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BINARY WORDS WITH MINIMAL AUTOCORRELATION AT OFFSET ONE 

BART F. RICE and ROBERT WARD 
Department of Defense, Washington D.C. 20755 

In various communications problems, it has been found to be advantageous 
to make use of binary words with the property that at offset one they have au-
correlation value as small in magnitude as possible. The purpose of this paper 
is to derive the means and variances for the autocorrelations of these words 
at all possible offsets. The derivations are combinatorial in nature, and sev-
eral new combinatorial identities are obtained. 

1. AUTOCORRELATIONS AT VARIOUS OFFSETS 

We consider two methods of autocorrelating binary words. The cyclic auto-
correlation at offset d is defined to be the number of agreements minus the 
number of disagreements between the original word and a cyclic shift of itself 
by d places. If the word is v_ = (vQ9 V19 . .., VL_1)9 and if subscripts are re-
duced modulo L9 then this autocorrelation is given by 

( i . i ) ^ ( « ) - ^ ( - l ) ' " * ' " * ' 

The truncated autocorrelation at offset d is the number of agreements mi-
nus the number of disagreements between the last L - d bits of the original word 
and a right cyclic shift of the word by d places. The formula for this auto-
correlation is 

L-d-l 

(1.2) T*(£) - X) (-DVi+Vi + d-
i =0 

Note tha t i d(v) = T*(£) + T£_d(y). By symmetry, id(v) = TL„d(iO. Thus, 
for d > L/29 we can compute E(jd)9 E(id)9 and # ( T * ) from the i r values with 
d <. L/2. Z?(T*2) needs special treatment. Therefore, unless s ta ted otherwise, 
we assume d <_ L/2. 

Our pr inc ipa l r e su l t i s 
ThtOH.2J(n 1.7: Let L be a pos i t ive in teger , and l e t v_ range over the binary L-
tuples with minimal cycl ic autocorrela t ion a t offset 1. Then, for l<Ld<.[L/2]9 

0 ( ^ > 

K-»-K)/©. L\~2. ) ( - x ; \dll, 

«-">(iJ4=ui>-')*,(5{,2)/(5> 

L E 0 (mod 4) 

L E I (mod 4) 

L = 2 (mod 4) 

L = 3 (mod 4) 

If L = 2 (mod 4) and d i s odd, and if we r e s t r i c t v_ to range over those binary 
L-tuples sa t i s fy ing T1(y) = 2e, c = ±1, then 

S(xd) = 2 C ( d + l ) ( - l ) < - - ^ ( ( , ^ ) / 2 ) / Q . 
Also, 
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#(T2) 

L2 

L + 2 

1 
L + 3 

1 
L + 4 

+ 1 

(-!)<*(£• - 2d)(L2 - 2dL + 2L - 2d 

if L = 0 (mod 4); 

(V) 
i L + L(L + (.L + 1) , 

if L is odd; 

(-l)̂ (L- 2d+l)(L2 -hdL+2L-M-^'A/^\ + L2 + 2L + 4 , 

if L = 2 (mod 4). 

If v_ ranges over the binary L-tuples with minimal truncated autocorrela-
tions at offset 1, then, for 1 <. d <_ [L/2]9 

^(T5) = (-D d/2 ( i^ 2 1 )*-*(<%»'«) / ( V ) -
If L is even and v_ is constrained to range over the binary L-tuples satisfying 
T*(z;) = c, c = ±1, then 

ff(T*) = G*(-l)[d/'2] 

A l s o , 
"-*W2)/(V)-

E{xf) = 

1 
(L + 2)(L + 4) (-!)<*(£ - 2d + 1)(L3 - 2dL2 + 4L2 - 8dL - 4d - 2) 

d / / \ 2 d ) + £ 3 - dL2 + 4L2 - 4dL + 2L + 2 , 

a + D a + 3>"[( 

i f L i s even; 

( - i r L ( L 3 - 2d£2 + 3L2 - 4dL + L + 2d + 1) 

((L V ) / 2 ) / C 2 V ) + L3 -d&2 + 2Zi2-2dL.L+3d], 
if L is odd. 

If d > L/2, 

mf) = 
a 

+ L3 - dL2 + 4£2 - kdL + 2L + 2 , if L is even; 

(L + !)(£ + 3) 

+ L3 - dL2 + 2L2 - 2dL - L + 3d, if L is odd. 

