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In studying the Fibonacci and Lucas sequences, one of the striking dif-
ferences observed is the fact that ALL primes are factors of some positive 
term of the Fibonacci sequence while for the Lucas sequence many primes are 
excluded as factors e This difference raises some Interesting questions regard-
ing Fibonacci sequences in general. 
(1) For a given Fibonacci sequence, how do we find which primes are factors 

and which are non-factors of Its terms? 
(2) Are there certain primes which are factors of all Fibonacci sequences? 
It Is this latter question which will be given attention in this paper, 

We are considering Fibonacci sequences in which there is a series of 
positive terms with successive terms relatively prime to each other. For any 
sequence we can find two consecutive terms a — G9 b > 0, a < b, and take 
these as 

f0 = a9 fj = b , 

the defining relation for the sequence being 

f ^ = f + f , , (n ^ 2) . n+1 n n-1 s ; 

The particular sequence with a = 0 and b = 1 is known as the Fibonacci se -
quence and will have its terms designated by F0 = 09 Ft = 1, and so on. 

Theorem: The only Fibonacci sequence having all primes as factors of 
some of Its positive terms is the sequence with a = 0 and b = 1. 

Proof: Since zero Is an element of the sequence, the fact that all primes 
divide some positive terms of the sequence follows from the periodicity of the 
series relative to any given modulus. 

To prove the converse, we note that each sequence is characterized by a 
th quantity D = b2 - a (a + b). For if f is the n term of the sequence, 

f - F ,b + F 0a . n n-1 n-2 
33 
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Then 
f2 - f f L 1 = (F , b + F 0 a ) 2 - (F 0 b + F c a ) (F b + F ,a) n n-1 n+1 l n-1 n-2 ' v n-2 n-3 ;v n n-1 ' 

which equals 

b2 (F2 - F 0 F ) + ab(F , F 0 - F F Q ) + a2 (F2 - F Q F , ) v n-1 n-2 n ; n-1 n-2 n n - 3 ; v n-2 n-3 n - 1 ' 
or 

(~l)n (b2 - ab - a2) 

so that the values are successively +D and -D. 
Now D is equal to 1 in the case of the sequence 0 ,1 ,1 ,2 ,3 , • • • and in 

no other Fibonacci sequences. For if a is kept fixed, the quantity b(b - a) -
a2 increases with b0 Therefore its minimum value is found for b = a + 10 

But then b(b - a) - a2 becomes a + 1 - a2
0 Now if a = 0,1 or 2, [a + 1 - a2| 

= 1 and we have the Fibonacci sequence. If a ^ 3, | a + l - a 2 | ^ 5 . 
Thus, apart from the Fibonacci sequence properly so-called, D > 1. 

Furthermore, D must be odd if a and b are relatively prime. Hence if 
f = 0 modulo some prime factor p of D, we would then have 

f n- l f n + l s ° <m o d P> 

from the relation 

fn " f n - l f n + l = ^ ^ D 

so that either f 1 or f - = 0 (mod p)„ Thus two successive terms of the 

series would be divisible by p and consequently all terms would be divisible 
by p which would lead to the conclusion that p | (a,b), contrary to hypothesis, 

Therefore, the only Fibonacci sequence having all primes as divisors 
one or the other of its terms is the one Fibonacci sequence with a zero element, 
namely: 0 ,1 ,1 ,2 ,3 , 5f 8,13, •• • . 

CONGRUENTIAL FIBONACCI SEQUENCES 

For a given prime modulus, such as eleven, there are eleven possible 
residues modulo 11: 0,1,2, 3, • • • , 10. These may be arranged in ordered pairs 
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repetitions being allowed in l l 2 or 121 ways. Each such pair of residues can 
be made the starting point of a congruential Fibonacci sequence modulo 11, 
though of course various pairs will give r ise to the same sequence. The one 
pair that needs to be excluded as trivial is 0 - 0 since all the terms of the s e -
quence would then be 0 and we have assumed throughout that no two successive 
terms have a common factor. Hence there are 120 possible sequence pairs. A 
complete listing of these congruential sequences modulo 11 is displayed below. 
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That all possible sequence-pairs are covered is shown in the following table 
where the number in the column at the left is the first term of the pair and the 
number in the row at the top is the second. 
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We shall now cons ider va r ious ca tegor ies so as to cover all p r i m e s . 

