
1981] FIBONACCI AND LUCAS NUMBERS OF THE FORMS w2 - 1 , w3 ± 1 369 

CotiolZcviy 1i 

£ = 0 r 

1 if n = 0 

(-l)n2 if n = t2 

for £ = 1, 2, 

0 otherwise. 

REFERENCES 

H.L. Alder & AminA. Muwafi. "Identities Relating the Number of Partitions 
into an Even and Odd Number of Parts." The Fibonacci, Quarterly 13 (1975); 
337-39. 
G. H. Hardy & E. M. Wright. Introduction to the Theory of Numbers, 4th ed. 
Oxford: Clarendon Press, 1968. 
Dean R. Hickerson. "Identities Relating the Number of Partitions into an 
Even and Odd Number of Parts." J. Combinatorial Theory A15 (1973):351-53. 
Dean R. Hickerson. "Identities Relating the Number of Partitions into an 
Even and Odd Number of Parts II." The Fibonacci Quarterly 16 (1978):5-6. 
J. J. Sylvester. "A Constructive Theory of Partitions Arranged in Three 
Acts, an Interact and an Exodion," Amer. J. Math, 5 (1882):251-330. 

FIBONACCI AND LUCAS NUMBERS OF THE FORMS w2 - 1 j w3 ± 1 

NEVILLE ROBBINS 
Bernard M. Baruch College, New York, NY 10010 

INTRODUCTION 

Let Fn and Ln denote the nth Fibonacci and Lucas numbers, respectively. All 
such numbers of the forms w2, w3, W2 + 1 have been determined by J. H. E. Cohn 
[2], H. London and R. Finkelstein [8] , R. Finkelstein [4] and [5], J. C. Lagarias 
and D. P. Weisser [7], R. Steiner [10], and H. C. Williams [11]. In this arti-
cle, we find all Fibonacci and Lucas nubmers of the forms W2 - 1, W3 ± 1. 

PRELIMINARIES 

(1) 
(2) 
(3) 
(A) 
(5) 
(6) 
(7) 

(8) 
(9) 

(10) 
(11) 

(12) 
(13) 
(14) 

Ln = w -*- n = 1 or 3 
Ln = Iw1 -> n = 0 or ±6 
L„ = w3 -> n = ±1 
L„ = 2w3 -*• n = 0 
Ln = Aw3 -*- n = ±3 
L-n — (—1) Ln 

{Fn , Fn-0 = (Ln> Ln-0 
3\Fn i f f 4 | n 
L2n = Li - 2 ( - l ) K 

^2n + l ~ ^n^n+l ~ (~1) 
I f Or, y) = 1 and xy - w 
and uv = W. 
Fiintl ~ F2n±1^2n ~ 1 
Fi*n

 = F2n- 1^2n+l ~ 1 
FHn-2 = F2n-2L2n " l 

then x = un
9 y = vn

9 with (u, y) = 1 
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(15) Fhn±1 - F2nL2n±i + 1 
(16) Fkn = F2n + 1L 2 n_ x + 1 
(17) ^ n _ 2 = F2n„2L2n + 1 
(18) Lm+n =* ^m_x^n

 + ^ L n + l 
(19) The Diophantine equation y -D - # , with £/ >_ 0, has precisely the solu-

tions: (-1, 0), (0, 1), (2, 3) if D = 1; (1, 2) if D = 3; (1, 0) if D = 
-1; no solution if Z? = -3. 

RmciKkA: (1) and (2) are Theorems 1 and 2 in [2], (3) is Theorem 4 in [8], 
modified by (6). (4) and (5) follow from Theorem 5 in [7]. (6) through (11) 
are elementary and/or well known. (12) through (17) appear in Theorem 1 of [3]. 
(18) is a special case of 1.6, p. 62 in [1]. (19) is excerpted from the tables 
on pp. 74-75 of [6]. 

THE MAIN THEOREMS 

ThdQtim 7: (Fm, Lm±n)\Ln. 

VrLOOJi By (6), it suffices to show that (Fm 9 Lm + n)\Ln. Let d = (Fm 9 Lm + n) . 
(18) -> d\Fm_xLn% (7) -> d\Ln. 

