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Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS
to RAYMOND E. WHITNEY, Mathematics Department, Lock Haven State College, Lock
Haven, PA 17745. This department especially welcomes problems believed to be
new or extending old results. Proposers should submit solutions or other in-
formation that will assist the editor. Preference will be given to solutions
that are submitted on separate, signed sheets within two months after publica-
tion of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-333 Proposed by Paul S. Bruckman, Concord CA

The following problem was suggested by Problem 307 of 536 Puzzles & Curi-
ous Problems, by Ernest Dudeney, edited by Martin Gardner (New York: Charles
Scribner's Sons, 1967).

Y
A (1,1)
B A

Leonardo and the pig he wishes to catch
are at points A and B, respectively, one
unit apart (which we may consider some
convenient distance, e.g., 100 yards).
The pig runs straight for the gateway at
the origin, at uniform speed. Leonardo,
on the other hand, goes directly toward
the pig at all times, also at a uniform
speed, thus taking a curved course. What
must be the ratio r of Leonardo's speed
to the pig's, so that Leonardo may catch
the pig just as they both reach the gate?

(0,0)

H-334 pProposed by Lawrence Somer, Washington, D.C.
Let the Fibonacci-like sequence {Hn}:=0 be defined by the relation
Hn+2 = aHn+l + an’

where a and b are integers, (a, b) = 1, and Hy, = 0, Hy = 1. Show that if p is
an odd prime such that -b is a quadratic nonresidue of p, then P*H2n+1 for any
n > 0. (This is a generalization of Problem B-224, which appeared in the Dec.
1971 issue of The Fibonacci Quarterly.
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SOLUTIONS
Convergents
H-311 Proposed by Paul S. Bruckman, Concord, CA

(Vol. 18, No. 1, February 1980)

Let g and b be relatively prime positive integers such that gb is not a per-
fect square. Let 8, = v/bla have the continued fraction expansion

[ul’ uZ’ ua’ "-]’

with convergents pn/qn n=1, 2, ...); also, define Pe = 1, qy = 0, and p., = 0.
The process of finding the sequence (u,),.; may be described by the recursions:

vab + 7,

n+l ='__Tj;__—

(1) B, =u +1/6

" , where r; = 0, dy =a, 0< 8, <1,

n+l

r, and d, are positive integers, n = 1, 2,

Prove:

(2) r, (_l)n_l(apnpn—l - bqnqn-l);
(3) dn ‘(‘l)n (Clp: - bqi)a n = Os 1: 29 .
Solution by the proposer

Proof: Let S denote the set of nonnegative integers n for which (2) and (3)
both hold. ©Note that

ap,p_, —bqq_, =a=1°0-0-0=0=r
and

(-D)%(apl - bgd) =a+1l-b-0=a=dg;

hence, 0 € S. Suppose m € S. Then

‘/ZIF + 4 ‘/% - (_l)m (apm pm—l B quqm-l)
1/6 =0, ~ U,y =5 - U = - Upir
m+1 +1 dm m+1 (—l)m (apﬂzl _ bqrﬁ)
Vab - (-1"(ag,p, | - bq,q, , + ap’u,,, - balu, )

(-1)" (ap? - bq?2)
‘fa.b_ - (—l)m{apm (um+1pm + pm-l) - qu (um+1qm + qm—l)}

(-1)"(ap? - bg?)
vab - (-D"(ap p, ., = bq,q,.,)

= ; therefore, 6,4

(-D)"(ap? - bar)
vab + (-1)"(ap  .p - bq .q)

m+1-m

(-1)" (ap? - bql) - 2
ab - (ap,, .p - bq, .q,)

However, ab - (ap,.1P, - qu+1qm)2
=ab - (ap; - bqﬁ)(api+1 - bq$+1) - ab(p,,19, - Ups1Pn)
= —(ap? - bq2)(ap?,, - bq’,.)s

m+1 m+1

pm+1qm - qm+lpm = (—]_)”H'l.

since
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Thus, using‘the inductive hypothesis,

vab + (-1)"(ap, .0, = b4, 419m)
m+1 = ’

(—l)m+1(ap§+l - bq2+1)

m

0

which is the assertion of (2)and (3) for n =m+ 1. Hence, me S=> (m+ 1) ¢ S.
By induction, (2) and (3) hold for all =n.

