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BINARY WORDS WITH MINIMAL AUTOCORRELATION AT OFFSET ONE

BART F. RICE and ROBERT WARD
Department of Defense, Washington D.C. 20755

In various communications problems, it has been found to be advantageous
to make use of binary words with the property that at offset one they have au-
correlation value as small in magnitude as possible. The purpose of this paper
is to derive the means and variances for the autocorrelations of these words
at all possible offsets. The derivations are combinatorial in nature, and sev-
eral new combinatorial identities are obtained.

1. AUTOCORRELATIONS AT VARIQUS OFFSETS

We consider two methods of autocorrelating binary words. The cyclic auto-
correlation at offset d is defined to be the number of agreements minus the
number of disagreements between the original word and a cyclic shift of itself
by d places. If the word is v = (Vy, Uy, ...5 U _1), and if subscripts are re-
duced modulo L, then this autocorrelation is given by

L-1
(1.1) 1 (2) - E (_l)vi+v¢+d_
=0

The truncated autocorrelation at offset d is the number of agreements mi-
nus the number of disagreements between the last L-d bits of the original word
and a right cyclic shift of the word by d places. The formula for this auto-
correlation is

I-d-1

(1.2) T;(ﬁ) - E (_1)vi+vi+d_
i=0

Note that T,(v) = T;(y) + Tf_d(g). By symmetry, T;() = T;_4z(v). Thus,
for d > L/2, we can compute FE(14), E(Tg), and E(T;) from their wvalues with
d < L/2. E(1%?) needs special treatment. Therefore, unless stated otherwise,
we assume d < L/2.

" Our principal result is

Theonem 1.1: Let L be a positive integer, and let v range over the binary IL-
tuples with minimal cyclic autocorrelation at offset 1. Then, for 1<d< [L/2],

e (/5 ezo e
S DI SR
0 | e ()5 5=
e (GGRE/(E) v e

If L = 2 (mod 4) and d is odd, and if we restrict v to range over those binary
L-tuples satisfying T,(v) = 2¢, ¢ = *1, then

“E(Ty) = 2¢(d + 1)(-1)@-D/2 ((d i/i)/z)/@)_

Also,



298 B INARY WORDS WITH MINIMAL AUTOCORRELATION AT OFFSET ONE [Oct.

2

= 2[(—1)d(L -2 + 1)<L£2>/<§d> + 1], if L= 0 (mod 4);

, evia -y -2 v 2 - 2a - 1)<(L ke

EG®) =1 753 i +0@ + D),
L ( 2d )

if L is odd;
o Z L('l)d(L'Zd*l)(Lz —4dL+ZL-8d-4)<LC/ZZ>/(fd) +I% + 20 + 4],
£ L= 2 (mod 4).

If v ranges over the binary L-tuples with minimal truncated autocorrela-
tions at offset 1, then, for 1 < d £ [L/2],

' d
B = (¥ (LD g - (HE ;/é)m)/(L 2

If [ is even and v is constrained to range over the binary L-tuples satisfying
¥() = ¢, ¢ = %1, then

B(t%) = cd(-)I ¢ - ) <(L[c_i/2/2>/<L - 1)_

Also,
1 d 3 2 2
(L+2)(L+4)[(_1) (L - 2d + 1)(L° - 2dL* + 4L° - 8dL - 4d - 2)
L/2 L 3 2 2
(d)/(2d)+L - dL* + 4L —4dL+2L+2],
E’(ng) - if L is even;
1 d 3 2 2
(L+1)(L+3)[:(—1) L(L° - 2dL* + 3L° - 4dL + L + 2d + 1)
((L + 1)/2)/<L + 1>+L3 - dr?+25% - 2dL - L+ 3d|,
d 2d
if L is odd.
If d >L/2,
1 [ 4 (@ +2)/2 L +2
Tl (R 1) (=20 + 2d 1)( e )/(Z(L : d))
+ % - dr? + 4% - 4dL+2L+2:\, if L is even;
E(Th?) = _
1 d4107 _ (L+1)/2/ I +1
T+ D@+ | A 1)( L-d ) 2L - d))
+ 0% -dr®* + 21 - 2d0 - L + 3d], if I is odd.
2. MINIMIZING AUTOCORRELATION AT OFFSET ONE
Suppose v = (vo, Vys eees uL_l). If we change one bit, say v;, to obtain
D= (Ugs sees L - Vys ++es Ur_1), then Td(ﬁ) = Tz() or T;(v) * 4, because the

'sign of the two terms, (-1)Y:*?:i+¢ and (-1)?i-¢+?:, in the sum T; (v) have been
changed. Since any binary L-tuple may be obtained from any other by changing
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k < L bits, one at a time, it follows that

T,(® = L (mod 4).
A similar argument shows
T:;(H) =L -d (mod 2).

