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This paper originated from an attempt to extend many of the elementary Fibo-
nacci-Lucas identities, whose subscripts had a common odd or even difference to, 
first9 other Type I real quadratic fields and, then, to the other three types of 
real quadratic field fundamental units. For example, the Edouard Lucas identity 
^3JL-, + &!! - Fl i - F„ becomes, in the Type I real quadratic field, 

[/Si- a = 39 y ^ F 3 + i + 39F3 _ ps^ m (5)(195)F3ne 

This suggests the Type I extension identity F„+i + L ^ - Fn-i = F1F2F3n and the 
Type I generalization: F%+2r+i .+ ^ir+i^n - Fn-ir-i = F2r+1Fkr+ i^in • T n e Ezekiel 
Ginsburg identity F „ + 2 - 3F^ + Fn-2 - 3F3n becomes, in the Type I real quadratic 
f i e ld , 

(/61)Fn
3

+2 - 1523Fn
3 + F 3 . 2 = (195) (296985)F3n. 

This suggests the Type I iden t i ty extension F„+2 ~ LiF\ + Fn-i = F2Fi*Fsn and the 
Type I genera l iza t ion: F3

+ 2r - L2rFn + ^n-2r = F2rFkrF$n. 
The transformation from these Type I i d e n t i t i e s to Type I I I i d e n t i t i e s can be 

represented as 
(I) Fn *-+ ( I I I ) 2Fn or (I) Ln ++ ( I I I ) 2Ln. 

The transformation from Type I to Type II and Type III to Type IV for identities 
in which there is a common even subscript difference 2v can be represented as 

(I, III) F2r +-> (II, IV) Fr9 L 2 r «-* L r , Fn+2* *+ Fn+r* and L n + 2 p «-• L n + r . 

I. Type, I primitive units are given by 

a = 2 — " 9 ̂  = 2 s a^ = ' " (modul°  8 ) * 

a 2 - &2£> = - 4 , a and 2? a r e odd. 

{s + >£f. i i i ^ f . P< . i(c,. - 6"), „ . . . - • r. 
Fn and L M are also given by the finite difference sequences: 

Fn + 2 - ̂ n + l + *». *1 = *>» F2 = a&; 

L n + 2 = aL n + 1 + Zrn, Lx = a, L 2 = a + 2. 

11 • Type. II primitive units are given by 

a . SL±£&t p _ i l M , a 3 - l, D = 5 (modulo 8), 

a 2 _ fc2D = 4s a 2 _ fo2D ^ _^ a and £ are odd. 

(iL± f^J - —2 -, Fn = ̂ (a» - 3n)9 Ln = a* + 

F„ and £ n are also given by the finite difference sequences: 
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Fn + 2 = ^ n + 1 - Fn> F! = *>9 F, = ab; 

Ln + 2 = aLn+l ~ Ln> L± = a9 L2 = a - 2. 

1 1 1 • T{/pe III primitive units are given by 

a = a + £/D9 B = a - &/D, ag = -1, a2 - b/D = -1. 

(a + b/Df - Ln + F n v ^ , Fn = ~{an - 3 n ) , L n = | ( a » + Bn) -

Fn and Ln are also given by the finite difference sequences: 

Fn+2 = 2aFn+1 + Fn, F± = b9 F2 = lab; 

Ln+2 = 2aLn+1 + Ln9 L± = a9 L2 = 2a2 + 1. 

^ ' T̂ /pe 11/ primitive units are given by 

a = a •+ 2?/D, 3 = a - &/D, ag = 1, a2 - b2D = 1, a2 - b2D £ -1. 

(a + 2v£)n = Ln + Fn/D\ Fn = ~ ~ ( a n - 3n), L„ = y(an•+ 6n). 

Fn and Ln are also given by the finite difference sequences: 

Fn+2 = 2*Fn+l ~ ^ , ^ = £ , ^ 2 = 2 a Z ? 5 
£ n + 2 = 2oLn+1 - Ln9 L1 = a9 L2 = 2a2 - 1. 

