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B R O T H E R U. A L F R E D 
St. Mary*s C o l l e g e , C a l i f o r n i a 

Among the first dozen members of the Lucas sequence (1,3,4,7, 11, 18, 
• ••) there are two squares, Lt = 1 and L3 = 4. Are there any other square® 
in the Lucas sequence? 

Since the period of the Lucas sequence modulo 8 is 12, it follows that 
L.19, = L (mod 8), so that all possible residues are represented in the fol-
lowing table. 

X L 1 2 k + X ( m ° d 8 ) 

0 2 
1 1 
2 3 
3 4 
4 7 
5 3 
6 2 
7 5 
8 7 
9 4 

10 3 
11 7 

It follows that the only Lucas numbers which may be squares are L ' 2 , with 
X = 1,3 or 9, since the other residues modulo 8 are quadratic non-residues 
of 8. 

From the general relation 
2 L a + b = 5FzFb+LzH 

it follows if t = 2 r , r ^ 1, that 
2 L X , 2 t = 5 F X F 2 t + L X L 2 t 

so that 

But (Lt ,2) = 1. Hence 

• 5 F A F t L t + L X ( L t - 2 > 

2LX+2t B "2 LX ( m ° d L t > 

LX+2t s - L ^ m o d ^ ) 

We can use this relation to advantage by writing 
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L12k+X a S LX+2mt 
r 

where m i s odd and t = 2 , r — 1. 
Then 

LX+2mt "~LX+2(m-l)t ( m ° d V 
S+LX+2(m-2)t ( m o d V 

( ~ l ) m K (mod L,) 
X i 

For X = 1, 

But 

L12k+1 S " L l " ~ 1 ( m ° d L t ) ? * = ^ r - X 

Y—) = - 1 , s ince L ^ 3 (mod 4) 

Therefore L.. ~, 1 may not be a perfec t square except for L^ = !„ S im-

i l a r ly , L - ? , o can be shown to be ru led out by ent i re ly the s ame a rgument 

except for L3 = 4, 

Final ly , 

L12k+9 = L4k+3 fL4k+3 + °1 

The 6 in the b racke t may be e i ther 3 or 1. But s ince only Lucas n u m -
b e r s L,7 0 a r e divisible by 3 , it follows that L . , _ and ~L2

A, ,' + 3 a r e 
4k+2 J 9 4k+3 4k+3 

re la t ively p r i m e . Therefore , if L-j2k+9 is-to be a perfec t s q u a r e , both f ac -

to r s mus t be such. It i s c l ea r that L ^ . o i s n o t a perfect squa re for k = 1 

o r 2. For other va lues , k equals e i ther 3.kT, 3kf + 1 or 3k' + 2 with kf ^ 1 . 

But this gives us Lucas numbers L-.^,? n , L ? , , and L i o u F + l 1 r e s p e c t -

ively and i t has a l ready been shown that these cannot be s q u a r e s . 
Thus the only squa re s in the Lucas sequence a r e L,1 = 1 and L3 = 4. 

c Legendre f s symbol. 


