtained, {/torn simple well-known beginnings, th/tough 
some redundant complications, toward a simple ending. Hay the e{{ort be a stone 
in the monument to the memory o{ Vr9 i/erner E. Hoggatt, Jr. 

1. INTRODUCTION 

Sequences of integers give rise to algebraic structures and sequence hier-
archies in various ways, some trivially, others by more sophisticated methods. 
A glance at a trivial example may help to grasp readily the subject matter of 
this paper. 

Let N be the set of positive integers, Z the set of all integers. The func-
tion si N -> Z, somehow defined, constitutes the sequence s19 s2, s3, ..., where 
the arguments are written as subscripts. For every z e Z, a function tzi N ->• Z 
can be defined by tz (n) = zsn9 thus constituting the sequence 

^ 3 1 = SS19 t z l - ZS2$ tg3 ~ ZS3, ... . 

Let Zt ~ {tz: z e Z}. On Zt one defines addition and multiplication by 

ta
 + t'b = ^a+b a n d tath = tab' 

These definitions are not arbitrary or ad hoc; they amount to the usual point-
wise addition and multiplication of functions, e.g., 

(£<z + tb)(n) = ta{n) + tb(n) = tan + tbn = asn + bsn 

= (a + b)sn = t{a + b)n = ta + b(n)a 

The result is an algebraic structure 

(Zt , +, •, tQ9 t1) 

where tQ and t1 are. additive and multiplicative identities, respectively; £0 is 
the sequence with all terms 0 and t1 is s. This algebraic structure is clearly 
isomorphic to (Z, + , % G, 1) , the familiar integral domain of the integers, by 
<J): Z -> Zt with (J)(s) = tZ9 thus being itself an integral domain. 

The integral domain Zt is a trivial example of an algebraic structure in-
duced by the sequence s. As to the hierarchy involved, let the function Si N ->• Zt 
be defined by S(ji) = £S(W) . The result is a sequence S with 

a sequence of sequences, such that each term of S is the element of Zt that has 
the corresponding term of s as index; as a sequence, S is completely patterned 
after s. One could call S the second level of a hierarchy of which s is the 
first and lowest level. Starting with the sequence S one arrives in a similar 
way at the third level. For every y 9z £ Z, let ytz be the function ytzi N -*- Zt 
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with (ytz)(n) = tyz(n). For every y e Z5 let Ty : N -> Zt with 2^ (n) = ySns (= 
yts(n) = tys(n))* Further, let ZT = {Ty : y e Z}. On ZT one defines addition 
and multiplication pointwise, thus obtaining ZT as an integral domain. The 
function §>i N -> ZT with §(n) = TS(n) constitutes the sequence 

&i = Ts(i) s ^2 = T s ( z ) '•> ' • • 9 

the third level in the hierarchy. This construction can be repeated indefi-
nitely,, 

As a concrete example of the above one could take any sequence of integers, 
but in this context one can as well take the Fibonacci sequence fiN-+Z with 
fi = l> fi = l > a n d s f o r n > 2* fn

 = fn-i + fn-z9 yielding t h e well-known se-
quence 

fx = 1, f2 = 1, /3 = 2, fh = 3 , f5 = 5, /6 = 8 , ... . 

For every z £ Z9 a function g : N ~^ Z can be defined by # (n) = s/ , thus con-
stituting the sequence 

Let Zg = {g2: 2 e Z } . On Z^ one defines ga + gh = ga+b and # a ^ = gab. The 
result is the integral domain (Zg , + , ®, ̂ 0 5 #-,_), isomorphic with the integral 
domain of the integers, induced by the sequence f. Let F: N -*• Zg be defined by 
F(n) = g* tn) . This yields the sequence F with terms 

Fi = 9i> F2 = 9i> Fs = $2* F^ = 9*> Fs = 9s> Fe = ^8* ••• • 
It should be noticed that again, for n > 2, Fn ~ Fn_1 + Fn_ 2» The sequence F 
could be called a Fibonacci sequence of Fibonacci sequences, the second level 
of a hierarchy of which / is the first and lowest level. Continuing, for every 
y9z e Z, let ygz be the function ygzi N -> Z^ with (ygz)(n) = gyz(n)5 (= yzfn). 
For every 3 £ Z, let Gz be the function Gz : 217 •> Z^ with £(n) = sFn , (= zg^^n>) -
Gzf(n))' Let ZG = {£s: 2 £ Z}. Again introducing pointwise addition and mul-
tiplication on ZGs one obtains ZG as an integral domain* Let $1 N -+ ZG with 
$(n) = Gf(n)* then ff constitutes the sequence 

*l - G l» *2 = Gl> *3 = G2> 5* ' G3> *5 = G5> *6 = G8> ••'> 

the third level of the infinite hierarchy. The sequence is a. Fibonacci sequence 
of Fibonacci sequences of Fibonacci sequences. 