1. (a) Fibonacci-Lucas identity used: Fn + Ln - 2F 
(b) Type I extension: aFn + bLn = 2Fn+1 
(c) Generalizations: 

Types I & I I LmFn + FwLn = 2Fm + n 

Types I I I & IV LnFn.+ F^Ln = F w + n 

*^B 
F L 
*- num 
FmK 
FnLm 

-
-
-
-

LmFrt 

FmLn 

LmFn 

FmLn 

= 
= 
= 
= 

2(-ir+x., 
Wn-m 

V x / L n-m 

F n-m 

2. (a) F ibonacc i -Lucas i d e n t i t y used : Ln - Fn = 2Fn_ 
(b) Type I e x t e n s i o n : bLn - aFn = 2F n _ x 
(c) Generalizations: 

Type I 

Type II 

Type III 

Type IV 

3. (a) Fibonacci-Lucas identity used: Fn+s + F%- = 2(F2+2 + Fn + i) 
(b) Type I extension: b(F2

n + 3 + F2) = F3(F2
n + 2 + F2

 + 1) 
(c) Generalizations: 

Types I & III F2r_1(!Fn+^m_1 + Fn) = Fhm_1 (Fn + 2m + r_1 + Fn+2m_r) 
F Ir-l^n + km-l + ^n ) = F hm-l^n+2m + v-1 + ^ + 2 ^ - ^ 

Types II & IV F2r_ x (F*+hm_ 1 - Fn2) = F ^ . ^ F ^ ^ ^ - F2
n+2m_r) 

"Zr-l^n+'-tm-l "" ^ n> ~ Fh m- 1 ^n + 2 m + r- 1 ~ Ln + 2m_v) 
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4. (a) Fibonacci-Lucas identity used: 

F ~F , + F F = 2(F F 4- F F ^ 
Ln + 3J-n+k T r n r n + l ^ , v c n + 2 r n + 3 T n + l r n + 2' 

(b) Type I e x t e n s i o n : 

^^n+3Fn+k + ™n™n + l ' = ^ 3 ^ n + 2^n + 3 + ^n+l^n + 2^ 

(c) Generalizations: 

Types I & III 

•̂  2 r - 1 ^ n+ km-1 n+ km n*n+l' ~ km- 1 ^ n + 2rn + r- 1 ̂ n+2m+ r n + 2 m - K n + 2 w - r + P 

2 r - l ' n + ta-1 n + ^m ttn+l' = km-1^ n + 2m + r>-1 n+2m+r n + 2m- r^n+ 2m- r + 1' 

Types I I & IV 

2r-l^ n+km-1 n+km n n + 1 ' km-1^ n+2m+r-l n+2m+r n+2m-r n+2m-r+1^ 
F2r-l^n+km-l^n+km ~ ^n^n+l' = Fkm- 1 ^n + 2m + r- l^n + 2m+ r " n+ 2 m - r ^ n + 2m- P + 1 ' 

5 . (a) F ibonacc i -Lucas i d e n t i t y used : F2m + F% = 2FmFm+1 
(b) Type I e x t e n s i o n : £F2 m + aF*m = 2 i ^ F w + 1 
(c) Generalizations: 

Type I FrF2m + LrF* = 2FmFm+r 

DFrF2m + LvLl = 2LmLm+r 

T 7 P e I I ^ 2 r a +LvFl = 2FmFm + p 

D ^ 2 m + LrL2
n = 2£mLm + r 

l yPe " I FrFla + 2LPF* = 2FmFm + r 

DFrF2a
 + 2 L ^ - = 2 L ^ m + r 

Type IV FrF2m + 2LrF2
m = 2FmFm+r 

DFrF
2m

 + 1L*Ll = lLmL^r 

6. (a) F ibonacc i -Lucas i d e n t i t y used : F2m ~~ ^m ~ 2-FmFm-i 
(b) Type I e x t e n s i o n : bF\m - aF* = 2FWFW_1 
(c) Generalizations: 