2. MINIMIZING AUTOCORRELATION AT OFFSET ONE 

Suppose v = (vQ, v1$ ..., vLm.]) • If we change one bit, say v^9 to obtain 
V_ = (yQ9 ... ,~1 - vi9 .'.., ̂ L-I)» t h e n Td(S) = Td(^.) o r Td(^.) ± 4, because the 
sign of the two terms, (-l)Vi + Vi + d and (-l)Vi~d + v* , in the sum Td (v) have been 
changed. Since any binary L-tuple may be obtained from any other by changing 
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k <_ L bits, one at a time, it follows that 
Td(v) = L (mod 4). 

THV) = L - d (mod 2), 
a — 

A similar argument shows 

Now, if L is odd, the sum (1,1) contains an odd number of terms; thus, 
|T^(IO| _> 1. In particular, |Tx (̂ ) | _> 1. The sum (1.2) contains an even num-
ber of terms if d = 1, so T\{V) may be 0. If L = 2 (mod 4), then |TL(J;)| _> 2, 
\T*(V)\ >_!. If L = 0 (mod 4), T1(v) can be 0, while |T?(£)| >. 1. 

Let at = Vi © Vi + 1 (" © " denotes addition modulo 2), 0 <. i ±L - 1, and 
let a_ ~ (aQ, a , ..., CLL_1) . It follows that 

L-l 

w(a) = ]T ai ~ °  (mod 2>» 
i = 0 

so that cc is not independent of a0 , ax , ..., aL_2. Also, given i?r and a0 , 
ax , ..., aL_29 the vector t; is completely determined by the relation 

max(j, p) - 1 

E 
In particular, *" 

Vj = vr + X a { (mod 2 ) , 

vi + ^ + < * E E a*+fe-i (m°d 2) , 
so t h a t fc = i 

L - d - 1 2 a ' i + fc"1 

T?(^> - E (-1)*"1 
i - 0 

The c a s e d = 1 r educes t o 
L-l L-l 

E (-D" - * - 2E* 
i = 0 £ =0 

TI(^> = * = E (-1)ai = L - 2Ea*> 
L- 1 

£a* - (L -c)/2; 
i = 0 

that is, a_ has density (L - c)/2. This allows us to count the number N(o) of 
vectors v with T (v) = c: 

fl(<?) = { 
(2(tt-^)/2) " ̂ ^ ( m ° d 4 ) ; 

0 otherwise. 

The factor 2 before the binomial coefficient ( ,,- _ ̂ wo) appears because both 

V and z; (the mod 2 complement of v) give rise to the same vector a_. Likewise, 

T ^ > m° = E ( - 1 ) a ' = L - l - 2 E a ^ 
]£a* - (L - c - l)/2. 
i*0 
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Now, £? has density w(a) = (L - c - l)/2 + #£_•,» and5 since w(a) is even, 

w(a) = (L - <? - l)/2 + a. 
x-1 

{ (L - c + l)/2 if (L - e - l)/2 is odd; 
| (L - a - l)/2 if (L - c - l)/2 is even; 

+ 1 

* 
L - c + 1" 

Therefore, the number N*(a) of vectors ̂  satisfying T*(v) = c is given by 

J 2\2[(L - c + l)/4]/ if L E e + 1 (mod 2) 

0 otherwise. 
N*(c) 

THE DISTRIBUTION OF THE CYCLIC AUTOCORRELATIONS Td 

We now derive the quantities E(Td(v)) (E: = expected value) and #(T?C^)) 
when v_ is restricted to the set 

{v_i T1(V) = a}. 

Various identities used in the derivation may be found in the Appendix with 
their proofs. We assume throughout that the binary vectors V_ have length L, 
and that L = o (mod 4). Of special interest, of course, are the cases \o\ <^ 2, 
corresponding to vectors with minimal autocorrelation at offset 1. Therefore, 
we assume that \o\ is minimal. 

We have shown that, in studying the quantities xd (v) with jf ̂  Ĉ£.) | least 
possible, we may restrict our attention to the set of vectors 

where 

R =<a = (a0, 
L-l 

E 
£ = o 

x ): 2>i = (L -
 c ) l 2 \ > 

0 if L = 0 (mod 4) 
1 if I E 1 (mod 4) 

±2 if L = 2 (mod 4) 
-1 if L E 3 (mod 4). 