2. GENERATION OF A HIERARCHY OF GROUPS 

One way of generalizing the Fibonacci sequence consists in extending its 
domain from N to Z. In this section let / denote the function /: Z -*- Z defined 
by f0 = 0, fL = 1, and fn = fn_2 + fn„1? or, fn_2 = fn - fn_13 where the argu-
ments are again written as subscripts. Clearly, f\N9 the restriction of / to 
N9 yields the original Fibonacci sequence. The set of values {fn : n e Z} can 
be pictured as an extension to the left of the original sequence: 

• ••» J_5 ~ ->s J-1+ = ~~>s j_3 = 2, JT_2 = ~f» J-l = J-9 

f, =° > A = !• ^ " !» A = 2> A = 3, /5 = 5 
The restriction f\N is nearly infective, spoiled only at the very beginning 

by f1 ~ fx" The extended / is only half as nice due to the identities formu-
lated in Lemma 1. 

L&nma 1: If n e I U {0} is even, then /"_„ = -fn , 

if n e N is odd, then / = /_ . 
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Bcu>£ 4-te.p.—Trivially f_Q = fQ = 0 = -jf0 and obviously /^ = 1 = 4f_1. 

Induction kttp.—For m > 1, let it be assumed that the lemma holds for 
all k e N such that k < m. By definition, 

J-m ~~ *>-m + 2 ~ J-m+1 ~ J~-(m-2) ~~ •'-(m-1)" 

If 777 is even, then /?i - 2 is even and m - 1 is odd, and hence, by the induction 
hypothesis, 

f = -f ~ f = -if + f ) = -f . 
J - m J m-2 J m - 1 KJ m-2 J m - r */w* 

If m is odd, then m - 2 is odd, m - 1 is even, and the induction hypothesis 
yields 

J -m J m- 2 ^ J m - 1 ' J m - 2 J m-1 J rn 
The next lemma is an extension of a well-known lemma. The proof is extended 

to all the integers. 
Lemma li For every n e Z, let Dn be the determinant of the matrix 

If n is even, then Dn = 1; if n is odd, then Z?„ = -1. 

F/tOO^i Obviously D_1 = -~l, DQ = 1, and Z^ = -1. Moreover, for every m e Z, 

0„ 
f f 

4 */W7 + 1 

f f + f 

J m-1 J m-l J m-2 

Jm ^ m Jm -1 

0 + 
/ f 
Jm-1 Jm 

f f 

f + f f 
J m-3 J m-2 J m-2 

f + f f 
J m-2 J m-l J m-i 

J m-3 J~m-2 

J~m- 2 J m- 1 

+ 0 = D 

Hence, if n is even, h\n\ applications of the rule Dm = Dm_2, upward or down-
ward, according to whether n is negative or positive, respectively, yield Dn -
DQ = 1. And if n is odd, h.(.\n\ - 1) applications of the rule, upward or down-
ward, yield Dn - D_1 = -1 or Dn - D± = -1. 

As is well known, the invertible 2 x 2 matrices with real entries have de-

(l °\ 
terminants ^ 0 and form a group under matrix multiplication with s J as 

'd ±\ \0 1/ 
D D \ (a h \ 

identity and | J as the inverse of I J, where D is the determinant 
-o_ a I \o dj 

xD D / 
fa b\ X /0 1\ 

of ( j. Let q = j J and let (qy be the cyclic subgroup generated by q. 
\c dj \1 1/ Lemma. 3: The cyclic group <(qy is of infinite order and for every n e Z, 



q° 
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( * n - 1 •*n \ 

f r )• 
?JiOO&'- [a] For n e N U {0} by straightforward induction. 