Type I FrF2m - LrFl = 2{-XY^Fm Fm_ r 

^FrF2m ~ LrL2
m = ~2LmLm_r 

Type I I I FrF2m - 2LrFl = 2(-l)*+ 1FmFm_T 

DFrF2m - 2LrLl = 2{-lV+1LmLm_r 

Type IV FrF2m - !LTFl = -2FmFm_r 

DFrF2m - 2LvL2
m = ~2LmLm.r 

7. (a) F ibonacc i -Lucas i d e n t i t y used : L\ - F% = 4 F n _ 1 F n + 1 
(b) Type I e x t e n s i o n : b2L* - a2F% = 4 F n _ 1 F n + 1 
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(c) General izat ions: 
Types I & I I I 

Fill - LlFl = H-iy+1Fn + rFn-r> I ; <-l '>'+ 13, + , * „ - , . I " 
^FlFl - LlLl - ^ ( " D r + 1 L n + r V r 9 I ; <-l)1,+1Ln+,Lll_1., I I I 

Types I I & IV 
FrFn - LrFn = ~bFn+rFn_r, II; -^n+^n,1.f IV 

8. (a) Fibonacci-Lucas identity used: ^2n^2n+2 " $F2n+i ~ 1 
(b) Type I extension: L2nL2n+2 - #F|n+1

 = ̂ 2 

(c) General izat ions: 
AH Types L2nL2n+2r - DF2

2n + r = L* 

^2n+r ~ DF2nF2n+2r = ^ * 

9. (a) Fibonacci-Lucas identity used: 

p = p p p +FFF-F^F^F^ 
(b) Type I extension: 

GO rr+m+n = J. m + i^ n + i^ r+i + ^m^n^r "" ̂  m-1^ n-l^r-1 

(c) General izat ions: 
T y P e 1 Fm+2t+lFn+2t+lFr+2t+ 1 + ^ 2 i + A n *» " Fm-2t-lFn-2t-1Fr-2t-1 

**J)&et+3 + ^ t + l ' ^ m + n+r = ^2£ + l ^ \ t + 2̂ m + n + r 

•^m+2t+l^n + 2 t+ l^ r+2t -H ^ ^2t+l^m^n^r "~ ^m- 2t - l^n-2t- l^r- 2t- 1 

~ (L$t+3 + £J2t+l)£'m+n+r = &F2t+lFkt+ 2Fm+n+ r 

Fm+2tFn + 2tFr+2t ~ L2tFmFnFr + Fm-2tFn-2tFr-2t = p (^6 t ~ ^2* )^m + « + r 

^m+2t^n + 2 t^r+2t " ^It^m^n^r + ^m-2t^n-2t^r-2t = (-^6t ~ ^2* )£/*+«+r 

= ^F
2t

Fm^m+n+r 

^m + t^n + t^r+t " LtLmLnLr + Lm-tLn-tLr-t = ^ 3 * " ^ t ^ w + n + r 

Type I I I ^m+2*+l n+2*+l^r+2*+l + ^ 2 t + l " m n ̂  " *w- 2t- l*n- 2£- l * r - 2t- 1 

= "2D 6 t + 3 + ^2t+l '^m+n+r ~ ^2t + l^ tH- 2^m+n+ r 

^m+2t+l^n+2t+l^r+2t+l + '2 t+ l^m^n^r ~ "m-2t-l^n-2t-l"*-2t-1 

= "2"(^6t+3 + -^2t+l)^/w + n+r = ^F2t+ lFht+ 2^m + n + r 

Fm+2tFn + ZtFr+2t ~~ 2L2tFmFnFr + Fm-2tFn-2tFr- 2t = 2 £ ^ 6 t " L2t>>Fm + n+r 

~ F2t Fht Fm + n+r 

^m + 2t^n + 2t^r+2t " 2L2tLmLnLr + Lm^ 2tLn_ 2t Lr_ 2t = "J^6t " ^2t)Fm + n+r 
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II2U1 F
m+tFn+tFr+t - ^ A F n F r + ^ n - t V * " ^ * ~ h K + n + r 