CoKollQJiy 1: (Fm, Lm±2) = 1 or 3. 

VKOO^' Let n = 2 in Theorem 1. 

COHJOUJOJUI 2: (F2n±l9 L2nT1) = 1* 

PW£0_£: (8) -> 3J F2n± 1. The conclusion now follows from Corollary 1. 

Lmma 1: Let (Ẑ  , Lj) = 1 and F̂  Lj = wk £ 0. Then fe = 2 implies j = 1 or 3; 
k = 3 implies j = ±1. 

P̂ iOÔ : Hypothesis and (11) imply 2^ = uk, Lj = Vk. The conclusion follows 
from (1) and (3). 

Consider the following equations: 

(i) Fm = wk - 1 

(ii) Fw = a* + 1 

(iii) Lm = wk - 1 

(iv) L„ = Wfe + 1 

For given fe, a solution is a pair: (/?z, w). If \w\ <_ 19 we say the solution is 
trivial. 

Lojfnma 2: The trivial solutions of (i) through (iv) are as follows: 

(i) (0, 1), (-2, 0) for all k; (0, ±1) for k even. 
(ii) (±1, 0), (2, 0), (±3, 1) for all k; (0, -1) for k odd. 
(iii) (-1, 0) for all k. 
(iv) (0, 1), (1, 0) for all k. 

Vtiooji Obvious. 

Tfeeo/Lem 2: I f k • = 2 , t h e n o n t r i v i a l s o l u t i o n s of ( i ) a r e ( 4 , 2) and ( 6 , 3 ) . 

?X00J: Ccu>& 7.—Let m = 4n ± 1. Hypothes i s and (12) -> F2n±1L2n = W2 ^ 0. 
Theorem 1 -> ( F 2 w ± 1 , ^2«) = *• Lemma 1 -*• 2n = 1 or 3 , an i m p o s s i -
b i l i t y . 

C<X6e 2.— Let m = 4n. Hypothes i s and (13) -> F 2 n _ 1 L 2 n + i = W2 ^ 0 . 
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Co6£ 2. — continued 
Corollary 2 and (11) -*• L2n_1 = V2. 
Now (1) -^2n+ 1 = 1 or 3 ̂ n = 0 or 1. 
Hypothes i s •+m£0-*n£Q-*n= 1 -+ m 4 ••> w 2. 
Co6e 3 .—Let 777 = kn ~ 2 . Hypothes i s and (14) -*• F2nL2n_2 = w2 + 0 . 
Let d = (F2n s ^2n-2.)° I f d = 1, we have a c o n t r a d i c t i o n , a s i n Case 1. 
I f d * 1, then C o r o l l a r y 1 ->• d = 3 . Hence, {F2v /3 ) (L2n_ 2 / 3 ) = ( w / 3 ) 2 . 
Now (11) ->• F 2 n = 3u2

9 £ 2 n _ 2 = 3 ^ 2 . But F2 
s u i t of R. S t e i n e r [10 , p p . 2 0 8 - 1 0 ] . 
Hypothes i s ->m£-2-+n£Q-+n = 2 

3 t r 

ThdOHm 3.* I f fe 

Thuotiom 4.° 

Th&otidm 5: 

PKQOJI 

In 

m = 6 -*• 'i*? = 3 . 

3, then (i) has no nontrivial solution. 

0 or 2 by a r e -

Vtiook- CcttQ. 1.—Let 772 = hn ± 1. As in t h e proof of Theorem 2 , Case 1, we 
have Lemma 1 -* 2n = ± 1 , an i m p o s s i b i l i t y . 

Ccu>& 2 .—Let m 
, 3 

^ 2 n + l = ^ • 
Hypothesis 
sibility. 