°̂ 1/ Vo A/' 

Next, for m £ N, If q 

qm+i = ^ 

(b) For n < 0, let n = -m. Then m e N and by (a) above, 

q"if f } 
\J m J m+ 1/ 

If ft? is even, then D - \ and 
7^ = /7 - W 

y - m J-m+1/ y n J~n + lf 

by Lemmas 1 and 2 . S i m i l a r l y , i f 777 i s odd, then Dm = - 1 and 

\fm ~Jm-ll V-777 f-m+1/ \fn ^n + lJ 

qn + q° , since fn ^ ft 

c) The infinite order of <q)> is now obvious; for every n > 0S 

0 " 

Since <̂ )> is a cyclic group of infinite order, qm = qn if and only if m = n. 
The function s: Z -> <q̂ > with s(n) = qn is bijective. Moreover, 

s(n + m) = qn + m = qn • qm = s(n) • sOrc). 

Hence, the multiplicative group <q> is isomorphic to (Z, +) , the additive group 
of the integers. Since the elements of <q> are 2 x 2 matrices, they can be 
added by the usual matrix addition, but <qy is not closed under that addition, 
However, the following lemma holds, 

LeJnma. 4.' For every n e Z, qn = qn~2 + qn_1, where + is the usual matrix addi-
tion. 

( Jn-l Jn \ l^n-3 ^n-2 ^n-l •'n-lX 

•"n •'n + l/ Vn-2 ^ n - 1 •'n ^ n - 1 / 

= /4-s 4 - A / f » - 2 »̂-A = ?B_2 + (?n.1_ 
V n - 2 •'n-l/ Vn-1 •'n / 
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The function s can be seen as a two-sided sequence with sn = qn for every 
n e 2, with sn ̂  sm for all n9m e Z such that n £ m9 and with sn - sn_2 + sn_l9 
Moreover, the elements of the sequence form an abelian group under multiplica-
tion. 

Once s is established, one may as well dispense with the matrices. For 
every n e Z, sn is uniquely determined by the ordered triple (fn_19 fn, fn+i)> 
and conversely. Let T be the set of all ordered triples of consecutive members 
of the sequence f: Z •> Z as defined above, ordered from left to right. Let 
ti <^> -»• T with t(qn) = (fn ± , fn , / n + 1 ) . Let "multiplication" be defined on 
7 by 

(J~m-ls J~m9 Jm+l'^fn-19 ?n s • ' n + l ' ~~ ^ w + n - l ' Jm + n9 ^m + n + 1^ ' 

Then 

*<<7V> = * « + n ) = ( 4 + n-l> 4 + n> 4 + n + l) 

Thus, t establishes an isomorphism between <^qy and T. Putting F - ts, the 
composition of s and t9 one obtains Fi Z -+ T with JFW = (/n_15 /„ » /w + i)- Since 
both s and t are isomorphisms, so is F9 and (T, •) is a multiplicative group 
isomorphic to the additive group of the integers. Moreover, using the familiar 
addition for ordered triples of numbers, 

(a, b9 c) + (a', b'9 cr) = (a + a', b + b!, c + e'), 

one obtains, as in Lemma 4, Fn - Fn_2
 + ^n-i' Summarizing these results, one 

obtains the following lemma. 

Lmma 5: Let'/: Z -> Z with /0 = 0, /x = 1, and fn = /n_2 + /n_x. Let 

21- {(/n_l5 /„, / n + 1 ) : n £ Z}, 

and let F: Z + T with Fn = (/n-1, /n , / n + 1 ) . Let FnFw = Fn + OT and let 

•^n + *m ~ (fn-1 ^m-19 J~n-J~m9 fn + 1 fm+l'* 
Then F is a bijective function constituting a two-sided sequence with terms 
Fn9n e Z, and the property Fn = -Fn_2 + Fn-i* Moreover, the terms of F form an 
abelian group under multiplication, isomorphic to the additive group of the 
integers. 

The group (T, •) may be called a Fibonacci induced group. The sequences / 
and F form the first and second levels of an infinite hierarchy. Next, one may 
consider the set of all ordered triples of consecutive members of the sequence 
F: Z -> T9 ordered from left to right, say 3 = {(Fn-1, Fn9 Fn + 1) : n e Z}. Let 
ff: Z -* 3 with 5n = (Fn_l9 Fn, Fn + 1). Further, let £F„JFm = 5n + m and 

K m v rc - 1 m- Is n m 9 n + 1 m + 1' 

Although 3 is not closed under addition, one still has (fn = 3rn_2 + &n-i» because 

*n = (^.x, Fn9 Fn + 1) = (Fn_3 + Fn_29 Fn_2 + Fn_±9 Fyl_1 + Fn) 
= ^ n - 3 9 ^n - 2 > Fn-l) + ^ n - 2 9 ^n - 1 9 ^n ) = ^n - 2 + ^n -1 " 