Lm + tLn + tLr+t " 2LtL
m

LnLr + Lm-tLn-tLv-t " ~2^L 3t " ^ t^/n+n+r 

10. (a) F ibonacc i -Lucas i d e n t i t y used ; 
pi + F2 + Fz = 2(F 2 - F F ) 

(b) Type I e x t e n s i o n : 

(c) G e n e r a l i z a t i o n s ; 
T yP e I Fn+2r+l + L2r+lFn + Fn-2r-l = 2(^n + 2r+l ~ ^2r+l/n-2r- lFn•) 

^n + 2r+l + ^2r+l^n * ^n -2 r - l = 2(Ln + 2 r + l "" ^2r + l^n- 2r- l^n) 

F 2 + L2 F 2 + F 2 = 2(F 2 + L F F ) 
n + 2r T u2v n T £n-2v ^^Ln+2r ^ u2vL n- 2rL n ' 

Ln+2r + ^22>^n + ^n-2r = 2 ^ n + 2r + L2rLn- 2rLn) 

Type I I F 2
+ r + £ 2 F 2 + F 2 _ r = 2(F2

+„ + LrFnFn„r) 

L\+v + L r L n + Ln-r = 2 ^n+r + LrLnLn-r) 

Type I I I ^n+2r+l + ^Zr+lFn + ^ n - 2 r - l = 2Wn+2r+l " 2L2r+ l^n-2r- l^n) 

^n+2r+l + **L2r+iLn + £ n - 2 r - l = 2(-^n+2r+l ~ 2Zr2r+ i £ n - 2 r - l^n) 

F n + 2 r + kL2vFn + Fn_2r = 2 ( F n + 2 r + 2L2rFn_2rFn) 

£Jn + 2r + **L2rLn + Ln_2r = 2(Ln + 2r, + 2L2 rLn_2 2 ,Ln) 

Type IV F 2
+ r + 4L2F2 + ^ - r = 2 ( F 2

+ r + 2 L r F n F n _ r ) 
L n + r + 4LrLn + Ln_2, = 2(Ln + r + 2LrLnLn_r) 

1 1 . (a) F ibonacc i -Lucas i d e n t i t y used ; 
Fn+2 = ^n + ^n+1 + 3FnFn+lFn+2 

(b) Type I e x t e n s i o n ; 

P3
n + 2 = K+ ^FUi + 3oF„Fn+1Fn+2 

(c) Generalizations: 

Type I Fl + 2r+l = F*n-2r-l + l̂Ul̂  + 3 L 2r + l^ ^n + 2r + l^»-2p-l 

•̂ n + 2r+l = ^n-2r-l "*" ^2r+l^n + 3L 2 r + 1L £n+2r+l^n-2r-1 

F n + 2 t = L2tFn - Fn.2t - 3 L 2 t F n _ 2 t F n F „ + 2 t 

^n + 2£ = ^2t^n ~ ^n-2t ~ 3L2tLn- 2t^n^n+2t 

Type I I Fn
3

+2, = L3Fn
3 - Fn

3_ r - 3L r F n F n _„F M + r 

^n+r = LrLn ~ L n - r *" ^LrLnLn-rLn + r 

Type I I I ^ + 2 r + 1 = ^ - 2 , - 1 + 8 L L + i F n + 6 L 2 p + 1 F n F n + 2 r + 1 F n . 2 r . 1 

Ln+2r+l ~ £n-2r-l + 8 L 2 r + 1 L n + 6L2 p + 1IynLn + 22,+ 1Ln_ 2 r _ x 

^n+2t = &L2tFn - F n _ 2 t - 6L2tFn_2tFnFn + 2t 

Ln + 2t = 8^2t:^n ~Ln-2t " ^L2tLn^2tLnLn + 2t 
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2 

