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This paper originated from an attempt to extend many of the elementary Fibo-
nacci-Lucas identities, whose subscripts had a common odd or even difference to,
first, other Type I real quadratic fields and, then, to the other three types of
real quadratic field fundamental units. For example, the Edouard Lucas identity

F:+1 + Ff - F:_l = F, becomes, in the Type I real quadratic field,
(/61; a = ML)FLI + 39F3 — F3_, = (5)(195)F,,.

This suggests the Type I extension identity F,, + L.F3 - Fi_, = F1F,F3, and the
Type I generalization: F3+2r+1 + L2p+1F2 - Fi-zr-l = Fop+1Fup+ 2F3,. The Ezekiel
Ginsburg identity F2+2 - 3F3 + F3_, = 3F;, becomes, in the Type I real quadratic
fields

(/61)F2,, - 1523F% + F2_, = (195)(296985)F,,.

This suggests the Type I identity extension Fivs = LoFS + F3_, = FyFyF3, and the
Type I generalization: Fliop - LopF3 + F3_9n = ForFurFay.
The transformation from these Type I identities to Type III identities can be
represented as
(1) F, <> (II1I) 2F, or (1) L, < (I1II) 2L,.
The transformation from Type I to Type II and Type III to Type IV for identities
in which there is a common even subscript difference 2r can be represented as

(I! III) F21ﬂ > (II! IV) FP! I’Zr g Lr': Fn+2r - Fn+r9 and Ln+2r - Ln+r"

I. Type I primitive units are given by

o =2 +2b/5’ g =2 'zb/ﬁ; oB = -1, D = 5 (modulo 8),

a? - b?D = -4, a and b are odd.

(a+b/l—?-)n=L"+F"‘/5

L n_ gn - n
2 2 . F; = /E(G B )9 Ln a” + B”.
F, and L, are also given by the finite difference sequences:
Fn+2=aFn+l+Fn’ F1=b9 F2=ab;

Lypso = alLp4y + Ln9 L, = a, L, = a? + 2.

II. Type I1 primitive units are given by

1, D = 5 (modulo 8),

B = aB
a? - b2D = 4, a®> - b?D # -4, a and b are odd.

(a+b/5n Ln+Fn‘/ﬁ
2 >= 2

_a+ b/D a - b/D
2 E] 2 L]

L
/D

s F, = —=(a” - 8", L, =a™ + B".

F, and L, are also given by the finite difference sequences:
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wep =aF,, - F,, F, =Db, F, = ab;

= — _ 2
n+2 aLn+l -L,, Ll = 4a, Lz =a” - 2.

n+1l

L

III. Type 111 primitive units are given by

a=a+bD, B=a-b/D, 0B = -1, a® - b¥D = -1.
L
2/D

F, and L, are also given by the finite difference sequences:
Foyp =2aF, . +F,, Fy = b, F, = 2ab;
L,,,=2al, ., +1L, L =a,L,=2"+1.

(a+ D)' =L, +F,/D, F, =

n+2 n+ 1 2

IV. Type IV primitive units are given by
a=a+bmD, B=a-b/D, 0B =1, a®> - b?D

(a + /D) =1, + F,/D, F, = Eéﬁxu” - 8", Ly =-%(u" + 8").

F, and L, are also given by the finite difference sequences:
F = 2aF - F,, F, = b, F, = 2ab;
L,,, =2aL,,, = L,, I, =a, L, = 2a® - 1.

n+l
n+l n?

1. (a) Fibonacci-Lucas identity used: F, + L, = 2F

n+1l
(b) Type I extension: aF, + bL, = 2F, .,
(c) Generalizations:
Types I & II L,F, + F,L, = 2k,
Types III & IV L.F, + F,L, =F, .
2. (a) Fibonacci-Lucas identity used: L, - F, = 2F

(b) Type I extemsion: DL, - aF, = 2F
(c) Generalizations:

n-1

Type I E,L, = L,F, = 2(-1)"*'F,
Type II F,L, - F,L, = 2F,_,.
Type III F,L, = L,F, = (-1)"*'F,_,
Type IV F,L, - F,L, = F,__