Now, if [ is odd, the sum (l1.1) contains an odd number of terms; thus,
|Td(g)| > 1. 1In particular, l’El (2)[ > 1. The sum (1.2) contains an even num-
ber of terms if d = 1, so T*i(y_) may be 0. If L = 2 (mod 4), then lTl(v)l > 2,
|[t¥(@)] > 1. If L =0 (mod 4), T,(») can be 0, while |t¥(@)| > 1. =~

Let a; =v; @ v;,, ("@ " denotes addition modulo 2), 0 < ¢ <L - 1, and

let g = (ao, Ags eons aL_l).. It follows that

L-1
w@ =Y a; =0 (mod 2),
i=0

so that ar_, is not independent of a3, @y, ..., G;r_p. Also, given v, and qg,
Qys =++3 Q;_,s the vector v is completely determined by the relation
max(j, r) -1

v, =0, + E a; (mod 2).

, . = min (4
In particular, t=min(g, )

d

Ui +U,’:+d EZ ai+k—l (mod 2),
k=1

d
L-1 Daiek-a

so that

L@ =9, (-1 ,
=0
L-d-1 Zai+k—1
@) = P, (-1
=0

The case d = 1 reduces to
I-1 I-1
,@ =c =Y (D% =L -2) a,
i=0 1=0

(L - e)/2;

L)

that is, a has density (L - ¢)/2. This allows us to count the number N(c) of
vectors v with Tl(g) =3

¢ (mod 4);

1l

2((L _La)/z) if L

0 otherwise.

The factor 2 before the binomial coefficient ((Z} _Lc)/2> appears because both

v and z (the mod 2 complement of v) give rise to the same vector ga. Likewise,

L-2 L-2
DT =L -1 =23 a,,
=0 =0

L-2
E:(zi = (L ~-c-1)/2.

i=0

@ = ¢
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Now, g has density w(a) = (I —¢ - 1)/2 + a;_,» and, since w(a) is even,
(L-c+1)/2 if (L - ¢ - 1)/2 is odd;

w(a) @ =-ec-D/2+ -1 = (L -c=-1)/2 if (L - e - 1)/2 is even;
L -c -1
-9 2 ! - z[é_:;éi;t_l
2 4 :

Therefore, the number NV*(c) of vectors v satisfying TT(B) = ¢ is given by

2(2[(1; - cL+ 1)/4]) if L =c+ 1 (mod 2)
N*(c) = -

0 otherwise.

3. THE DISTRIBUTION OF THE CYCLIC AUTOCORRELATIONS T4

We now derive the quantities E(T;(v)) (&: = expected value) and E(Td ))
when v is restricted to the set

S(e) = {v: 1,(v) =ecl.

Various identities used in the derivation may be found in the Appendix with
their proofs. We assume throughout that the binary vectors v have length L,
and that L = ¢ (mod 4). Of special interest, of course, are the cases lcl < 2,
corresponding to vectors with minimal autocorrelation at offset 1. Therefore,
we assume that ]c[ is minimal.

We have shown that, in studying the quantities T,(v) with lTl(v)l least
possible, we may restrict our attention to the set of vectors

R={_a_=(a0, A Zat-(L—c)/2}

7

where
0 if L = 0 (mod 4)
o = 1 if L = 1 (mod 4)
=7 ) %2 4if L = 2 (mod 4)
-1 if L = 3 (mod 4).

Note that |R| = ((L _Lc)/z). Let

j+k -

ZE(D“J ZZ(”()(L—LJ/ZJ)

QERJ Jj=0 r=0

L -d
LZ( D ( )(L -c)/2 - p)’
since, for any g, 0 < j <L -1, (i)((l} _Lc;/czi B r) is the number of d-tuples

(Ajs eves a; G4d- ;) of density ». To obtain E(T4z), we must divide U(d, L) by ]RI
We now proceed to determine the quantities U(d, L) for 1 < d < L/2.