No te that |tf| = ((L _ L
a ) / 2 ) . Let 

d 

z/w, D = 22 L (~1)fc=1 
aei? j = 0 

= E £<-i>'(*)(, 
j = 0 r-0 

(L - c)/2 - W 

• i f : (-D'(?)( (£ - c)/2 » ) • 

since, for any j, 0 j< j <_ L - (?)( L - d 
(L - c)/2 1 i s t h e number of <i- tuples 

(<2j, . . . , ^J- + ^_1) of d e n s i t y r . To o b t a i n E(id) , we must d i v i d e U(d9 L) by |i?| 
We now proceed t o de te rmine t h e q u a n t i t i e s U(d9 L) f o r 1 <. <i <_ L / 2 . 

Co&.& 7: e = 0 , L E 0 (mod 4) 
We make use of Identity 1 (Appendix) to write 

,«.a.«-.,«.(i±iiH)(«»)(IJ2)/(S> 
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Co6e 2: o = 1, L .= 1 (mod 4) 
Identity 2 (Appendix) gives us 

« A O =, ( - i ) - . ( " ->«) ( ( i . ' 1 ) / 2 ) / (5 ) . 
C<Ud 3: c = -1, L = 3 (mod 4) 

We r e v e r s e t h e o rde r of summation to o b t a i n 

±<M1)L Swl - r) • t <">'~(X -\~J - ,)• 
the same sum we considered in Case 29 except for the factor (-l)d. Therefore, 

m, «.«.„—«- (<-;>)((i /1)/2)/(j> 
Coae. 4: c = 2, I E 2 (mod 4) 

Identity 3 (Appendix) yields 
,_ [d/2]/ L \( L/l \ 

lUA n - U/2A[d/2]j [(£/2)(l + (-l)d) - 2d(-l)d] U(d, L) - -r—- r ^ T 1 . 

\2[d/2]/ 

CaiZ 5: c = -2, £ = 2 (mod 4) 
Again, reversing the order of summation in the sum of Case 4 yields 

, n [ ( d + i ) / 2 ] / L \( L/2 \ 
mj n _ 2 _ \L/2)\[d/2]} [(L/2) (.1 + (-l)d) - 2d(-l)d] 

\2[d/2]j 

Combining t h e r e s u l t s of Cases 1-5 g ives E(T^) in Theorem 2 . 1 . We now 
proceed w i t h t h e computat ion of E(T%) . Let 

5 t f , L) = £ T j O i ) . 

Then 
a ei? 

d-l d-l 
L~1 Z*,aj + kL-1 J2ai + k 

s(d>L) = E E w*0 E*-1)*-
a e i ? j = 0 i = 0 

L-i L-i y 

•E E E (-D-
a e i ? j • 0 £ = 0 

a j + fe + a i + k 

L - 1 L - 1 V ^ 7 + 

•E £ E ( - D 
a. e i? J = 0 £ = 0 

d - l 

„ nr .. + ^ i 

k~=0 

L - l W - 1 SaJ' + fc + ai + 3 + * L-d J2ai + k + ai + J + h 

* E E i Et-1)*-0 + £(-Dk-° 
d - l 

+ E ("1)fc" 
i - L - d + l 
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This decomposition of the innermost summation is made to facilitate the summing 
of the expressions involved. We change the order of summation in each of the 
three triple sums so that, in each case, the innermost sum is over all a_ e R. 
Then, for each £ and j, we group together all those vectors a satisfying 

d-l 

fc = 0 

If 0 <_ £ <.d-l9 then the number of vectors a_ e R satisfying this condition is 

(2i\( L-U \ / L \KL - c)/2\((L + c)/2\/(L\ 
\r)\(L - o)/2 - r) \{L-c)/2j\ r ) \ 2i-r J / \2i)' 

Analogous results hold when d <_ £ <_L - d and L - d + 1 •<_£<. £ - 1. Thus, we 
have 

L-l (d-l 2i 

Xl'<-»VL.>«Xttv>") 
/ (L+e)/2 \/( L \\ 
\2L - 2£ - v)l \2L - 2i) \. 

*L-d + l r = 0 

The summand is independent of j, so 

d-l 

i=Q 

+ (L - 2d + 1) 

£(-«•(« V,/2)(Vr)/(A) 
2» = 0 

2d 

L - l 

+ E 
i»L-d+ 1 

r = 0 

lL-2i 

f <-.,'(« v" 2 )^- 2 ) / (&) 
fv^f-'lU^y/u^) r =0 

As above, we divide our calculation into five cases. 