Tvr>e IV F3 = SL3F3 - F3 - 6L F F F 

£3
n + r = 8LrLl " L\~v " 6LrLnLn-rLn+r 

12. (a) Fibonacci-Lucas identity used: 

K+l + Fn + *•»-! = 2[F„2
+1 - F ^ ^ ] 2 

(b) Type I extension: 

(c) Generalizations: 

T y P e T ^ n + 2 r + l + ^ 2 r + A + ^ n - 2 r - l = 2lFn+2r+l ~ ^ 2 r + l^n "̂ 'n - 2 r - 1 J 

•^n + 2p+l + ^ 2 p + l ^ n + ^n-Zr-1 = 2l^n+Zr+l ~ ^2r+ l^n^n - 2v- 1 J 

rc + 2£ T ^ 2 * n T r n - 2 £ z L r n + 2 t T Lj2trnr n - It J 

^n+2t + ^2t^n + ^n-Zt = 2 [ ^ n + 2t + ^ 2 t ^ n ^ n - 2 t ] 

Type II # + P + L ^ + Fn
4_p = 2[Fn

2
+r + L ^ ^ . J 2 

^n + r + ^ p ^ + -^n-p = 2^n+r + ^r^n^n-ri 

Type I I I £7
n+22>+l + 1 6 i 2 r + l ^ n + Fn-2r-l = 2 [ ^ n + 2 r + l ~ 2 ^ 2 P + l ^ n ^ n - 2r - 1 ] 

^rc+2p+l + 1 6 ^2r+l" C 'n + ^ n - 2 r - l = 2^-Ln + 2r+l " 2 ^ 2 r + A ^ n - 2 r - J 

^n + 2t + 1 6 ^2£ F rc + ^ n - 2 t = 2lFn+Zt + 2 i 2 t ^n ^ n - 2 t ] 

^n+2£ + ^ ^ 2 t ^ n + Ln-2t = 2[Ln+Zt + 2LltLnLn_lt] 

Type IV # + 2 . + 16LX + ^ - r - 2[** + 2..+ 2LpFnFn„r]2 

^ n + P + 16LrLl + £ L P = 2^-Ll+r + 2LrLnLn-r^2 

13. (a) Fibonacci-Lucas identity used: 

Fn+1 ~ Fn ~~ Fn-1 = 5^n Fn- lFn +1 (^n+1 ~ Fn-lFn) 

(b) Type I extension: 

Fl + l ~ & Fn ™ Fn-1 = 5aFnFn-lFn + l(Fn+l " ^ n - l ^ n ) 

(c) Generalizations: 

Type I 
•^n+2r+l ~ ^ 2 r + l ^ n " Fn-Zr-1 = ^ 2 p + A ^ n ~ 2 r - A + 2 r + l ft+2p+l " ^Zr + lF

n
Fn - Zv - 1) 

•^n + 2 r + l " -^2 r+ l^n " ^n-Zr-1 = ^ 2 r + l&n^n- Zv - l ^n + 2 r + l (^n+ 2r + 1 "" ^2r+ lLnLn _ 2 l ) 

^ZtFn " ^ n + 2 t ~ Fn-Zt = ^ 2tF
n
F n-2tFn+Zt (Fn + Zt + ^2tFnF n-2t) 

^2t^n ~ ^n+2t ~ ^n~2t ~ ^zt^n^n-2t^n + 2t (^n + Zt + ^ Z t ^ n ^ n-Zt) 

Type I I Lr
5Fn

5 - Fn
5

+ p - ^ _ r a 5LrFnFn_ Fn + JJ(F2
+p + LrF,Fn_p) 

^ r ^ n ~ Ln+r ~ ^ n-r = ^r^n^n- ^n+r(Ln+r + ^r^n^ n- r) ' 