Case 1: ¢ =0, L = 0 (mod 4)
We make use of Identity 1 (Appendix) to write

v(d, L) = L(-1)¥2 (Li—éll—)i)(fi%)(/:jjz)/@)

Uu(d, L)
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Case 2: ¢ =1, L =1 (mod 4)
Identity 2 (Appendix) gives us

0@, D) = L1 (“aa™) e iyr2)/(3):

Case 3: ¢ =-1, I, =3 (mod 4)
We reverse the order of summation to obtain

2‘ (¢ )((L RN Z( -1 ( N 5/ - o)

the same sum we considered in Case 2, except for the factor (—l)d. Therefore,

Ui, 1) = D EHE (%d?zi))((l; —Ll)/Z)/(Z)'

Case 4: ¢ =2, L = 2 (mod 4)
Identity 3 (Appendix) yields

o) () @A+ DY - 2dCDY
(2[c?/2]) .

Case 5: e = -2, L[ = 2 (mod &)
Again, reversing the order of summation in the sum of Case 4 yields

ud, L) =

[d+n/21( L L/2
-1 (L/z)([d/z]) [E/D A+ (DD - 2d¢-1)¢]
L L+ 1
(2[d/2])

Combining the results of Cases 1-5 gives E(T;) in Theorem 2.1. We now
proceed with the computation of E(Td) Let

5(d, D) =Y T3().

acekR

u(d, L) =

Then z: q-1
L-1 z: i+k
5, ) =Y }: (-1)* E( 1)#o
a€R j=0
d-1
Eai+k+ai+k

L-1L-1
D IDICHLE

a€R j=0 1=0
q-1

L-1 L-1
=Y 2 LD

aeR j=0 1=0

Aivk T Ti+j4k

d-1

L~-1%d-1 z:a,;+k + Ak L-d Zaj+k+ai“.7'+k
-1 X L D + 3, (R
QER j= i=d
L-1 Zaj+k+ai+j+k

+ 3 (-
i=L-d+1
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This decomposition of the innermost summation is made to facilitate the summing
of the expressions involved. We change the order of summation in each of the
three triple sums so that, in each case, the innermost sum is over all a € R.
Then, for each 7 and j, we group together all those vectors g satisfying

d-1
r= 2: (aj+k ® Tipjeid -
k=0
If 0 <7 <d-1, then the number of vectors a € R satisfying this condition is
(Z’L)( L-27 - L ((L - c)/Z)((L + c)/Z)/(L)
r I\ -¢e)/2 - r) ((L - c)/2> r 20-1r 22) °

Analogous results hold when d < © < L -dand L -d+ 1 <7 <L - 1. Thus, we

have
s, L) = Lf{di \ZL— (_l)r((L _Lc)/z)((L _PC)/Z)((Lzz-cl)ﬂm)/(zLﬁ:)

j=0{zZ=0r=0

L

VE R (o ) /()

i=d r=0

. Lil ZLi:Zi (—l)r((L _Lc)/2)<(L —rC)/2>

i=L-d+1 r=0
(2 )

The summand is independent of Jj, so

s 1y - L((L _Lc)/z){‘i\:j [jv_:o (_m((/: -pc)/2><(Lzz_c;/2>:l/<;7i>

i=o

+ (L - 2d+ 1)[22(_1)r<@ -rc)/2)<(L2£_c;/2):, / (2Ld>

o B[S e @202 ()
i=L-d+1 r=0

As above, we divide our calculation into five cases.

Case 1: e =0, L =0 (mod 4)
Applying Identity 6 (Appendix), we obtain

s(d, L) = L(sz){z (-1)¢ (Liz)/(ZL’L) + (L - 2d + l)(-l)d(LC/ZZ)/(zLd)
* L)::l (_1)L—i(LL-{21)/<2L : 27,)}

i=L-d+1

(continued)
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_ L L+1 d-1({L/2 + 1 L+ 2
_L<L/2){L+2[(l) ( d )/( 2d )+1]
_ _\afL/2 L
+ (@ - 2d + 1)(=1) (d)/(2d>

+£i§[( 1y (L/2d+ 1)/(1:222) P 1)]}

by Identity 4 (Appendix). Thus,

S5, L) =1L (L/Z){( DI@ - 2d + 1)(L/2)/(2d) + 1}/(/3 +2).