Ca6e 1: a = 0, L = 0 (mod 4) 
Applying Identity 6 (Appendix), we obtain 

'd-l 

i = o 

• E (-')-t^.)/UtM)| 
i=L-d+l J 

(continued) 
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L\Lli)) ZTTT 

+ (I-2d+i)(-i)f«)/(2y 

+ 1 

L + 1 
L I 2 

by Identity 4 (Appendix). Thus5 

'c-^T'VW)-''*•» 
S(d. O - 1»(^2){(-D"(i - M + l)(^2)/(^) + l} /tt 4- 2) 

Co6e 2: c = 1,LE 1 (mod 4) 
Applying Identity 7 (Appendix), we obtain 

^ = L-d+ 1 ' 1 

•1(a-L»«)jm[<-""'(t'V)/2)/fi3)*'] 

L + 2 
L + 3 

by Identity 5 (Appendix). Hence, 

[(-.)-' («V>'V(-2y)-l/(i + 2,]} 
S(d, L) = ((L _L1)/2){(-l)^(L - 2d)[L2 + (-2d + 2)L - 2d - 1] ((L j ^ 2 ) / ^ / ) 

+ L(L + !)>/(£ + 3). 

C<U(L 3: c = - l 5 L E 3 (mod 4) 
Reversing the order of summation on v in all three sums reduces this to 

the previous case. 

Ccu>£ 4i c = 2, L = 2 (mod 4) 
Apply Identity 8 (Appendix) to obtain 

««.«- 4/21..){i>»tf )/(y - 'g<-<?-v)/&) 
+ (i - U + l ) ( - l )"(^2) / (^) - 2» - M + 0(-l)^ff_-1

l)/(2
i
< i) 

(continued) 
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- 'U- i){m <-»'-f'v vei2) •«- <*$&&?) 
.^••w.i^Df'vvci')- '] 
•m[<-»'-f'Y l)/(Li2) -^*•>] - inliMdU) 
• [(-»'-(« ̂ w-ur/v^i2)-'] 

using Identities 4 and 9 (Appendix). Therefore, 

£(d, L) = (L/2L- 1)|(-l)d(L - 2d + 1)(L2 + [-4d + 2]L - 8d - 4) 

Co6e 5: e = -2, L = 2 (mod 4) 
Reversing the order on summation on r in all three sums reduces this to 

the previous case. 

Combining the results of cases 1-5 gives E(T^) in Theorem 1.1. 

k. THE DISTRIBUTION OF THE TRUNCATED AUTOCORRELATION xg 

We now derive the quantities E(T*(V)) and E(T*2(V)) when v_ is restricted 
to the set 

S*(c) = {v_: T*(V) = a}. 

Various identities used in this derivation may be found in the Appendix, with 
their proofs. We again assume that the binary vectors v_ have length L, but now 
L = c + 1 (mod 2) . Of special interest, of course, are the cases |c| £ 1, cor-
responding to vectors with minimal autocorrelation at offset 1. Again, we as-
sume that \o\ is minimal. 

We have shown that, in studying the quantities T?(I?) with |T*(V)| least 
possible, we may restrict our attention to the set of vectors 

( L'2 \ 
K* = <a = (a0, a19 ..., a L - 1 ) : ]T at = (L - c - l)/2>, 

where ^ 

0 if L is odd, 

Note that 
o — 

±1 if L is even. 

V(L - o - l)/2/' 
Let 

d- 1 

aei?* j =0 

Since there are (r)((L „ ~ _ ^) / 2 - v) ^~ t uP l e s (aj ' " ' ad+d-i) o f density r, 

we have 
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L-d-l d 

E E 
j = O r = 0 

305 

* « • « - T &<-<)(»-V-V/i -,) 

if c = 0 , by Identity 1; 

(L - ̂ )(-DCd/23 ([(i + i)/2])((L - 2)/2)/(2[(d + l)/2]) 

i f o = 1, by I d e n t i t y 2 ; 

Q- _ ^ / n I W + i ) / 2 ] / (^ - 2 ) / 2 \ / L - 1 \ / / L - 1 \ 
CL * n ^ \[W + D / 2 ] A a - 2)/2)/\2[(d + l ) /2] j 

i f c = - 1 , by I d e n t i t y 2 . 

To o b t a i n E ' ( T J ) of Theorem 1 . 1 , we d i v i d e U*(d9 L) by | i ? * | , and combine t h e 
c a s e s o = ± 1 , t o o b t a i n 

We now proceed w i t h t he computa t ion of E(i*d). Let 

a e f l * d-i d-i 
L-d-l Y^a;j + k L-d-l J2ai + k 

= E E (-1)t"° E (-i)"° 
aeR* j = o i = 0 

L-d-l L-d-l T]aj+k + ai + k 

£ . £ E(-D' 
a e f? * j = 0 •£ = 0 

d - i 

= E E E (-1)"0 
a e i ? * j = 0 i = -j 

We s p l i t t h i s sum i n t o t h r e e p a r t s , depending on t h e degree of o v e r l a p of t he 
two d - t u p l e s (jcLd 9 . . . , ccj. + d_1) and ( a i + j . , . . . , ai + j+d_1)i comple t e , p a r t i a l , 
or none . 

