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1. INTRODUCTION 

Let A - (alsar,s- • •) denote a (possibly finite) sequence of in tegers . We 
oo 

shall le t P(A) denote the se t of all in tegers of the form 2 e, a, where e, 
k=l K K K 

i s 0 or 1. If all sufficiently l a rge in tege r s belong to P(A) then A i s sa id 
^° ^ e complete . Fo r example , if F = ( F l s F 2 , - • • ) , where F i s the n F i b -
onacci number , i. e. , F n = 0, F1 = 1 and F = F , _, + F for n ^ 0. then 

' u J 1 n+2 n+1 n ? 

F i s complete (cf. [1] ). More general ly9 i t can be eas i ly shown that F s a t i s -

fies the following condit ions: 

(A) If any one t e r m i s r emoved from F then the resu l t ing sequence i s 

complete . 

(B) If any two t e r m s a r e r emoved from F then the resu l t ing sequence i s 

not complete . 
(A s imple proof of (A) i s given in [l] ; (B) will be proved in Section 2 . ) 

In this paper i t will be shown that a "s l igh t" modification of F produces 

a r a t h e r s ta r t l ing change in the additive p rope r t i e s of F . In pa r t i cu la r , the 

sequence S which has F - (-1) as i t s n t e r m has the following r e m a r k a b l e 

p r o p e r t i e s : 

(C) If any finite subsequence is deleted from S then the resu l t ing sequence 

i s complete . 

(D) If any infinite subsequence i s deleted from S then the resul t ing s e -

quence is not complete . 

2. THE MAIN RESULTS 

We f i r s t prove (B). Suppose F and F a r e removed from F to form 

F* (where r < s ) . We show by induction that F ^ i " l $ P(F*) for k = 

0 , 1 , 2 , • • • . We f i r s t note that the sum of all t e r m s of F* which do not exceed 

F s + 1 - 1 i s jus t 

S^\ - F r = }] <Fk+2 " Fk+1> - F r = F s + 1 " 1 ~ F r * F s + 1 " X 
k=l k=l 
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and hence F - 1 ^ P(F*)„ Now assume that F - 1 <j: P(F*) for some 
t ^ 0 and consider the integer F , ? . „ - 1. The sum of all terms of F* 
which are less than F + 2 t + 9 i s J118^ 

s+2t+l 

I 
k=l 

F, ~ F - F = F - 1 - F - F < F - 1 
k r s s+2t+3 x r s s+2t+3 x 

Thus, in order to have F , ? t + o - 1 e P(F*) we must have F +« t +o - 1 = 
F s + 2t + 2 + m ' w h e r e m e P " F * ) " B u t m = F s + 2 t + 3 " F s + 2 t + 2 " ^ = F s + 2 t + l 
- 1 which does not belong to P(F*) by assumption. Hence F 9, Q - 1 ^ 
P(F*) and proof of (B) is completed. 

We now proceed to the main result of the paper. 
Theorem: Let S = (sl9s2f--a) be the sequence of integers defined by 

s = F - (- l)n . Then S satisfies (C) and (D). 
Proof: The proof of (D) will be given first. Let the infinite subsequence 

s. < s. < s. < . . . be deleted from S and denote the remaining sequence by li h h 
S*. In order to prove (D) it suffices to show that 

s. 
i n 

3. - 1 <f P(S*) for n > 4 

We first note that 

s. + s. > Sj + s2 = 2 . 
it i 2 

Therefore, we have (cf. Eq. (1) ) 

i - 1 
n 

s. < s. ., - s. - s. < s. , - - 2 e 

. , J V1 ** ^ V1 

3=1 

Hence, to represent ŝ  +j_ - 1 in P(S*) we must use some term of S* which 
exceeds ŝ  _i (since by above, the sum of all terms of S* not exceeding 
S| - i is less than Si +]_ - 1 for n > 4). Since Si is missingfrom S*5 then 
the smallest term of S* which exceeds s. ., is s. , 1 (whichfl of course, is 

i n - l i n + l 
greater than s. t 1 -.1). Thus 

1 n + 1 
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s. + 1 - 1 f P(S*) for n ^ 4 
n 

and (D) i s proved,, 

To prove (C)f l e t k > 4 and l e t Sf denote the sequence ( s , , s, , 
sk+2* ° * * ^ F o r n o n * " n e S a t i v e i n t ege r s w and x, P(Sf) i s sa id to have no gaps 

of length g r e a t e r than w beyond x provided the re do not exis t w + 1 consecu-

t ive in t ege r s exceeding x which do not belong to P(Sf). The proof of (C) i s 

now a consequence of the following two l e m m a s . 