Case 2: ¢ =1, L =1 (mod 4)
Applying Identity 7 (Appendix), we obtain

9@ 1) =g 1)/2>{Z( e (C7R2)/ () + @ -2 pe
L-1

(¢ _dl)m)/(zLd)* PG -t (U /(ZL - Z’L)}

i=L-d+1

)
2 o) R0 (22 /057 + ]

+ (L - 2d + 1) (-1)4 ( - 1)/2 // %1)

2
P 5 vl

by Tdentity 5 (Appendix). Hence,

5, L) = ((L _Ll)/z){(—l)d([’ - 2d)[L? + (~2d + 2)L - 2d - 1] ((L‘dl)/z)/(Lz‘dl)
+ L(L + 1)}/(L+ 3).

Case 3: ¢ =-1, L = 3 (mod 4)

Reversing the order of summation on » in all three sums reduces this to
the previous case.

Case 4: ¢ =2, L = 2 (mod 4)
Apply Identity 8 (Appendix) to obtain

s =1, 0 ) { A SOHCOVIARES W CARR VIEA
+ (L - 2d + 1) (- 1)d(L/2)/(2d) -2 - 2d+ (- (L/Z_ 1 )/(fd)

+ ): (-1 1( L/zl)/(zz; - 2$) 2 Z (-1 1(2/27/_ i)/( 7,)}

=L-d+1 =L-d+1

(continued)
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= L(L/zL— 1) {é_i_% ('l)d_l(L/szr 1)/(L 2 2) +1o- 2<f(1324(rL2)+_——(L_13743)
. B—l)d"l{(L +2)d - 1}(L/zd+ 1)//(1}252) - 1]
+ @ - 2d + 1)(-1)d(L22)//(éé) - 2@ - 2d + 1)(-1)d(Lé2_‘11)//(§2)
s E[eo () /() - v+ o] - e )

[t ma (e /(729 -

using Identities 4 and 9 (Appendix). Therefore,

5@, 1) = (5,02 ) {EDAE - 20+ D@+ (=4 + 200 - 82 - 4)

) (Lc/iz)/(zLd) + L%+ 2L + 4} /(L + 4).

Case 5: ¢ =-=2, L = 2 (mod 4)
Reversing the order on summation on » in all three sums reduces this to
the previous case.

Combining the results of cases 1-5 gives E(Tj) in Theorem 1.1.

L. THE DISTRIBUTION OF THE TRUNCATED AUTOCORRELATION T%

We now derive the quantities E(T;(g)) and E(T?z(g)) when v is restricted
to the set
5*(@) = {v: 1*¥@) =c}.

Various identities used in this derivation may be found in the Appendix, with
their proofs. We again assume that the binary vectors v have length L, but now
L =Z ¢+ 1(mod2). Of special interest, of course, are the cases Iclli 1, cor-
responding to vectors with minimal autocorrelation at offset 1. Again, we as-
sume that |c| is minimal.

We have shown that, in studying the quantities T;(g) with |Tf(2)l least
possible, we may restrict our attention to the set of vectors

L-2
R* = {g.= (@gs Ays ooy Ap_1): 2:<1i = (L -c - l)/2},
i=0

where
c={ 0 if I is odd,
+*1 if L is even.
Note that
Xl _ L -1
|&*] = ((L -c - 1)/2)‘
Let
d-1
L-d-1 LI
UKd, L) = Y, 3y, (-1FT
aeR* j=0

d)( L-d-1

Since there are (r (L-c-1)/2-1r

) d-tuples (@, «++5 Qj,.4q-1) of demsity r,

we have
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L-d-1 d
ofd L -d-1
U*(d, L) 2;, 2 D (r)((L -d-1/2 - r>

j=0 7=0
@ - d)é(_l)r@)(@ -Le--dlg/; - P>

@ - d) (1)l 1;;-_1_&((1: C_Z/;)/z)((LL——li/z)/(L y 1)

if ¢ = 0, by Identity 1;

=1 @ - @) (-1) L9 <[Efz N 3%])((;—_2;/2)/(2[(5 N 11)/2]>

if ¢ = 1, by Identity 2;

td+n/21( & -2)/2 L -1 L -1
@ = DD <[(d + 1)/2])(@ - 2)/2)/(2[(02 + 1)/21>
if ¢ =-1, by Identity 2.