S*(d9 L) 
0 L-d-l d-1 L-d-i-1 2i 

L - d - l L - d - i - 1 2d 

•»£ E S<-ofV1)T»-V,")/ri1) 
We now consider three cases, depending on the value of a: 
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S*(d 

Ccu>& 1» c = 0 , L odd. Applying I d e n t i t y 6 (Appendix) , we o b t a i n , 

. *> - {J_~'l2) {* - *> + 2 E> - < - *><-»<(* V ) / 2 ) / {L H *) 

-«-»%^r{(Li-T)/(\-i
1) 

+ a - 2 d + i,(C-2i,(-i)^-^)/fii) 

((£ - D / 2 / 

• ( £ - 1 ) 

L - d + 2{L - d)r , . 
L T I 

2 
( - i ) a - 1 ( d £ + d - 1) (L - D ( £ + l ) ( i + 3) 

((iV,/2)/f2
+/) 

+ (L-2d* Dtt - 2 d ) ( - i y ( a V > ' 2 ) / ( i 2 d 1 ) } 
by Identities 4 and 9. Therefore, 

S*<d> L) " (L + l)1a + 3)((/-"1)
1/2){(-l)^^3 + O - 2d)L2 + (1 - 4d)£ 

+ (1 + 2d)]((£ + / ) / 2 ) / f 2V) + [ i 3 + ( 2 - d ) £ 2 + ( - l - 2 d ) £ + ( 3 d ) ] j > . 
C<X6e 2? <? = 1, L even . Applying I d e n t i t y 7 (Appendix) , we o b t a i n , 

»*«• « • (</--2!/a)f " ^ * \£> " * " «<-»' (C - ?" ) / N l) 

+ f -?+')<-1''(°V"2)/(I2il) 
•\(L - 2)/2J 

- 1/CL + 1) 

L - d + 2(L - d) L + 1 
L + 2 .!><-(<= V > ' * ) / ( V ) 

- (L + 2)/(L + ! ) ] • + (L - 2d + 1)(L - 2d) ( -1)4 ( ( L ~ j ° / 2 ) / ( L
 2 j *)> 

sing Identities 5 and 10, Consequently, 
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**W' L) = (L + 2)\L + 4 T ( ( L V 2 )
1
/ 2 ) { ( - - ^ ^ " 2d + 1)[L3 + (4 - 2d)L2 

+ (~8d)L + (-2 - W ) ] ( ^ 2 ) / ( ^ ) + t^3 + (4 - ̂ )L2+ (2 - 4d)L+2]|. 

Co^e 3.' c = -1, L even. Reversing the order of summation on r in both sums re-
duces this to the previous case, 

Combining the results of Cases 1-3 gives #(T* 2) ford <. L/2 in Theorem 1.1. 
The case when d > L/2 is similarly handled, with the result: 

S*«, D = ( L -
(L - c 

- \ I 0 L-d-l L-d-1 L-d-i-1 2i 

\)/2 £ E i ^ E £ L(-Dr 

( « - r . > « ) ( t t + 2 / _ - ] i , / I ) / ( i - . ) 
2^ - p 

Once again we consider three cases, depending on the value of oi 

Ccu>2. ? •* c = 0, L odd. Applying Identity 69 we obtain 

**«• *> - U - :>/2)f -d + 2 i t ; ^ - * - *><-»'f V) / 2)/(L
2;') 

U - D/2/ L - d + 2(L-dh A_J(_1)£-d-i 

(L (-D L-d-i {(I + 1)(L - d) - 1} + !)(! + 3)[_v 

using Identities 5 and 9. This yields 

«*" « - («VI)
l
/2){<-»'-'*<-» + M " "(V-'D/Uty 

+ L3 4- (2 - ^)L2 + (-1 - 2d)L + 3 d l / ( L + 1)(L + 3 ) . 

C<X6e 2: c = 19 L even . Applying I d e n t i t y 7, we o b t a i n 

S*(d, L) 

l / ( £ + 1) 

(continued) 



308 BINARY WORDS WITH MINIMAL AUTOCORRELATION AT OFFSET ONE [Oct. 

using Identities 6 and 10. As a results 

+ £3 + (4 - d)L2 + (2 - kd)L + 2 /(L + 2) (L + 4) . 