4n. As in the proof of Theorem 2, Case 2, we have 
Now (3) -> 2n + 1 = ±1 -*• n'= 0 or -1. 
n £ 0 n -1 -* /7Z = -4 -* F_. = -3 = w3 - 1, an impos-

Co6e 3.—Let 777 = kn - 2. As in the proof of Theorem 2, Case 3, we 
have F2nL2n_2=w3 + 0, (F2n , £2n_2) = 3, so F2n = 3u3, L2n„2 = 3^3 

Now Theorem 2 of [7]->n = 2-*7?7 = 6-*JF6 
bility. 

If k = 3, then (ii) has no nontrivial solution. 

1, an imposs i -

VnoO^i Ccu>& I .—Le t 777 = 4n ± 1. Hypothes i s and (15) -> F2nL2 w3 + 0. 
Theorem 1 and Lemma 1 -*- In ± 1 = ±1 -»• n = 0 or ±1 ̂  777 = ±1, ±3, ±5. 
But F±5 = 5 4- w3 + 1. Therefore, m - ±1, ±3 (trivial solutions). 

Co6e 2.—Let m = 4n. Hypothesis and (16) -* F2n + 1L2n_1 = ZJ3 ̂  0, 
n ^ 0. 

2n 1 = ±l->n 1- 4 + F , u Theorem 1 and Lemma 1 -
an i m p o s s i b i l i t y . 
Co6e 3.—Let tfz = 4n + 2 . Hypothes i s and (17) -*- F2nL2n + 2 = 
As in t h e proof of Theorem 3 , Case 3 , we have F2n = 3 u 3 , £ 2 n + 2 
an imposs ib i l i ty . 
If k = 2, then the nontrivial solutions of (iii) are (±2, ±2). 

Ccu>d 1.—Let 77? = 4 n . 

+ 1 , 

3 * 0 . 
3z;3 

Hypothes i s and (9) ^ 
L2n '+ w = ±1 •> w = 0 
Ca6£ 2 .—Let m = 4n + 2 

-2 

r 2 
J2?l ^ 2 n " 2 1 wz = 1 -> £0 

± 1 , an i m p o s s i b i l i t y . 

Lln+1 + 2 = W 2 - 1 + W 2 - L2„+1 Hypothesis and (9) -*-
± 1 , W = ±2 777 = ±2. 
Co6e 3 .—Let 777 = 4n + 1. Hypothes i s and (10) 

u 2 , L 
= w 

2n + l 

2 

2n+i " y 2 » c o n t r a d i c t i n g ( 1 ) . 
1. Hypothes is and (10) + L 2 n L 2 n _ 1 + 2 = W2 

; 2 . We have : 

(7) and (11) -> L2n 

COAZ 4.— Let 7?7 = 4n 

(9) and (10) -> {L2 - 2 ( - l ) n } { L n L n _ , + ( - l ) n } + 2 

L 3 L n . x + ( - l ) n L 2 - 2 ( - l ) % L n _ 1 = W2. 

Let Mn = L2Ln_1 +X-Dn.(Ln - 2Ln_1) . Now, LnMn = w 2 . Let p be an 
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Co6e 3.—contLnu2d 
odd prime such tha t pe\\Ln. (7) -> p )(Mn -+ pe\\w2 -»• 2 | e . Therefore, 
we must have Ln = u2 or 2w2. 
(1) and (2) -> n = 0, 1, 35 or ±6 -*• m = - 1 , 3 , 11, 23, - 25 . By d i -
rec t computation of each corresponding Lm, we obtain a con t rad ic -
t ion unless 77? = —1 ( t r i v i a l s o l u t i o n ) . 

Tfeeô &ffl 61 If k = 39 then ( i i i ) has the unique n o n t r i v i a l so lut ion (4, 2 ) . 

Vtioojt Co6e_J_. —Let 777 = 4n. 
Hypothesis and (9) -> L2n - 2 = w3 

Now (19) -* L2n = 0, 1, or 3 •> L2n 

Co4£ 2.—Let m = 4n + 2. 

1 ^ 2 n 
3 -*• In 

- 1 = wd. 
2 - * 772 = 4 "> W 

£ 2„ + i + 2 = W3 1 - ^ 2 „ + i + 3 Hypothesis and (9) -
cont rad ic t ing (19). 