To obtain E(t%) of Theorem 1.1, we divide U*(d, L) by |R*|, and combine the
cases ¢ = *1, to obtain

B(%) = (2 l‘t‘z(__l)i@ - d)(“L ;/;)/2]>/<L - 1>.

We now proceed with the computation of E(Tff). Let

d-1
L-d-1 L-d-J-1 3 a;, +a,,,,,

2 Y e

aeR* j=0 i=-j

We split this sum into three parts, depending on the degree of overlap of the
two d-tuples (aj, e aj+d_1) and (ai+j, e ai+j+d-1): complete, partial,

or none.
d-i-1 22

L1 0 L-d-1 d-1 L- »
§%(d, L) = <(L -c - 1)/2>{Z E b 2;1 i=0 ;0(-1)

=0 j=0

) ((L "o 1)/2)(@ z;_—rl)ﬂ)/(L v 1)
. ZL;Z;:I Lili (_1)1”((5 - - 1)/2)((1; ‘o -—Pl)/Z)/<L2—dl>}.

We now consider three cases, depending on the value of c:
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0, L odd. Applying Identity 6 (Appendix), we obtain,

(g oo v s a-oeo(E 07 4
off 2 A (07 /)
(gt avae o Fewr (00 (5

|
e B (/)
)

Case 1: ¢

s*d, L)

i=1

+(L—2d+1)(L—2d)(1)(L_l)/z/( )}

- ((LL—_1§/2>{ -d+ 2 - )L = li( 1y~ 1<(L+1)/2>/<L2+ 1>_1/L]

[ -1)4"Ydr+d-1)

- E - DT + D@ + 3)

(/08 -

+ (L - 2d + D@ - 2d) (1) ((L —dl)/2>/<L Z_d 1>}

by Identities 4 and 9. Therefore,

§5d, ) = 5 l)l(L 5 ((LL__I;/ZH(—l)dL[LS + (3 - 2d)L% + (1 - 4d)L

+ 1+ zd)]((L +d1)/2>/<’32+d 1) + L%+ 2- L%+ (-1- 2d)L+ (3d)]}.

Case 2: ¢ =1, L even. Applying Identity 7 (Appendix), we obtain,
d-1
s, 1) = (" oy HE - d+235@ - d - 9)(-1)° (L‘Z.)”) (L ‘.1>
((L - 2)/2> .Z:l ( Z / 27
L -2d + 1 a (@ -2)/2 L -1
+ 2( 2 )('1) ( d )/( 2d )}
L -1 L +1 1+ 2)/2 L -2
) ((L - 2)/2){ d+ 20 -dim 2[('1)d l( d )/( 2d )

- U@+ 1)] - gna T 4)>[(—1)d‘1(dL +2d - 1)

@ HAD/C DI+ @ -2d+ DG - Zd)(_l)d<(L—dz)/2)/(L2—d 1)}

sing Identities 5 and 10. Consequently,
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5, 1) = 5 z)l(L y <(LL_‘2;/2>{(-1)4(L - 2d + DIL® + (4 - 2d)I?

+ (=8I + (-2 - Ad)](Léz)/(fd) + L% + (4 - DI*+ (2 - 4L+ 2]}.

Case 3: ¢ = -1, L even. Reversing the order of summation on r in both sums re-—
duces this to the previous case.

Combining the results of Cases 1-3 gives E(Tﬁz)for<d.s L/2 in Theorem 1.1.
The case when d > L/2 is similarly handled, with the result:

I -1 0 L-d-1 L-d-1L-d=-1-1 2i ,
5*(d, L) = ((L_c _ 1)/2> PIEDIRE D IEEDY Z:o(—l)

=0 Jj=0 i=1 7=0

(e D)@ e - D) (i 1)}

Once again we consider three cases, depending on the value of c:

Case 1t ¢ =0, [ odd. Applying Identity 6, we obtain

(6Dl -ee2 o -a-nw ()05

S*(d, L)

i=1

= ((LL:l%/Z){L - d+20-df i - [(_I)L—d-l
.((LL+_1ZZ/2)/(ZZ:L+_ 1d)) _ 1/L]

- T 1?@: 5 [(-1)L‘d'1{(1: + D@ -4d) -1}

((LL+_1ZZ/2)/(2€L+_ 1d)> _ 1]}

using Identities 5 and 9. This yields
* _( L -1 L-dor - (L+1)/2)/<L+1>
s*d, 1) = <(L ) 1)/2){(—1) 21.(-2L + 2d 1)( B 2%

+ L%+ (2 - DL + (-1 - 2d)L + Bd}/(L + 1) + 3).