Ccu>& 3» c• = -1, L even. Reversing the order of summation on r reduces this to 
the previous case. 

Combining the results of Cases 1-3 gives E(T^2) ford > L/2 in Theorem 1.1. 

5. VARIANCES 

The variances of Td and Td may be obtained from the above results by no-
ting that the variance a2 of any statistic x is given by 

02(x) = E(x2) - E(x)2. 
These numbers are tabulated along with E(id)9 etc., in Table 1. 

TABLE 2. Expected Values for Selected Values of L 

L 

4 
4 
4 

5 
5 
5 
5 

6 
6 
6 
6 
6 

7 
7 
7 
7 
7 
7 

8 
8 
8 
8 
8 
8 
8 

d 

1 
2 
3 

1 
2 
3 
4 

1 
2 
3 
4 
5 

1 
2 
3 
4 
5 
6 

1 
2 
3 
4 
5 
6 
7 

^ d > 

.00000 
-1.33333 

.00000 

1.00000 
-1.00000 
-1.00000 
1.00000 

.00000 
-.40000 
.00000 

-.40000 
.00000 

-1.00000 
-1.00000 

.60000 

.60000 
-1.00000 
-1.00000 

.00000 
-1.14286 

.00000 

.68571 

.00000 
-1.14286 

.00000 

^ D 
.00000 

5.33333 
.00000 

1.00000 
5.00000 
5.00000 
1.00000 

4.00000 
4.00000 
10.40000 
4.00000 
4.00000 

1.00000 
7.40000 
4.20000 
4.20000 
7.40000 
1.00000 

.00000 
9.14286 
3.65714 
12.80000 
3.65714 
9.14286 
.00000 

*<T*> 

.00000 
-.66667 
.00000 

.00000 
-1.00000 

.00000 
1.00000 

.00000 
-.80000 
.00000 
.40000 
.00000 

.00000 
-1.00000 

.00000 

.60000 

.00000 
-1.00000 

.00000 
-.85714 
.00000 
.34286 
.00000 

-.28571 
.00000 

£(T*/) 

1.00000 
1.33333 
1.00000 

.00000 
3.66667 
1.33333 
1.00000 

1.00000 
4.00000 
2.60000 
1.60000 
1.00000 

.00000 
5.80000 
1.60000 
2.60000 
1.60000 
1.00000 

1.00000 
6.28571 
3.51429 
3.20000 
2.60000 
1.71429 
1.00000 

a2 

.00000 
3.55556 
.00000 

.00000 
4.00000 
4.00000 
.00000 

4.00000 
3.84000 
10.40000 
3.84000 
4.00000 

.00000 
6.40000 
3.84000 
3.84000 
6.40000 
.00000 

.00000 
7.83673 
3.65714 
12.32980 
3.65714 
7.83673 
.00000 

a*2 

1.00000 
.88889 

1.00000 

.00000 
2.66667 
1.33333 
.00000 

1.00000 
3.36000 
2.60000 
1.44000 
1.00000 

.00000 
4.80000 
1.60000 
2.24000 
1.60000 
.00000 

1.00000 
5.55102 
3.51429 
3.08245 
2.60000 
1.63265 
1.00000 

(continued) 
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TABLE 1 (continued) 

L 

9 
9 
9 
9 
9 
9 
9 
9 

16 
16 
16 
16 
16 
16 
16 
16 
16 
16 
16 
16 
16 
16 
16 

d 

1 
2 
3 
4 
5 
6 
7 
8 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 

E(Td) 

1.00000 
-1.00000 
-.42857 
.42857 
.42857 

-.42857 
-1.00000 
1.00000 

.00000 
-1.06667 

.00000 

.24615 

.00000 
-.11189 
.00000 
.08702 
.00000 

-.11189 
.00000 
.24615 
.00000 

-1.06667 
.00000 

E<Td> 

1.00000 
9.57143 
6.14286 
9.00000 
9.00000 
6.14286 
9.57143 
1.00000 

.00000 
17.06667 
13.12821 
14.91841 
13.52603 
15.31624 
11.37778 
28.44444 
11.37778 
15.31624 
13.52603 
14.91841 
13.12821 
17.06667 

.00000 

E(T*) 