3. (a) Fibonacci-Lucas identity used: F%+3 + Fﬁ = 2(F§+2 + F2,1)

(b) Type I extension: b(FZ,, + F2) = F,(F2,, + F2,))
(c) Generalizations:

Types I & IIT  Fop y(Friupo1 + F2) = Fupo1 (Fiigmir-1 + Fivom_ p)
F2r—l(Li+4m—l + Li) = Fum—l(Lﬁ+2m+r-1 + L5+2m—r)

2 2y - 2 2
Types II & IV Fzr—l Fn+um—1 - ) = Fum-l(Fn+zm+r-1 - Fn+2m-r)

L2p~1(L5+um-1 - L%) = Fhm—l(L5+2m+r—1 - Li+2m—r)

(% - 8", L, = 5" + 8.

1, a® - %D # -1.

[Dec.
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4, (a) Fibonacci-Lucas identity used:
Fn+3Fn+l+ + FnFn+1 = 2(F71+2Fn+3 + Fn+1Fn+2)
(b) Type I extension:
B(Fy gF iy + FF ) = Fy(Fy o F g + FpiFryy)
(¢) Generalizations:
Types I & III
F2r—1(Fn+'+m—1Fn+l+m + FnFn+1) = ka—l(Fn+2m+r—1Fn+2m+r + n+2m-an+2m-r+1)
F2r-1(Ln+4m—an+km + LnLn+1) = um—l(Ln+2m+r—l n+2m+r + Ln+2m—an+2m—r+1)
Types II & IV
Fzr—l(Fn+'+m-1Fn+um - FnFn+1) = ka—l(Fn+2m+r—1Fn-i:2m+r - n+2m—an+2m—r+1)
FZr—l(Ln+‘+m—1Ln+‘+m - LVLLn+1) = Fhm—l(Ln+2m+r-1Ln+2m+r - Lﬂ+2m—r[’n+2m—r+1)

5. (a) Fibonacci-Lucas identity used: F,, + F2 = 2F, F,.1
(b) Type I extension: bF,, + aF3, = 2F,F,.,
(¢) Generalizations:
2 -
Type I F,F,, + L,F* = 2E.F .
2 o
DF,F,, + LL% = 2L L .
Type II FF, +IL,F:=2FF .
2 o
DF,F, + L,L% =2L L .,
Type III F,F, + 2L,F} = 2FF
DF,F, + 2L,L; = 2L,L,,,
Type IV F.F,, *+ 2L, F% = 2FF ..
2 o
DF,F, + 2L,L2% = 2,Dy.,
6. (a) Fibonacci-Lucas identity used: F,, - F> = 2F,F,_;
(b) Type I extension: bF, = aF? = 2F,F, .,
{(c) Generalizations:
Iype I B Py = L = 26D"EE, |
DFI‘FZM - LPLIi = 2(_1)P+1LmLm—1ﬂ
2 = -
Type 1T FF, - L,L%=-2LL
2 _
DF,F, = L,L2 = 2L L .
Type III F,F, = 2L,F2 = 2(-1)""'E,F,
1
DF,F, - 2r,L2 = 2(-1)"*'L, L, _,
Type IV F,F,, - 2L,F% = -2F,F
DF,F, = 2L,L% = -2L,L, .,
7. (a) Fibonacci-Lucas identity used: L} - F? = 4F, .F .,
(b) Type I extension: b2L2 - q2F2 = 4F _.F, . .
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(c) Generalizations:
Types I & III
272 202 _ +1 . +1
Fan - Ll‘Fn - 4(_1)P Fn+an-r’ I’ (_1)1‘ Fn+an—r’ III
D?*F?F? - LZLZ = 4(-1)"**L, L, ., I; (-1)"*'L, L, ., III
Types II & IV
2502 202 _ .
Fan - L.F, = —4Fn+an_r, II; 'Fn+pFn—r’ IV
20252 272 _ .
D Fan - Lan - _I*Ln+an-r’ II; _Ln+r~Ln-r’ v
8. (a) Fibonacci-Lucas identity used: UL,,L5,45 — 5F3,4,1 = 1
(b) Type I extension: L,,L,,,, — DF%,,, = a?
(c) Generalizations:
All Types LonLonsar ~ DF%er =L}
2 2
Lyner = DFypFopinn = L
9. (a) Fibonacci-Lucas identity used:
Fr+m+n = Fm+1Fn+lFr+1 + FanFr - Fm—an-lFI'-l
(b) Type I extension:
2
ab Fosmin = FpaFpyiFrpy + aBpB By = Fo (Fy (Foy
(¢) Generalizations:
Iype T FrvorerFnsoesarFranesr Y Dopid By By = Frpy 1 Fy 5y aFrpiy
1
= 5etus t Lase)niner = ForerFurs oF niner
Lpsoterlnezt+1lrv2e+1r + Logs1lplyLy = Lm-2t-1Ln-2t-1Lr-2¢-1
= (Letss + Lots1)lmansr = DFotr1Fuss 2Fnene r
1
FrvotFraotFrane = Lot F Fy + Fy gt Fy 91 Froge = E(Lst = Lo )Epinsn
Lm+2th+2tLr+2t - LZthLan + Lm-Zth-ZtLI'-Zt = (LGt = LZt)Lm+n+r
=DFy Py Lpsnsr
1 v
Iype IT BviForelosy — L B F, + Fp (Fy (F. , = E(Lat = L) Frinsn
Lys¢Lpsslpyy = DL DL, + Ly Ly Ly = (Lyy = L) Dpipsy
Type IIT  F,ipivrFnsoesrFraoser ¥ 2Ly i B B F = Fy oy 2Fn_pi 1Fr 2en
1
= _ZE(sta * Loer 1) pinsr = Forw1FusaoFniner
LpsotsrbneorsrFranesr T+ 2L2t+1LanI’r - Lm—Zt-an-Zt—lLr-Zt-l