L e m m a 1: The re ex is t s v such that P(Sf) has no gaps of length g r e a t e r 

than v beyond s, . 

L e m m a 2: If w > 0 and P(S!) has no gaps of length g r e a t e r than w 

beyond s, then the re ex is t s i such that P(Sf) has no gaps of length g r e a t e r 

than w - 1 beyond s. . 

Indeed, by L e m m a 1 and repea ted application of Lemma 2 i t follows that 

t h e r e ex i s t s j such that P(S!) has no gaps of length g r e a t e r than 0 beyond 

s . . That i s , Sf i s comple te , which p roves (C)8 

Proof of L e m m a 1: F i r s t note that 

^ + * W i = F 9 „ - ( - D 2 n + F , ^ - ( - l ) 2 n + 1 = F_ + F . + 1 = F 5 

S 2n + 2 + h 

Simi la r ly , 
_, , ' 2n+l , _• , 1v2n+2 

S 2 n + 1 + s 2 n + 2 = F 2 n + 1 " ™ + F2n+2 " ^ 

= "P + F = F = s - 1 
2n+l 2n+2 2n+3 2n+3 

Also , we have 
• S l + S 2 + . . s + S n = ( F l + 1) + ( F 2 - l ) + -•- + ( F n - ( - l ) n ) 

= ) F . + e = > (F. ^ - F . n ) + € 
L J n L 3+2 3+1 n 

(1) 

where 

j= i 3=1 

= F l 0 - 1 + € n+2 n 

Sn+2 €n 
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0 for n even 

Thus 
i i 

i - i -

n 1 1 for n odd 

s , o - s M - e + e .. for n > m n+2 m+1 n m-1 

Now. let h > k + 1 and let 

P ' = P ( ( s k , s k + l f . - - f s h ) ) = { p i , P 2 , - - - , P ^ } 

where pj < pj < • • • < p.1 . Let 

max , . , x 
V = brai-l (pi+l " PP ' 

Then 

h > k + 1 > 5 = * » s h s s k + 1 + 2 

- ^ S h - s k + i + eh " V i + x 

M*'sh+2 " V l ~ sk+l + eh " ek+l 

*sh+l ~ sh+2 " sk+l " eh + ek+l 

h 

Since 

iS i k+i + v i > - < p ; + sh+i>) = v 

then in 

p" = P ( < V - ' V W ) 
= p ( ( s k J . . . , S h ) ) W { q + s h + 1 : q € P \^%... , s h ) ) } 

= {Pi , .p i , . -" ,P^} . 
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where p" < pT
2
T< ••• < p"f , we have 

Similarly, since 
h+1 

h > k+ 1 > 5=^>sUl0 ^ y s. 

then in 

p-» = p ( (v—.v2>) ={p;M»pr'-"'Pn'-> 
where p m < p m < • • • < pTt» $ we have 

i 2 n?! * 

• r + 1 r max (p"» - p"J ) < v9 etc. 
l< r<n n ~ l 

By continuing in this way9 Lemma 1 is proved. 
The proof of Lemma 2 is a consequence of the following two results: 
(a) For any r ^ 0 there exists t such that m > t implies all the 

integers 
s m + y9 y = 0S±19 ± 2 , - - - , ± ( r - 1) 

belong to P(Sf). 
(b) There exists rf such that for all sufficiently large h!

? P(Sf) has 
no gaps of length greater than w - 1 between s, , + rf and s, f+- -
r? (L e. , there do not exist w consecutive integers exceeding s, ? 