The terms of 3 again form an abelian group under multiplication, isomorphic to 
the additive group of the integers. The identity element is SQ = (F_l9 FQ9 F±) 
and the inverse of $n is $_n- Associativity and commutativity are inherited 
from the integers that serve as indices. 
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3. CONCLUSION: FROM TRIPLES TO ^-TUPLES 

The previous section resulted in groups of triples and their hierarchy. 
The group operation was induced by the multiplication of 2 x 2 matrices. Dis-
carding the matrices, one can define this operation as well on ordered ^-tuples 
(q e N, q > 1) of consecutive terms of the extended, two-sided Fibonacci se-
quence, with the ordering from left to right. 

The ordered pairs are the first to be considered. Again let fiZ+Z with 
fo = °> fl = 1» a n d fn

 = fn-2 + fn-1- L e t P = * Cfn - 1 » fn ) : n £ Z > > t h e s e t o f 

all ordered pairs of consecutive terms of f9 ordered from left to right. Let 
F ( 2 ) be the function F ( 2 ) 1 Z -± P with F„(2) = (f , , f ) . 

L&nma 6: The function F ( 2 ) is bijective. 

VJiOOJ: The set {F^2) 1 n e Z} is partitioned into the sets 

A = {F^2) : n < 0}, 

£ = {^0(2) , ̂ ( 2 ) } = {(1, 0 ) , (0, 1)}, 

and C = {F^2) : n > 1} . 

The three sets are disjoint, because: (i) every pair in A contains a negative 
number (Lemma 1), no pair in 5 or C contains a negative number; (ii) every pair 
in B contains 0, no pair in C contains 0. Moreover, if m ^ n, then F^2 r ^n 5 
in B9 trivially; in C9 because the second coordinates of the pairs form the set 
"t/n • n > 1} a n d f ° r n > 1 the Fibonacci numbers are all different; in A 9 be-
cause the absolute values of the first coordinates of the pairs form the set 
{fn'. n > 1}, and hence are all different. Thus F is injective. Obviously, 
F ( 2 ) is also surjective, and therefore bijective. 

On {F^2): n e Z}, let multiplication be defined by F^2)F^2) = F^\\ and let 
addition be the usual addition of ordered pairs, 

Clearly, the set is closed under multiplication but not under addition. How-
ever, F}2) = Fn(2)2 + Fn(2)x because 

^n = \Jn-l' ^n^ = ^ n - 3 «^n-25 •> n - 2 •'n-1' " ^ n - 3 5 ^n-l' ^n-25 ^n-!' 

n- 2 n-i* 
The terms of F ( 2 ) form an abelian group under multiplication, with 

^o 2 ) = (/-!> /„> = ̂  °> 
as identity element and F_(2) as the inverse of F^2) . Associativity and commu-
tativity are again inherited from the addition of the integers that serve as 
indices. 

Passing to ordered g-tuples, let q be a fixed positive integer > 1. Let 
Q = tCfn-i, fn> •••> /« + ̂ -2>: n £ Z ^ the set of all ordered q-tuples of con-
secutive terms of f9 ordered from left to right,. Further, let F{q) 1 Z -> Q with 
jpW = (fn_l9 ..., fn + q-2)> (the choice of indices is for the sake of the pre-
vious ordered triples). 

Lzmma 7: For every q e N - {l}, the function Fiq) is bijective. 

VKOOh'- Obviously, F(q) is surjective. The proof that Fiq) is injective is 
by straightforward induction on q. 

Bcu>£ &£&p.—Given by Lemma 6. 

Induction Atcp.—Assume that the lemma holds for m9 i.e., all ordered m-
tuples of consecutive terms of / are different. Then clearly all ordered 
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(m + 1)-tuples are different also, since 

\J~n-l9 Jn9 ' ' * 9 Jn + m-i) " l V n - 1 ' .• • • » Jn + m _ 2 ^ s J~ri + m-l) 

and ordered pairs with different first coordinates are different. 
On {F(

n
q) in e Z], let multiplication be defined by F^q) F^q) 

addition be the usual addition of ordered ^-tuples 
F^ll and l e t m + n 

F, (<?) + F, (?) 
^m-± ->n-l9 ' • • » Jm+q-2 Jn+q-2'' 

Again, there i s closure under mul t ip l ica t ion , but not under addi t ion . S t i l l 
'?(<?) Fiql + F n-2 : because 

,(<?) 