Sum Series

H-312 Proposed by L. Carlitz, Duke University, Durham, NC
- (Vol. 18, No. 1, February 1980)

Let m, r, s be nonnegative integers. Show that

) JZ,( (—1)j+k_r-s(i)<§)(m - Htim - Z;!(j . -nnr (Z)GPS,

_J1 (r = 8)
where Sps = {0 (r # 8.

Solution by Paul S. Bruckman, Concord, CA

Make the following definition:

_iydt+k-r-s(J (k) m!
J,Z;(” <r><s/(m-j)!(m-—k)!(j+k-m)!'
It may be noted, by symmetry, that

(2) 0(r, s, m) = 6(s, r, m).

Making the substitution j + X = u, we then obtain:

j,zu (_l)u—r-S(i)(u s j) (m - N+ :7’?!— Wt - m!
= o (00 AN
JE (_1)r+s(i)(?> zu:(_l)m+j—u(m ; u)(J

o T o (T e,

(1) 0(r, s, m)

]

6(r, s, m)

(substituting
m+ g - u for u)

1,
<
~—

[ IR

()

(using the

et 2: m\(d 2: - -1 3 "negative
= (=1)"FrTE (-1)J(-)( ) ( )( )(—l)m‘S binomial"
7 JIANP]EEAM = 8 = Ui\ coefficient
relationship).

Now employing the Vandermonde convolution formula, we find that
= —1\? - jg(m J j—S—l)
(3 8(r, s, m) (1)?(1) (DE 257

Since 6(r, s, m) = 6(s, r, m), we may without loss of generality assume r> s.
In (3), note that s < r< j <m. Since j - s -1 <m - s, the binomial coeffi-
Jg-s-1

cient‘( - s ) vanishes whenever j - s - 1 > 0. If j=s+1, (J -8 ; 1) = Snes

m -

however, s = m implies j = s, a contradiction, which implies that (J -8 - 1) =0

nw

whenever j > s. The only remaining possibility is jJ = &, which implies »r
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Hence, all terms in (3) vanish except if r = s, in which case (3) reduces to the
single term obtained by setting j = r = s. In this exceptional case,

8(r, r, m) = (—1)2r(2)(;)<m-f'p) = ('l)m_r(z)'

Hence, if » > s,
) 8(rs o, m) = (-1)""(7)6rs

Clearly, this expression is also true if r < s, by use of (2). Q.E.D.

Also solved by the proposer.
Form Partitions!

H-313 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, CA
(Vol. 18, No. 2, April 1980)

(A) Show that the Fibonacci numbers partition the Fibonacci numbers.
(B) Show that the Lucas numbers partition the Fibonacci numbers.

Solution by Paul Bruckman, Concord, CA

The following definition (paraphrased) is recalled from the source indicated
in the statement of the problem.

Deginition: 1f U and V are subsets of the natural numbers, U is said to partition
V into the subsets V, and V, if there exist subsets V, and V, of V with the fol-
lowing properties:

1) v, 0V, =0
(2) VL v Vv, = Vs
(3 x’yEViWithx<y(7:=10r2)=>(x+y)¢[].

We also say that U partitions V uniquely into the subsets V, and V, if it parti-
tions V into the subsets V, and V,, and if such subsets are uniquely determined.