Type III 

7T5 _ 3 2 T / 5 7^5 - F 5 = 10T/ F F 7J7 CF2 - IT, F F } 
Ln+2r+l ^^Zr+Y- n Ln-2v-\ xyj-u2r+ \L n n- 2v- 1L n+ 2r+ 1 v L n+ 2r+ 1 z'1J2r+ 1 n n- 2r- 1' 
^n + Zr+1 " ^ 2 "^2p+l^n "" ^ n - 2 r - l ~ ^ ^ 2 r + l^n^n - Zv - l^n + Zr+ 1 ̂ n + 2r+ 1 "" 2 j^2r+ l^n^n - Zr- 1' 
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Type IV 

32L5 F5 - F5 - F5 = IOL F F F (F2 + IT, F F *\ 
2 t n rn + 2t £ n-lt LKJLj2trnrn- 2tr n + 2t ^n + 2t + LLj 2t n n - it ' 

32L2tLn - Ln + 2t ~ Ln-2t ~ lQ£/2tLn£J
n-2t£'n + 2t (^n+2t + 2^2t LnLn _lt) 

32L5
rF* - F5

n + T - F5
n_r = lOLrFnFn_rFn + r(F*+r + 2LrFnFn_r) 

^2LrL
n " L

n+r> " Ln-r = l0LrL
n

Ln- rLn + r(L n+ r + 2Lr^nLn_r) 

14. (a) Fibonacci-Lucas identity used: L\ = 2Fn-i + F\ + 6Fn+i^n-i 
(b) Type I e x t e n s i o n : £>3L3 = 2F 3 _ 1 + a3F3 + 6F2

i + 1 F n _ 1 
(c) G e n e r a l i z a t i o n s : 

T y P e I F2r+lLn = 2Fn-2r-l + LZr+lFn + 6 ^ n + 2 r + 1 F n-2v- 1 

•^ ^Zr+l^n = 2 L n _ 2 r - l + ^2r+l^n + 6 L n + 2 r + l ^ n - 2 r - 1 
F2r^n = £J2rFn ~ 2Fn-2r ~ ^n+2r^n-2r 

D FZrFn = L2r£Jn ~" 2^n-2r ~ 6 L n + 2 r ^ n - 2 r 

TvDe I I F3L = L3F - 2F - 6F F 

D FrFn = LpLn - 2 £ n _ r - 6 ^ n + pLn-p 

Type I I I 4 F 3
r + 1 L 3 = F 3 _ 2 , - i + ^3

2r+1F3 + 3 ^ + 2 r + 1 F n . 2 r _ x 

A/?73 r 3 = 4r,3 F3 - F3 - ^p 2 /? 
t i . 2r±J n ^±J2vJ-n •Ln-2r ~>I- n+ 2V1- n - Zv 
4 £ F2rFn = ^ 2 r ^ n ~ ^n-Zr " 3 L n + 2 2 , L n _ 2 p 

Type IV 4Fr3L3 = 4L3Fn3 - F3_r - 3F*+rFn_r 

kD FvFn = 4LpLn - Ln_r - 3Ln + 2,L„_r 

Concluding Rma/ilu 

Following the suggestions of the referee and the editor, the proofs of the 14 
identity sets have been omitted. They are tedious and do involve complicated, al-
beit fairly elementary, calculations. For some readers, the proofs would involve 
the use of composition algebras which are not developed in the article and which 
may not be well known. 

The author has completed a supplementary paper giving, with indicated proof, 
the Type I, Type II, Type III, and Type IV composition algebras. After each com-
position albegra the corresponding identities using that algebra have been stated 
and proved. Copies of this paper may be obtained by request from the author. 
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In a recent paper [2], Scott, Delaney, and Hoggatt discussed the Tribonacci 
numbers Tn defined by 

TQ = 1, T± = 1, T2 = 2 and Tn = Tn_x + Tn-i + Tn_3, for n >_ 3, 