1
= 'Z'(Lst+3 + Loss1)lminsr = DFopi1Futs 2lminsr

1

FuvorFrigeForoe = 20g B B E, + Fp_ g By peFrpy = '2—5(Lst = Lot ) Fminyn

l;thlotFm+n+r
LpsotLns2elpras = 2024 LpLlyLy, + Ln_2¢ln-2¢ln-2s = f(Lst - th)Fm+n+r
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Type IV

10.

Type I

Type II

Type III

Type IV

11.

Type I

Type IT

Type III

A GENERALIZED EXTENSION OF SOME FIBONACCI-LUCAS IDENTITIES

1
Fm+tFn+tFr+t - ZLtFanFr' + Fm-tFn—tFr-t = ?[)'(L.Bt - Lt)Fm+n+r

1

LpytLnselpes = 20, 0,0,L, + L, L, L, , = E{Lat = L) lpynsn
(a) Fibonacci-Lucas identity used:
2 2 2 _ 2
Fn+1 + F" + Fn—l - 2<Fn+1 - FnF

(b) Type I extension:

2 22 2
Fn+l +aFn +Fn-l

(c) Generalizations:
72

n+2r+1

2 2 2 2 — 2
Fn+2r + LZan + Fn—Zr - 2(Fn+21r' + LZan-szn)
2 2 2 2 — 2
Ln+2r + LZan + Ln-Zr - Z(Ln+2r + LZan—Zan)
F2, .+ LXZF? +F2 , = 2(F%,, + L,F,F, )
L2, + L2122 + L2 , =22, , + LD, )
F2, ey + 403, F2 + F2 51 = 2(FRiore1 = 2Lope1Fuoar 1Fy)

L2

F2,, + 4L2F? + F2_, = 2(F2,, + 2L, F,F, )
L2,p + 40202 + L%, = 2(L%,, + 20,0,L,_)

(a) Fibonacci-Lucas identity used:

= 3
F:+2 - F: +Fa T 3F%Fn+1Fn+2
(b) Type I extension:
F:+2 = F: + aSF:+1 + 3aFnFn+1Fn+2

(c) Generalizations:

3 _ 3 3 3
Frvoper = Fruoopo1 F LopsdFy + 3LgpiaF FryprsrFao2p1

3 _ 73 3 3
Lysor+r = Lucopo1 + LopsrLn + 3Lopial Lyyorsrlnoor-n

3 _ 73 n3 3
Frooy = LoyFy = Fuos = 3Lt Fn-2tFpFrsoe

n+2t = L3,L3 - L% 5 = 3LatLn-2¢LnLnsat

)
w
|

P, =L3F3 - F} , - 3L,F,F, ,Fpi,
3 353 3
Lysr= L,L, =L, , - 3LPLnLn-an+r’
3 - 3 3 3
Fn+2r+1 - Fn—Zr—l + 8L21r-+1FrL + 6L2r+1FnFn+2r+1

3 _ 3 3 3
Lhsopsr = Dncopoy ¥ 8Lop01Lhn + 6Lp,1lnlyinpr1ln-2n-1

Fi+2t = SL;tFS - Fi-zt = 6Ly Fy 9t FyFpios

3 3 3 3
Lyyor = 8Ly Ly = Ly_py — LD P T T

n-l)
2(Fi4y - aFyFy_y)

2 2 2 2
t LypiaFy ¥ Fyppy = 2(Fys2p41 = Lops1Fnoop-1Fn)

2 2 2 2 = 2
Ln+2r+1 + L2r+1Ln + Ln-zr—l - 2(Ln+2:¢ﬂ+1 - L2r+1Ln—2r-1Ln)

2 ome1r ¥ 4L5 DS + L3 0n 1 = 2(L34204+1 = 2L2ps1lno2r-1Ly)
F:+2r + 4L§rFr% + Fi-Zr = 2(F3+2r + 2L0,,F 50 Fy)
Li+2r + 4L§,.L: + LEL—ZZ- = Z(Li+2r + ZLern-Zan)
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Type IV

12.

Type I

Type IT1

Type III

Type IV

13.

Type 1

5
Fn+2r+l
L

5
n+2r+1

Type I1

Type I1I
5

Fn+2r+1

LS

n+2r+1

A GENERALIZED EXTENSION OF SOME FIBONACCI-LUCAS IDENTITIES [Dec.
3 _ 35,3 3
F},, = 8L3F% - F3 - 6L, F.F __F,,,
3 _ 3r3 3
3., =803} - 1% -6 L L.,
(a) Fibonacci-Lucas identity used:
F:+1 + F: + Fi—l = 2[F3+1 - EZFn-l]z
(b) Type I extension:
F2+1 + auF: + Fi—l = 2[F2,, - aF,F, ,]?
(c) Generalizations:
b2 + L JF+ = 2[F2 - L, EF 12
n+2r+1 2r+1-n n-2r-1 n+2r+1 2r+1tp " n-2r-1
b n 4 2
L:+2r+1 + L2r+an + Ln-Zr-l = 2[[’w,+21n+1 - L2r+anLn—2r-1]2
F:+2t + L;tF: + F:-zt = 2[F2+2t + LZtFnFn—Zt]2
Lpyroy + LZtL; + Ly py = 2[L540s + LoyLyLy_ 5. 17
F‘::'f‘r + L;Fu + F":L—P = Z[F?f‘f'l’ + LI'FTLFTZ—Y’]Z
" bt " 2 2
LY, .+ DALY + 1% = 2[1%, 4 LL,0,_,]
Frvoper * 1605, 1 Fn + Fh 5,1 = 2[F5i0p1 = 2Lppe1FyFy 50117
L N " 4 _ 2
Ln+2r+1 + 16L2P+1Ln + Ln-zr—l = Z[Ln+2r+1 - 2L2r+anLn—2r—l]2
Fpooe + 1603, Fy + Fh_p, = 2[FZ,,, + 20, F,F, 5, 1°
L:+2t + 16LgtL; + L3 5y = 2[L%.,s + 2Ly 0,05 517

Fio. + 16LIF} + F)_,
A [N N
L%, + 16LLY + L

n-r

(a) Fibonacci-Lucas
Fpyy - Fy = F3

(b) Type I extension
5 55,5 5

F>pp - a’F, - F}

Generalizations:

(c)