CcUjd 3.—Let 777 = 4n + 1. Hypothesis and (10) •> LlnL2 
. = , . ,3 

(7) and (11) -*• L2 
= , , 3 t> , cont rad ic t ing (3 ) . 2n "• » ^ 2 n + l 

C&6£ 4.—Let 7?7 = 4n - 1. As in the proof of Theorem 5, Case 4, we 
have LnMn =: w3. If p is an odd prime such that pe\\Ln 9 then p \ Mn9 

so that pe||7J3 -> 3\e. Therefore, Ln = u3, 2u3, or 4u3. 

But (3), (4), and (5) •*• n = 0, ±1, or ±3 -* 77? = -1, 3, -5, 11, or -13. 
By direct computation of each corresponding Lm9 we obtain a contra-
diction unless 777 = -1 (trivial solution) . 

Thdon.QM 7: If k = 3, then (iv) has no nontrivial solution. 

Vtiooji Ccu>& 1 .—Let 777 = 4n. 
Hypothesis and (9) •> L2^ 
(19) -> L2n = 2, w. = 1 -A 

Ca6e_2_. —Let 77? = 4n + 2. 
Hypothesis and (9) -> £2 n + 1 + 2 

2 = w3 + 1 + L2. 3 = wd 

(19) •> L2n + 1 = 0 , w 

Cctt>& 3 . — L e t 77/ = 4 n 
L 

0 (trivial solution) 

+ 1 •+ L'n + 1 + 1 
1, an imposs ib i l i ty . 

Hypothesis and (10) "*" Lon^? 

^2n^2n + l " ^ 
We have: 

(7) and (11) •> L2n = u , £ 2 n _ ! = ^ » cont rad ic t ing (3), 

Ca6e 4.—Let 7?? = 4n + 1. Hypothesis and (10) 
(9) and (10) -> {.L2 - 2(-l)*}{LnLn + 1 - (-1)"} - 2 = t^ 

Let MM = L 2 ! ^ - (-Dn(Ln + 2Ln + 1). Now, LnMn = W3. As in the 
0, ±1, or ±3. Therefore, 777 = 1, 

we 

-JnXJn + 1 
proof of Theorem 6, Case 4, n 
-3, 5, -11, 13. By direct computation of each corresponding Lm9 
obtain a contradiction unless 777 = 1 (trivial solution) . 

RmcUik'* Cases 1 and 2 could also be disposed of by appeal to Theorem 13 in [9], 

SUMMARY OF RESULTS 

Fm 

Fm 

Fm 

Lm 
Lm 

1 -> w = 0 , ± 1 , ± 2 5 

w3 - 1 -> w = 0 , 1 
w3 + 1 -> w = - 1 , 0 , 1 
w 2 - 1 -> a = 0, ±2 
w3 - 1 •> w = 0, 2 
w3 + 1 -> TJ = 0, 1 

w ±3 
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THE ANDREWS FORMULA FOR FIBONACCI NUMBERS 

MICHAEL D. HIRSCHH0RN 
University of New South Wales, Sydney, Australia 

?. George E. Andrews [1] gave the following formulas for the Fibonacci 
numbers Fn (F1 = F2 = 1, Fn+2 = Fn + F

n+1) in terms of binomial coefficients 

(1.1) Fn = E C " 1 ) ' (» - 1; [(n - 1 - 5j)/2])5 

(1.2) Fn = £(-l)J* (n; [ (n - 1 - 5j)/2]). 
3 

Hansraj Gupta [2] has pointed out that (1.1) and (1.2) can be written, re-
spectively, as 

(1.3a) F2m + 1 = S(2m, m) - S(2m, m - 2), 

(1.3b) F2m+2 = £(2w + 1, m) - S(2m + 1, ffl - 2) 

and 

(1.4a) Fim+i = s(2m + x> w ) ~ s(2m + 1 . ^ - 1 ) 

(1.4b) Fim+2 = s(2m + 29 m) - S(2m + 1, m - 1), 

where S(n9 k) = E(n; j), the sum being taken over those j congruent to k modulo 
5, and has given inductive proofs of (1.3) and (1.4). 