We will have recourse to the following theorem (see [1]):

Theorem: If r, s, and t are integers with 2 < » < s, ¢ > 0, all Diophantine solu-
tions (r, 8, t) of the equations indicated below are as follows:

4) F, +F, =F, <= (r, s, t) = (r, r+ 1, r+ 2);
(5) F, +F, =L, <> (r, s, t) = (r, r+ 2, r+ 1) or (2, 3, 2).
Proof of A:  Set
U=V =FZ2 Eyars Vy =P = (F,), >V, =P, = (F2n+1 n=1"

Clearly, P, and P, satisfy (1) and (2), since F is a strictly increasing sequence.
Suppose x, y € P;, x <y (£ =1 or 2), and (x + y) € F. Then there exist unique
integers r, s, t, with 2 < r <s and t > 4 (since F, > F, + F, = F,), such that
x=F,, y=F, and x +y = F,. Since x and y are in the same set P; or P,, thus
s - r > 2. This, however, contradicts (4), which implies that s — » = 1. Thus,
the supposed condition is impossible, and its negation must be true, i.e., (3),
with the sets as designated. Hence, F partitions F into the subsets P1 and Pz'

To show uniqueness, suppose that F partitions F into the subsets P, and.P,,
which are distinct from Pl and P,. Then, there exists an integer u > 2 such that
F,s F,410 € P; (L = 3or 4). This, however, would imply F, + Fy+1 = Fu+z € F, con-
tradicting (3) and the supposition. Therefore, F partitions F uniquely into the
subsets P, and P,. Q.E.D.
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Proog§ of B: Set
U=1LZ= (Lpy-0s V=F, V, =@ ={F,in>2,n=1o0r 2 (mod 4)},

V, =@, = {F,sn >3, n = 0 or 3 (mod 4)}.

Clearly, @, and @, satisfy (1) and (2). Suppose &, y € §;, £ <y (£ =1 or 2),
and (x + y) € L. Then there exist unique integers r, s, ¢ with 2 < r < s and
t > 2 (since L, > F,, = 3, as before, and L is an increasing sequence, after the
first term), such that x = F,, y = F,;, and x+y = L:. A moment's reflection shows
that, since x and y are in the same set @, or ¢,, thus ¢ - » =1 or 3. Since 1l =
F, €@, and 2 = F, € @,, we must not include the solution (2, 3, 2) of (5). How-
ever, for the other solutions of (5), s - r = 2, which also excludes those solu-
tions. Thus, the supposed condition is impossible, which implies (3), with the
sets as designated. Hence, [ partitions F into the subsets ¢; and @,.

To show uniqueness, suppose that [, partitions F into the subsets @, and @,,
which are distinct from Ql and ¢,. It is readily seen that, in this case, there
exists an integer u > 2 such that F,, F,,, € §; (¢ = 3or 4). This, however, would
imply F, + F,,.» = L,41 € L, contradicting (3) and the supposition. Therefore, L
partitions F uniquely into the subsets ¢, and &,. Q.E.D.

Reference: [1] Private correspondence with Professor Verner E. Hoggatt, Jr. (June
1980), in which allusion is made to Fibonacci and Lucas Numbers by V. E. Hoggatt,
Jr. (The Fibonacci Association, 1969), p. 74, and to Problem E 1424 in The Ameri-
can Mathematical Monthly proposed by V. E. Hoggatt, Jr. The Theorem follows from
Zeckendorf's Theorem.

Also solved by the proposer.
It's the Limit
H-314 PpProposed by Paul S. Bruckman, Concord, CA
(Vol. 18, No. 2, April 1980)

Given z, € (-1, 0), define the sequence S = (x,),., as follows:
(1) =1+ -Vl +x,, n=0,1, 2, ... .
Find the limit point(s) of S, if any.
Solution by the proposer

We will show that S has precisely two limit points and that
(2) x,, * B and X,,,; * O,
where o and B are the Fibonacci constants. We first prove, by induction, that
3) -1 <%y, €0, 1 <xy,47<2,n=0,1,2, ...