Case 2: ¢ =1, L even. Applying Identity 7, we obtain

L-d-1
* _ L -1 _ 1N E _ _.(L—Z)/Z L -1
S(d,L)—((L_Z)m){L d+2i§(1) @ -d 7,)( ; )/( o )}
_ L-1 L+1 g1 (L + 2)/2 (L+2
- ((L - 2)/2){]3 md* 20 - dpy 2[(‘”L 1( L-d )/ 2(D - d))
- 1/ + 1)] - @ i(g)’lei 2 [(—1)L‘d'1{(L + 2)(L - d) - 1}

(continued)



308 BINARY WORDS WITH MINIMAL AUTOCORRELATION AT OFFSET ONE [Oct.

(2 bat %) - l]}

using Identities 6 and 10. As a result,
1

- L - -d (L + 2)/2 L+ 2
s*(d, 1) = ((L _ 2)/2){(—1)L 2(L + 1)(-2L + 2d - 1)( P )//(2(L - d))
+ L% + (4 - )I* + (2 - 4d)L + 2}//(L + 2)@ + 4).

Case 3: ¢ = -1, L even. Reversing the order of summation on r reduces this to
the previous case.

Combining the results of Cases1-3 gives E(ng)for'd > L/2 in Theorem 1.1.
5. VARIANCES

The variances of T; and T; may be obtained from the above results by no-
ting that the variance o? of any statistic x is given by
o(x) = E(x®) - E(x)?.
These numbers are tabulated along with E(T;), etc., in Table 1.

TABLE 1. Expected Values for Selected Values of L

L d E(ty) E(12) E(T}) E(t%?) o2 o*?

4 1 .00000 .00000 .00000 1.00000 .00000  1.00000
4 2 -1.33333 5.33333 -.66667 1.33333  3.55556 .88889
4 3 .00000 .00000 .00000 1.00000 .00000  1.00000
5 1 1.00000 1.00000 .00000 .00000 .00000 .00000
5 2 -1.00000 5.00000  -1.00000 3.66667  4.00000  2.66667
5 3 -1.00000 5.00000 .00000 1.33333  4.00000  1.33333
5 4 1.00000 1.00000 1.00000 1.00000 .00000 .00000
6 1 .00000 4.00000 .00000 1.00000  4.00000  1.00000
6 2 ~.40000 4.00000 -.80000 4.00000  3.84000  3.36000
6 3 .00000  10.40000 .00000 2.60000  10.40000  2.60000
6 4 ~.40000 4.00000 .40000 1.60000  3.84000  1.44000
6 5 .00000 4.00000 .00000 1.00000  4.00000  1.00000
7 1 -1.00000 1.00000 .00000 .00000 .00000 .00000
7 2 -1.00000 7.40000  -1.00000 5.80000  6.40000  4.80000
7 3 .60000 4.20000 .00000 1.60000  3.84000  1.60000
7 4 .60000 4.20000 .60000 2.60000  3.84000  2.24000
7 5  -1.00000 7.40000 .00000 1.60000  6.40000  1.60000
7 6  -1.00000 1.00000  -1.00000 1.00000 .00000 .00000
8 1 .00000 .00000 .00000 1.00000 .00000  1.00000
8 2 -1.14286 9.14286 -.85714 6.28571  7.83673  5.55102
8 3 .00000 3.65714 .00000 3.51429  3.65714  3.51429
8 4 .68571  12.80000 .34286 3.20000 12.32980  3.08245
8 5 .00000 3.65714 .00000 2.60000  3.65714  2.60000
8 6  -1.14286 9.14286 -.28571 1.71429  7.83673  1.63265
8 7 .00000 .00000 .00000 1.00000 .00000  1.00000