= W n - 3 » J n-29 

r n - 2 ^ r n - 1 ' 

f ") 
9 J n + q - 2 ' 

rf + f f + f > 
V J n - 3 J n - 2 ' • • • » Jn+q-^ Jn+q-3J 

5 Jn + q-1*' + ' ^ « - 2 » Jw - 1 » • • • > Jn + q- 3' 

The terms of F^) form an abelian group under multiplication with 
, (?) 

(j -i » J n ' • • • 9 J a -2' ^ 0 ^ 1 ' Jfl' • • « s j c ? _ 2 ^ 

as identity element and F}q) as the inverse of F„ . Associativity and commu-
tativity are again inherited from the integers. All this results in a general-
ization of Lemma 5. 

ThdQtKW 1: Let fiZ + Z with fQ = 0, f± = 1, and fn = /n 2 + fn . For any 
fixed <? e tf - {l}, let 

and let F (q) : Z •* 
= ^4-l> 4 ' .'••» /« + <7-2>: n £ Z> 

Further, let i^Fn = 

^ + F„ 

with 
p(?) = 

n 

Fm + n and 
V J n _ l » J n 9 •••» Jn + q-2'm 

(L 
Then F (?) 

• 1 + *̂ n - 1 ' -̂ m + £i ' - I m + q- 2 + f n + q- 2 ) . 
is a bijective function constituting a two-sided sequence with terms 

F{
n
q) , n e Z,and the property Fn(t?)= F^q_\ + i^!^. Moreover, the terms of F(q) form 

an abelian group under multiplication. 

The hierarchy is now more complicated. Again calling f the first level, 
one obtains a second level which contains an infinity of sequences F (?) 
for every q e N - {1}. Each F^q>) in its turn contributes infinitely many se-
quences $(Q>r)9 q9r £ N - {1}, to the third level of the hierarchy, where the 
terms of 3r(̂ »r) consist of ordered r-tuples (from left to right) of consecutive 
terms of F'Q) . This construction can be repeated indefinitely. One can pic-
ture the hierarchy as a partial ordering, as follows: 

1st level 

2nd level 

3rd level 

One may avoid running out of letter types by noticing that the level number is 
one more than the number of coordinates in the tuples that form the super-
scripts. This way one can use capital letters for all levels, e. g., F(c?> r> 3 > 
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refers to a sequence of the fourth level, whose terms consist of ordered s-
tuples of consecutive terms of F^q' p); this F((?>r)in its turn is a sequence of 
the third level, whose terms consist of ordered r-tuples of consecutive terms 
of F^q>> ; and F(c?) is a sequence of the second level whose terms consist of or-
dered ^-tuples of consecutive terms of /. 

The hierarchy results in a generalization of Theorem 1. 

Tfieo/iem li Let f:Z + Z with /Q = 0, Ĵ  = 1, and fn = fn_2 + fn_1. For every 
m e N, let q± , .. . , qm e N - {1} . Let 

Z ( ^ > = { ( / n _ l 5 fn9 .... fn + q i _ 2 ) : n e Z}, 
the set of all ordered q1-tuples of consecutive terms of /. Let F x i Z •+ Z 
with 

Further, let 

^ <•>- {(C\ '-i>. F?1 ,-i>..... c^-q-i))-- - - 4 • 
uples of consecutive terms 

with y . 
p(<7l» ••••<7m) = n ( ? l » •••»<7m-l) r,C?l» •••»<7m-l) T ^ l ' • • • » < 7 m - i ) \ 
r n \ r«-l 5 r n 5 e ' * 9 rn + qm-2 ) ' 

Then F * m constitutes a two-sided sequence with terms Fn *' m , n e Z, 
and the property 

£ n ^ «-2 n-1 

Moreovers the terms of F *' *""' m form an abelian group under the multiplica-
tion 

the set of a l l ordered qm-tuples of consecutive terms of F lf ™-i)a L e t 
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1. INTRODUCTION 

We start with a simple algorithm for generating pairs L (left column) and R 
(right column) of Fibonacci numbers. In a slightly modified version we wish to 
investigate the ratios L/R as the number of iterations n -*- °°. This, it turns 
outs involves (ancient) history, geometry, number theory, linear algebra, nu-
merical analysis, etc.! 

2. THE BASIC ALGORITHMS 

Let us consider a "computer project11 (appropriate for the first assignment 
in an Introduction to Programming course): 