(A) p = 2 

If e i ther a or b i s even^ 2 i s a factor of t e r m s of the s e r i e s ; If both 

a r e odd9 then a + b = 0 (mod 2), Thus, 2 Is a factor of all Fibonacci sequences," 

(B) p_ 

Since 5 Is not a factor of t e r m s of the Lucas s e r i e s , It cannot be a d iv i -

so r of all Fibonacci sequences . 

(C) p = lOx + 1 
Fo r p of the form 1 0 x ± l , the per iod h(p) for any Fibonacci sequence 

i s a divisor of p - 1. Since the re a r e p2 - 1 sequence p a i r s of r e s i d u e s , the 

number of congruential sequences modulo p would have to be 

p2 - 1 or p + 1 

But s ince t he re a r e only p - 1 r e s idues other than z e r o , sequence t r i p l e s 

a-0~a can only be p - 1 in number , Thus t h e r e cannot be one pe r sequence. 

Hence no p r i m e of the form 10 x ±. 1 c a n b e a divisor of all Fibonacci sequences . 

(D) p •= 10 x ± 3 

F o r p of the form 10 x + 3, the s i tuat ion Is a s follows: 

(1) The per iod is a factor of 2p + 2. 

(2) 2p + 2 i s divisible by 4* 

(3) The per iod contains all power of 2 found in 2p + 2. 

(4) The per iod is the same as the per iod of the Fibonacci sequence , F . [ 1 ] 

Accordingly9 if the per iod Is l e s s than 2p + 29 i t will a lso be l e s s than 

p - 1 and hence a s before t he r e will not be enough sequence p a i r s with z e r o s 

to cover all the sequences . Thus a n e c e s s a r y condition Is that the per iod be 

2p + 2 if a p r i m e Is to be found as a factor of all Fibonacci sequences , 

Two c a s e s may be dist inguished: (a) The case in which the per iod h(p) 

= 22 (2r + 1); (b) The c a s e i n which the per iod h(p) = 2A (2r + 1), m ^ 3. 
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(a) h(p) = 22(2r + 1) 

In this instance, if a sequence has a ze ro at k, i t will a lso have z e r o s 

a t k / 4 , k /2 g and 3k/4 or four ze ros pe r sequence. The number of sequences 

is 

P2" - 1 = P - 1 
2p + 2 2 

To provide 4 ze ros pe r sequence the re would have to be 

^ E " - " " ^ = 2(P " x ) z e r o s , 

whereas the re a r e only p - 1. 

m 
(b) k = 2 (2r +"1), m ^ 3. 

F o r a per iod of this form, if t he re is a zero at k, t he r e will a lso be a 

z e ro at k /2 9 but not at k / 4 or 3k/4. The number of ze ros r equ i red for 

(p - l ) / 2 sequences would be 

2 ( p ' - l ) / 2 . = p - ; 1 , 

which i s the exact number avai lable . Thus the p r i m e s which divide all Fibonacci 
m 

sequences a r e p r i m e s of the form 10 x ± 3 for which 2p + 2 i s equal to 2 (2r 
+ 1), m > 3. In other words , 

p = +3 (mod 10) 

p = 2m~1 (2r + 1) - 1 or p s= - l (mod 4) 

These congruences lead to the solution p = 3,7 (mod 20). 

CONCLUSION 

The p r i m e s which a r e factors of all Fibonacci sequences a r e : 

(1) The p r i m e 2 

(2) P r i m e s of the form 20k + 3 ,7 , having a per iod 2p + 2„ 
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LIST OF PRIMES WHICH DIVIDE 
ALL FIBONACCI SEQUENCES (p < 3000) 
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SOME CORRECTIONS TO VOLUME 19 NO. 4 

Pages 4 5 - 4 6 : D = 31 should r e a d (2 ,7) , (3>8). 

There was an omiss ion in the Table of n D f s " as follows: 

D D 

305 (1,18) (16,33) 361 (8,25) (9,26) 
311 (5,21) (11,27) 379 (1,20) (18,37) 
319 (2,19) (7,23) (9,25) (15,32) 389 (5,23) (13,31) 
331 (3,20) (14,31) 395 (2,21) (17,36) 
341 (1,19) (4,21) (13, 30) (17, 35) 
349 (5,22) (12,29) 
355 (6,23) (11,28) 
359 (7,24) (10,27) 