(continued)
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TABLE 1 (continued)

L d E(t3) E(t}) E(1¥) E(T%?) o? o*2

9 1 1.00000 1.00000 .00000 .00000 .00000 .00000
9 2 -1.00000 9.57143 -1.00000 7.85714 8.57143 6.85714
9 3 -.42857 6.14286 .00000 3.54286 5.95918 3.54286
9 4 .42857 9.00000 -.42857 5.80000 8.81633 5.61633
9 5 .42857 9.00000 .00000 3.20000 8.81633 3.20000
9 6 -.42857 6.14286 .42857 2.60000 5.95918 2.41633
9 7 -1.00000 9.57143 .00000 1.71429 8.57143 1.71429
9 8 1.00000 1.00000 1.00000 1.00000 .00000 .00000
16 1 .00000 .00000 .00000 1.00000 .00000 1.00000
16 2 -1.06667 17.06667 -.93333 14.66667 15.92889 13.79556
16 3 .00000 13.12821 .00000 10.96923 13.12821 10.96923
16 4 .24615 14.91841 .18462 11.10676 14.85782 11.07268
16 5 .00000 13.52603 .00000 9.61414 13.52603 9.61414
16 6 -.11189 15.31624 -.06993 9.25128 15.30372 9.24639
16 7 .00000 11.37778 .00000 7.75556 11.37778 7.75556
16 8 .08702 28.44444 .04351 7.11111 28.43687 7.10922
16 9 .00000 11.37778 .00000 6.33333 11.37778 6.33333
16 10 -.11189 15.31624 -.04196 5.42222 15.30372 5.42046
16 11 .00000 13.52603 .00000 4.54188 13.52603 4.54188
16 12 .24615 14.91841 .06154 3.64755 14.85782 3.64377
16 13 .00000 13.12821 .00000 2.76410 13.12821 2.76410
16 14 -1.06667 17.06667 -.13333 1.86667 15.92889 1.84889
16 15 .00000 .00000 .00000 1.00000 .00000 1.00000

APPENDIX

In this section we give identities used in the proof of Theoreml.l. Some
are merely stated, and others, previously unknown to the authors, are proved.

Tdentity 1:

Tdentity 2:

Identity 3:

k}fﬂ(—l%(ﬁ)(?_‘ﬁ) - (1)
Nk
kz:,o( D

20+ 2 - n

g(‘”k(z}( x - k

Identity 4:

/2] { 2 + 2\(x + 1
_ -1 ( x + 1 )([n/Z]) L L@+ DI+ <D - 2n(-1)"]
- 2x+2> 2(x + 2)
2[n/2]
2x 20 + 2

> e0H(E) (5) -

2c+ 1 -n

x -k

) = (-1) /2 (

nf2 1 + (—1)”( x )(

n/2

[n/2]

)/ (%)

eI/

2n + 2

)+ e/

x )(Zx + 1>/ (Zx + 1)

22 + 2

)



310 B INARY WORDS WITH MINIMAL AUTOCORRELATION AT OFFSET ONE [Oct.

Identity 5:
o) (o) - Rl (G D Gr )+ eos 3 7) (5]

Identity 6:

A

. | Z( DY (E)e T R) = D™ (7))
Z‘ 1 ( )5 %) = eor[(3) - (2 )] = o[ -2, 7))
S (w 21)7 (%)

2(2x¢ + 1)
T Qx)(2x + 2) (2% + &)

{( D2 + ID(n + 1) - l]

S+ <o

+ (-1)%[2a(z + 1) - 1](°c
Identity 10:
Sos) (4 )
= = +zf)4£2330 T 6){( D@ + e+ ) - 1(5 1) (50 1 3)
)

+ (-D%[2ax + 2) - 1](x Z i /(szz 4>}

Proog of Identity 1: See [1, 3.58].
Proof of Identity 2: Let

o = B IS

- g-w[@)(?:s) INEET T - GG )
- B EET) - R et L)
(

k=0
o2 1+ GDP(,5,)(5) 1(%) - £+ 1) by Tdencity 1.
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m

Flx, 2m) = Y [f(x, 2k) = f(z, 2k - 2)] + f(z, 0)
k=1

- "2(?)2”’:(—1)7(_1( a_c )/(Zkzg—c 2) + (Zxx+ 1)

= (-1 < )(Zxaj l)/ (2 2; l) by Identity 4.