.00000 
-1.00000 

.00000 
-.42857 
.00000 
.42857 
.00000 

1.00000 

.00000 
-.93333 
.00000 
.18462 
.00000 

-.06993 
.00000 
.04351 
.00000 

-.04196 
.00000 
.06154 
.00000 

-.13333 
.00000 

APPENDIX 

E(T*2) 

.00000 
7.85714 
3.54286 
5.80000 
3.20000 
2.60000 
1.71429 
1.00000 

1.00000 
14.66667 
10.96923 
11.10676 
9.61414 
9.25128 
7.75556 
7.11111 
6.33333 
5.42222 
4.54188 
3.64755 
2.76410 
1.86667 
1.00000 

a2 

.00000 
8.57143 
5.95918 
8.81633 
8.81633 
5.95918 
8.57143 
.00000 

.00000 
15.92889 
13.12821 
14.85782 
13.52603 
15.30372 
11.37778 
28.43687 
11.37778 
15.30372 
13.52603 
14.85782 
13.12821 
15.92889 

.00000 

a*2 

.00000 
6.85714 
3.54286 
5.61633 
3.20000 
2.41633 
1.71429 
.00000 

1.00000 
13.79556 
10.96923 
11.07268 
9.61414 
9.24639 
7.75556 
7.10922 
6.33333 
5.42046 
4.54188 
3.64377 
2.76410 
1.84889 
1.00000 

In this section we give identities used in the proof of Theorem 1.1. Some 
are merely stated, and others, previously unknown to the authors, are proved. 

Identity 1: 

t ^ X - " * ) • <-»"'2 li4±H,/2)(?)'(?) 
k = 0 

Identity 2: 

t«-""(*)(i";.1*n) • (-»,",2, U ] ) r ; ^c:') 
k = o 

Identity 3: 

k = 0 
. . [n/2] ( 2x + 2\(x + 1\ 

. V* + 1 A [ n / 2 ] / e [(a? + 1)(1 + ( - l ) n ) - 2 n ( - l ) n ] 
(2x + 2 \ ' 2(x + 2) 
\2[n/2]) 

Identity 4: 

t «-•)*(;)/ (g) • t * i [ < - < : i)' (£ : i)+«-»•(•:')' (%:2)] 
k = a 
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Identity 5 : 

i>»i«)'(%;') • £**[<-< :? ) /£ :*) • «-»•(": 2)> (nr)] 
k = a •- -" 
Identtty 6 : 

fc = 0 

Identity 7: 

t ' - ^ a x r J)-<->>'""'([„721) 
Identity Si 

fc = 0 

r^txr . 2 * ) - <-»-[c) - („! o] - <-»•[("::) - 4 - o] fe = o 

Identity 9 •• 

fe = a 

2(%c 

• ( . ! > • [ * ( . + . ) - . 1 ( - : i ) / ( * ,
2 : 1 ) } 

Identity 10 ••• 

fc = a 

• <-»-I*.C- + 2) - l l (- ^ ^ / ( ^ *)} . 

VtWOJ oj Identity 1: See [ 1 , 3 .58] . 
VKOOJ oj Identity 2: Let 

V1 ( A<\ln\l2x - n\ , (n + l\( 2x - n \ ( n \( 2x - n \ 
~ L,^-y> \\k)\x - k ) + \k + l / U - 1 - k) \k + i)\x-i-k) 

k = 0 

= (-1)"'2 [1 + ( -D"]( n / 2 ) (S : ) / ( ^ ) - f<*» n + X> ^ " e n t i t y 1 
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m 
f(x, 2m) = ] T [fix, 2k) - fix, 2k - 2)] + f(x, 0) 

fc-i 

=#»M(t-i)'(1M,(!':') 

Thus 

«..*-«-(-i)-t.!1)r;i)'(S!i) 

P/LOÔS ô  Identity 3: Let 

»c.») - t ( - ' )*ax 2 r « + - 2 *") 
fc = o 
V /> -nk tn\(2x + 1 - w\ , /n + l\/2a: + 1 - n \ / n -\/2a; + 1 - n\ 

~ Z ^ i ; U A a: - k I + \k + lA* - 1 - k / ~ U + l j U - 1 - k) 
k = o 

£ < - » " a ) e v - \ - " ) - s <-»*(" * ' ) ( * + i : ?+,}) 
x - k ) 

- 2<-» [-/2] G ^ X 2 * ; M 2 * ; ' ) - *<*•n +» ^ "-̂ 2-
777 

(*, 2ro) = £ [#(*, 2k) - #0rs 2k - 2) ] + #0r9 0) 
= i 

*r.+ I t <-»•(• I ') ' (%*2) - s«-')"(j)/ ( \+ ' ) 
|_fe = l fe = o 

• {*;2) 

fe = o fc = o 

+ E C - D ' G J X 2 * * 1 ' " ' 
fc = 0 

fc«l 

+ 2£ 
2OJ ±|{<-i,~f ;*) ,(*;«)•'} by I d e n t i t i e s 4 and 5. 