=5
=5

5 5

- L2r+an

5 5

- L2r+1Ln
5 5 5

LZtFn - Flios

5 5
LZth -

5

- Fn—Zr—l
5

- Ln-zr—l
5

- Fn-zt

5 5
Lyvoe = Ly_oy

5
- Fn—r

-8

n-r

- Fs

n+r

-5

n+r

575
LF?
L)L}

- FS

5 5
32L2r+1Fn n-2r-1

32L§p+1Li - Lz-zr-l =

+ 2L,F F

2
r n'n_r]

+ 20,L,L, .17

Z[F%+r
2[1?

n+r

It

identity used:
5EiFn—an+l(F§+1

-1 - Fn—an)

2
n+l

-1 50F,Fy _1F, .1 (F - aFf, _1F,)

2
L2r+IE%Fn—ZT—an+2r+l(Fn+2r+l - L2r+1FnFn—2r—l)

Lop+1Dnln-2r-1Lns2p+1 @hs2re1r = Lops1lnln-2 1)
= 5Lyt F, F oy 0sFneos (Fhvoe + Loy F F o 0t)
= 5Lo5LnlupeLpsos (Dhune + LogLul uoot)
5L11Fn F?’l— Fn"‘P(Fi"'I’ + LPFHFVL—Z')
50,LpL . Ly (T%sp+ L0, L. )

2
10L2r+1E;Fn—2r-1Fn+2r+1(Fn+2r+l_ 2L2r+1E%E%-2r-1)

10L2r+1LnLn-2r-1Ln+2r+l(L§+2r+l_ 2L21ﬂ+1Z’nLn—21ﬂ—1)
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5 5 _ 5 @5 - , 2
320, B = Fuigy =~ Foupy =100, B F, 0 F,i0e Frioe + 205, B Fy o)

5 -5
32L,,L, - Lpsot = Lp_oe = 10Lo4LyLy 9pLnags (Dhans + 2053 Lplin e )

Type IV
32L3FY - Fy,, - Fy_, = 10L,F,F __F,, (F2,  + 20,F.F, )

rn"n-r n-n-r
32000y - LD, , - L), = 10L,L,L, L, .(L2,, + 20,L,L,_.)

n+r n-n-r

14, (a) Fibonacci-Lucas identity used: Li = 2P 1 + FZ + 6F§+1Fn_1
(b) Type I extension: b3L3 = 2F3 | + aF% + 6F2,,F,
(¢c) Generalizations:

3 3 _
Iype T FypiaDy = 2F) 50y + L3 Fy + 6Fh 0pi1F 0 0p 1

D3F}, 1 F2 =203 5, 1 + L3,i1L3 + 603400410 n-0r-1
F3,L3 = L3,F} = 2F% 5, = 6Fp400Fy_ 20

D3F3,F) = L3.L5 = 2L% 5, = 6Li400ln-2n

Type II  F3L% = L3F} - 2F% - 6F%, . F,_,
3m3p3 3r3 3 2
D3fiFY = 1303 - 213 - 6L7,.L,_,

T e I1I 4F2r+1Li = FS—Zr—l + 4L2r+1Fs + 3F%+2r+1Fn-2r—l
4D3F3 o1 FY = Ly pp 1 + 403,105 + 302 0mi1Dn 201

3 3 _ 3 3 3
4FZan - 4L2r5% - Fn-zr - 3F§+2an—2r
4D3F;rFZ = 4LgrL2 - Li—ZP - 3L%+2an-2r

Type IV 4F3L% = 4r3F? - P, - 3F?, .F, _,
4D3FIFY = 4030% - 0¥, - 30,0, .

n-r

Concluding Remasks

Following the suggestions of the referee and the editor, the proofs of the 14
identity sets have been omitted. They are tedious and do involve complicated, al-
beit fairly elementary, calculations. For some readers, the proofs would involve
the use of composition algebras which are not developed in the article and which
may not be well known.

The author has completed a supplementary paper giving, with indicated proof,
the Type I, Type I1II, Type III, and Type IV composition algebras. After each com-
position albegra the corresponding identities using that algebra have been stated
and proved. Copies of this paper may be obtained by request from the author.
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In a recent paper [2], Scott, Delaney, and Hoggatt discussed the Tribomnacci
numbers T, defined by
Ty=1,Ty =1, T, =2 and T, =1Ty.1 +Typ.o +Ty_3, forn > 3,