Thus
2x+1>/(2x+1>
x 2m - 1

F@ 2m- 1) = (om0

Fo, my = (DA (S NN (F ) .

Proof of Identity 3: Let

e = 3 (2
S et () G E S - (G )E D)
S e () - S g )

e (pEr )
)-

- 260 ™ () () (R

g(x, n + 1) by Identity 2.

g, 2m) =Y gz, 2k) - gla, 2k - 2)] + g(z, 0)
k=1

ca= e () s o) ()

2 ER et (G Y - e o)

2z + 3 f . m_l(x + 2) <2x + 4) } .
t5r T a4 {( 1) / + 1| by Identities4 and>5.

g, m) = (-D"@ - 2m+ D(FFH(EF 2)/ (2”2; ")2(2x -+ 3)
Thus
g, am - 1) = D" ren - D(EFNEFD) () - me s

and
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gy m) = (-1) 2 {{z + 1111+ D" = 21 H(ZEFE)(E A L) (3 Z)Z(x +2)

z + 1 \[n/21) ' \2[n/2)
Q.E.D.
Prood o4 Identity 4: |
g(—l)k@)/(g) - :(—1)“”22”/@”)] kia(k -x1/2> by [1, Z.55]
- —(—1)””2”/(?)] "x++1{2> - (ax'+1{2)] by [1, 1.48]
- [z ) [ev e (E 2 A 1)/ G D)

_(—1)“'“12'“'2(?: f)(x;’ %)/(2”2;’ 2)] by [1, 2.55]

EHEI)/ED D o5/ (20

Q.E.D.

Proof of Tdentity 5:
Seo)/( ) - S )/ ()

R G/ E e 1))

by Identity 4.

Proof of Identity 6: See [1, 3.32].

Proof .of Identity 7: Apply [1, 3.31] withy =« + L.
Prood o4 Identity 8: Apply [1, 3.31] withy =x + 2.
Proof o4 Identity 9:

- k(e = 1\ /(22) _ 2n + 1 < n+ 1) /(20 + 2\ 1< k() /(22
;L;(’l) <k.— 1)/<2k) T T ;("1)k(k + 1>/<2k + 2)‘ 2 k=a('1) (k)/(2k>
2¢ + 1 2¢ + 3 n x + 2 20 + 4
T T '2x+4[( D +1(n+2>/<2n+4>

+ (_”a(x 2 1) /(2.’:02;- 2)] by Identity 4

(continued)
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- 2(2x + 1) n +1 2 + 2
T 2x(2x + 2) (2x + &) {(‘1) [2(n + D@+ 1) - “(2 + 1>/(2;C + 2)

+ (D@ + ) - (T /(0 2)} Q.E.D.

a 2a

Proog of Identity 10:

S en(z)/ (%)

n x 20 + 2
(x + 1) };1(‘1)’((;( _ 1)/( 2k )

T (2 +22)?2£ + 6){“1)"[2(ﬂ + Dz +2) - 1]

Gid/Gia)

SR

+ (-1 [2a( + 2) - 11 )} by Identity 9

Q.E.D.
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FIBONACCI CUBATURE

WILLIAM SQUIRE
West Virginia University, Morgantown, WV 26506

Korobov [1] developed procedures for integration over an N-dimensional
cube which are referred to in the literature [2, 3, 4] as number-theoretical
methods or the method of optimal coefficients. These methods involve summation
over a lattice of nodes defined by a single index instead of N nested summa-
tions. For the two-dimensional case, a particularly simple form involving the
Fibonacci numbers is obtained. Designating the Nth Fibonacci number by F,
k/Fy by a3, and {F,_,x;} by y,, where { } denotes the fractional part, the cu-
bature rule is

1,1 Fy
1
[ [5@ v asty = £ 5 5. M
0o V-1
The summation can also be taken as running from 0 to F; - 1, which replaces a

node 1,0 by 0,0 while leaving the rest unchanged. This cubature rule was
also given by Zaremba [5].

The investigators have been interested primarily in the higher-dimensional
cases and very little has been published on the two-dimensional case. An exam-
ination of the nodes for the two-dimensional case suggested an interesting con-
jecture about their symmetry properties and a modification which improves the
accuracy significantly.