Let T denote the set of nonnegative integers n satisfying (3). Note that (1) im-
plies:

(ll-) xzn-+1 =14+ V1 +.’L'2n, Loyt = 1 -1 +.'L'2n+1, n = 0, 1, 2, e s

Thus, since -1 < z, < 0, we have: 1 < x; < 2, Hence, 0 € T. Assuming k € T, by
(4) we have:

1-v3¢< Lor+a 2K+ 2 2k+3

ie., ke T=>(k+ 1) ¢ T. By induction, (3) is proved. Now define

<l -V2=-1<zx <0=>1< x < 23
(5) Ap = Xop+1 — O, bn = X2y, -~ By, m=0,1, 2, ... .

Then, using (4), we obtain:
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Ianl = |B + 1+ xznl

|8 + VB2 + b, =a™|1- (1 +a2b,)¥

ugll—azb"l lbnla

1+ (1 +025,)% |1+ (1 +a%]
However, using (3) and (5),

-g% = -1 - B < b, < -B.
Hence,
0<1+a’h,<l+a=0®> and 1< |1+ (1+a®h)% <a.
Therefore,

(6) lan] < a|br].
Also,

|B,| = o= V1T +2,, | =|a-Vo?+ an_ll =all - 1+ Bzan_l)gl

OLl-—szan—ll oL_l|an—ll
|1+ 1+ 8%, % |1+ A+ 8%, )¢
Again using (3) and (5), we have
B <a, , <B;
hence
1+8%<1+8%,  <1+B8",
or
282 <1+ B%, ; <3pP=1+/207" < |1l + (1+ Bzan_l);‘l.
Thus, ] 1
a
lbni < il 5
a+ V2
since o + V2 > 3, thus
Ian—ll
) |Bn| < —5—-
It follows from (6) and (7) that
lanl < Fla, y| < 6la,i] and bl < Flbua] < .6lb, ] m=1,2,3, .00,

Note that
“l -B<zy-B<-B=-1<=B2<h,<al<l=]|by| <1;
also,
l-a<x -a<2=-a=8<aq; <B>=>]q] <1
Therefore, by an easy induction, |anl < (.6)" and |bnl < (.6)", which implies

lay] >0 and |bx| >0
and hence
a, * 0 and b, -+ 0.
This, in turn, implies (2).

Note: The condition x, € (-1, 0) is sufficient but not necessary for the stated

result to follow.. It is only necessary that x; € [-1, 3].
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Factor

H-315 Proposed by D. P. Laurie, National Research Institute for Mathematical
Sciences, Pretoria, South Africa (Vol. 18, No. 2, April 1980)

Let the polynomial P be given by

P(z) =z +a, 2" +a, 2"+ - + a2+ q,

n~1 n-2
and let 2;, 2;, ..., 28, be distinct complex numbers. The following iteration
scheme for factorizing P has been suggested by Kerner [1]:
R P(z;)
2, =8y —-—— 1t =1, 2, ..., n.
Il -2
j=1( A J)
n i n
Prove that if E:zi = -a, ;, then also Z: ;= -a, ;.
=1 i=1

Reference: [1] 1I. Kerner. '"Ein Gesamtschrittverfahren zur Berechnung der Null-
stellen von Polynomen." Numer. Math. 8 (1966):290-94.

Solution by the proposer

Let
n
R(z) = Piz) - []1 Gz~ 3,
i=1"
n
since 2: 2; = -a,_,, R(z2) is a polynomial of degree n - 2. We have
i=1 . '
n n n P(z;) n n R(z;)
)OI SETI 3 SALE PR o
i=1 i=1

d n

i=1 i=1 =

[](zi -z5) eet I](zi - z;)
g=1 j=1

J:i J*T
The second sum on the right is equal to the nth divided difference of R at the

points z,, 3,5, ..., 3, (see Davis [1], p. 40), and thus zero, since R is only of
degree n -~ 2.

Regerence: [11 P. Davis. Interpolation and Approximation. Blaisdell, 1963.

Also solved by Paul S. Bruckman.
HAH