+ r ! and less than s, , - - rf which are missing from P(S!) ). 
Therefore, for s. sufficiently large f P(Sf) has no gaps of length greater 

than w - 1 beyond s., which proves Lemma 2„ 
Proof of (a): Choose p such that 

2p - 3 ^ k and S 2 D - 2 ~ T 

and choose n such that 

n ^ s2p„.2
 + P a n d n > r + k 
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Then 
n 2n-2m~4 n n-m-1 2n»2m-4 

I S2i-1+ J S r l S2i-1 " 1 S2i-1 + I Sj 
i=n-m j=2p-3 i=l i=l j=2p~3 

n n-m»l 2n-2m~4 

= n + I F 2 i - l " n + m + 1 " £ F2i-1+ J Sj 
i=l 1=1 j=2p-3 

. = m + 1 + F 2 n - F 2 n _ 2 m ^ + s 2 ^ 2 m _ 2 + 0 - s2 p_2- 0 

= s 2 n - (s2 - m - 1), for 0 ^ m < n - p - 1 . 

Since 2p - 3 ^ k, then all the summands used on the left-hand side are in S\ 
Hence, all the integers 

S2n - ( s2p-2 " m " X)> ° " m " n - p "" X • 

belong to P(Sf). Since n ^ s 2 9 + pf then 

n - p - 1 > s 2 p _ 2 - 1 . 

Therefore, all the integers 

S 2 n " ( s2p-2 " m " X) . ° * m ~ B 2 p - 2 - 1 

belong to P(Sf), i. e. 9 all the integers 

s 2 n - m ' , o s m ' s s 2 p _ 2 • - ! . . 

But s 2 ~ ^ r , so that we finally see that all the integers 

s2n ~ m ? ' ° ~ m f ' ~ r " X * 

belong to P(Sf). 
To obtain sums which exceed s 2 , note that for 1 < m ^ n - k we have 
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II II 11-111. 

2, S2j-1 + S2n-2m = / , S2j-1 " £ S2j-1 
n-m. 

2n~2m 
j=n-m+l j=l j=l 

= n + F0 - (n - m) - F0 0 + s0 0 2 n • . ; 2n-2m 2n-2m 

= m + F0 - 1 2xi 
= m + s~ 

2n Since the sums 
n 

I S2M + S2n-2m f o r m = 1 » 2 » " - » n - k 

j=n~m+l 

are all elements of P(Sf), and since n - k > r, then all the integers 

s 2 n + m§ 1 < m < r , 

belong to P(S?). 

Arguments almost identical to this show that for all sufficiently large n, 

all the integers 

S2n+1 + m» m = °>±V ••'»*(*- 1) ,' 

belong to P(Sf). This proves (a). 

Proof of (b): We first give a definition. Let A = (al9a2g-**9a ) be a 

finite sequence of integers. The point of symmetry of P(A) is defined to be 
n 

the number — y a,. The reason for this terminology arises from the fact 

k=l 
that if P(A) is consideredas a subset of the real line^ then" P(A) is symmetric 

n 

about the point •=• / a, . For we have 

k=l 

n n n 
P = 1 £kak e P(A)^> ^ (1 - ^k)ak = £ ak - p € P(A) 

k=l k=l k=l 
n n 

and the points p and \ a^-.p are certainly equidistant from i \ ak. 
P 4 M 
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Now note that if r I s sufficiently l a r g e then 

s . > 3 > - s , , - + 3 . r - 1 k+1 ' 

s , i - s > - s , _,. + 2 9 r+1 r k+1 ' 

S + 1 - S, , - < S , - - 1 . 
r k+1 r+1 ' 

S r+2 " s r + l " s k + l < s r + l + €r ~ €k+l 
and 

Therefore 

r+2 k+1 r+1 r k+1 

r 

2 Z Sj = 2 
and 

2 L "i ~ 2 ' ( s r + 2 " V l " €r + €t o - l ) < Sr+1 
j=k 

2 ( 8 r + 2 - V l - e r + V l > > Sh 

for all sufficiently l a r g e r . In o ther words f for all sufficiently l a r g e r9 the 

point of s y m m e t r y of P ( ( s , s ° ° » , s )) l i e s between s, and s - . By hypothe-

s i s no gaps of length g r e a t e r than w occur in P(S?) beyond s , . Since h > k 