Thus 

and 

g(x, 2m) = (-l)»C* - 2m + 1)(^+
+

2
4).(X J * ) / ( % J V * : - 2« + 3) 

*C*. 2* - 1) - <-!.)-(2* - 1 ) ( ^ ; 2
4 ) C ! 2 ) / ( £ ! 5)2(2. - 2, + 5) 
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Q.E.D. 
Vnooj oj Identity 4: 

- [^•'"/(^[(V^2) - (V+1!2)] 

by [ 1 , Z.55] 

by ( 1 , 1.48] 

= [<-l)*22*/(^)l x -nry-2x-2l 

2a? + 1 
2a? + 2 

/2a? + 2\(x + l \ / /2a ; + 2 \ 
\x + 1 )\n + 1 / / \2n + 2 / 

{-"-"'-"-(^. 'X"1) /^2)] TU. ..551 

( ; : : ) A * : 2 ) + < - ' > t : ' ) / ( " : 2 ) 
Q.E.D. 

P^oo^ pf{ Identity 5: 

- i m h t n : ;)/(£: *)• <-->t:2)/(2*2:4) 
by I d e n t i t y 4 . 

Vtiooj oj Identity 6: See [ 1 , 3 . 3 2 ] , 

Psioo&.oj Identity 7: Apply [ 1 , 3 .31] w i t h y = x + 1. 

P^LOO^ c^ Identity St Apply [ 1 , 3 .31] w i t h y = a? + 2 . 

P^LOC^ c^ Identity 9: 

£<-»'(?: i)/(S) • ̂  ^.W)'6+0/(S: 2KS-»*(I)/(£) 
n n + i/a? + 2\l(2x + 4 \ 

; \ n + 2)1 \2n + 4 / 

fc = a 

2a; + 1 2a: + 3 
2* 2a? + 4 

+ (-1) l + 1(x + 2 \ //2a? + 4 \ 
\ a + l / / \ 2 a + 2 / 

2a? + 1 
2a? 2a? + 2 

+<-< r)/(2^2) 

_ n » / a ? + 1 \ / /2a? + 2 \ 
; \n + 1)/ \2n + 2 / 

by I d e n t i t y 4 

( con t inued) 
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2(2a; 

+ i-Da[2a(x + 1) - ! ] ( * + 1)/(2X
2+ 2)} Q ' E - D -

Vfwoj oh'Identity 1Q--

E<-')'^)/(^ ') - »+ » £ <-»'(* - ,)/{"* 2) 
7' = " k = a 

(2*+ A)T£rrTj{{-iri2(n + 1)(* + 2) - 1 ] 

fe = <2 fe= a 

2ic 

/a + 2\ /(2x + 4\ 
\n + \) ' \2n + 2/ 

+ (-l)a[2a(* + 2) - 1](* + 2)/{^2a 4)} by I d e n t i t y 9 

Q.E.D. 
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FIBONACCI CUBATURE 

WILL SAM SQUIRE 
West Virginia University, Morgantown, WV 26506 

Korobov [1] developed procedures for integration over an 2V-dimensional 
cube which are referred to in the literature [2, 3, 4] as number-theoretical 
methods or the method of optimal coefficients. These methods involve summation 
over a lattice of nodes defined by a single index instead of N nested summa-
tions. For the two-dimensional case, a particularly simple form involving the 
Fibonacci numbers is obtained. Designating the Nth Fibonacci number by FN9 
k/FN by xk, and iFN_1xk} by y k , where { } denotes the fractional part, the cu-
bature rule is 

f1 f1 1 F"< 
I I f(xs y) dxdy = y~Y(f(.xk> y k ) ' (D 

Jo Jo *N jfTi 
The summation can also be taken as running from 0 to FN - 1, which replaces a 
node 1,0 by 0, 0 while leaving the rest unchanged. This cubature rule was 
also given by Zaremba [5]. 

The investigators have been interested primarily in the higher-dimensional 
cases and very little has been published on the two-dimensional case. An exam-
ination of the nodes for the two-dimensional case suggested an interesting con-
jecture about their symmetry properties and a modification which improves the 
accuracy significantly. 