> 4 Impl ies 

h h+1 h+2 

then no gaps of length g r e a t e r than w can occur in P ( ( s ] ? ° * e , s )) between 
K. r 

s, and s ... (For if they did, then they would remain in P(S') s ince s 1 

< sr+2 < • • • . ) But 

V l > 2 
j=k 

T_ 
1 and — ) s . i s the point of s y m m e t r y of P((s, ,• • • , s )). The re fo re , 
£ /^ j K r 

JL 

j=k j=k 
s . - s Li < 0 j r+1 2 
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and by symmetry no gaps of length greater than w occur in P((s, , •• - , s )) 
between 

> s. - s , - and 7 s. - s, . 
A 3 r + 1 Li 3 h 

Thus, no gaps of length greater than w occur between s, and 

j=k 
s h " Sr+2 " Sk+1 ~ €h + €k+l " Sh 

provided that r is sufficiently large, Now consider P((s, f • ° • , s )). Since 

r+1 
r+1 r+2 r+3 ' 

then s - + s „ + p and s „ + p are elements of P((s, , . •. , s „ )) which 
differ by 1 whenever . p is an element of P ( ( s , s — ? s ))„ Hence, since in 

K r 
P((sk9 • • • , s )) there are no gaps of length greater than w between s, and 

r 
? s. - s, , then in P((sk, • • • , s . «)) there are no gaps of greater length than 

j=k 
w - 1 between 

I. s h + s r + 3 a*d I s - s h + s r + 3 . 

Similarly, consider P((s^s •# • s s * ))8 Since 

s r+2 + s r + 3 = Sr+4 + ^ ^ 

and there are no gaps in P((sk„ • • • , s )) of length greater than w between 
r+1 

s, and V s . - s,s then there are no gaps in P((s, , • • • 9s .)) of length 
j=k 

greater than w - 1 between r.f i 
sh + Bi+4 a n d ^ Sj " Sh + Sr+4 • 

j=k 
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In gene ra l , for q > 0 s ince S. .+ s r + q + 1 = s r + q + 2 + (-1) H and the re a r e 
no gaps in P ( ( s k , - . . , s _1 )) of length g r e a t e r than w between s^ and 
r+q -1 

2 s . - sU J then the re a r e no gaps in P((s1 , - - - , s 9 )) of length g r e a t e r 
j=k J h r+q -1 k T+q+Z 

than w - 1 between s h + s r + q + 2 and S s j ~ s h + Vq+2' B u t 

r + q - 1 

Sj " S h + S r+q -2 ' " S r+q+ l Sk+1 V q + 1 + '"*k+l S h + Sr+G+2 
j : = k - s + r - n r + q + 1 - s - s - e + e 

~ Sr+q+3 + ( 1 } Sk+1 S h r+q+1 + k+1 

The re fo re , if we le t 

Sr+q+3 " Sk+1 S h 2 

" Sk+1 + S h + 2 

then for all sufficiently l a r g e z, there a r e no gaps in P((s, , • • • , s z ) ) of length 

g r e a t e r than w - 1 between s + rf and s - r r (since the preceding a r g u -
z z+x 

ment i s valid for q > 0 and all sufficiently l a r g e r ) . This completes the proof 

of (b) and the theo rem. 
3. CONCLUDING REMARKS 

Examples of sequences of posi t ive in t ege r s which satisfy both (C)and(D) 

a r e r a t h e r e lus ive . It would be in te res t ing to know if t he re ex is t s such a s e -

quence, say T = ( t i , t 2 , ' - ' ) » which i s essent ia l ly different f rom S^ e . g . , 

such that 

l im *n+l , 1 + A/5 
n—oo t 2 

n 

The author wishes to express Ms grat i tude to the r e f e r ee for severa l s u g -
gest ions which made the paper considerably m o r e readab le . 
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