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Let g(n) be a non-increasing positive function defined on the positive in-
OO 

tegers. There are many available tests to determine whether or not 2 g(n) 
n=l 

converges. It is the purpose of this paper to exhibit a test for convergence 
which utilizes the Fibonacci numbers. 

THE FIBONACCI TEST 
oo oo 

2 g(n) converges if and only if 2 f g(f ) converges, where f is 
n=l n=l 

the nth Fibonacci number. 
OO 

Proof: Assume 2 g(n) converges. 
n=l 

| g(l) = | f i g ( f 2 ) 

| { g ( l ) + g(2)} - | f 2 g ( f 3 ) 

\ {g(2) + g(3) + g(4) + g(5)} - \ f3g(f4) 

\ (g(3) + g(4) + g(5) + g(6) + g(7) + g(8)} ^ \ f4g(f5) 

The sum of all terms on the left side of this array is 2 g(n). The sum of all 
terms on the right side of the array is 

l ^ f n - l ^ f a > £ l Z f n^ f n> 
n=2 n=2 

Since the left side dominates the right side 2 f g(f ) converges. 
°o n = l 

Assume that 2 g(n) diverges. 
n=l 
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f2g (f i) 
hs <f2) 
fdg (f3) 

fn+A> 

= K(l) 
^ g(l) + g(2) 
S g(2) + g(3) + g(4) 

> g ( fQ) + . . . + g(fn n+2 " « 

The sum of all terms on the right side of this array is 2 2 g(n). The sum of 
00 n==X00 

all. terms on the left side of this array is 2 f +1g(f ) — 2 2 ^ gtf )• Since 
n=l ' n=l 

2 g(n) diverges so does 2 f g(f ) 
n=l n=l 

FURTHER REMARKS 

It should be noticed that this result can be generalized to the following: 
k 

Theorem: If 1 :- c, = [H • a ]* where a > 1 and H is a fixed posi-
00 00 

tive constant then 2 g(n) converges If and only if 2 c, g(c, ) converges. 
n=l k=l 

The proof is quite similar, 
It seems unlikely that this Fibonacci test for convergence will ever be-

come widely used. To designate some of Its useful qualities the following r e -
sults are exhibited* 

a — l a 
Corollary 1: 2 n converges or diverges as 2 n In n doess a < 0S 

n=l n=2 
Proof: Let r be the golden ratio, i.e. 9 r = (1 + 4b)/2 and notice that 

00 00 

f 1 = [r /N/S]* . NOW 2 n^ converges or diverges as 2 n I n r does. 
n = l n = l 00 

But n In r = (In r )a which Is approximately (In \l5 f _- )a«, So 2 n In r 
00 n = l 

converges or diverges as 2 (in\/5 f ) ' does. Now 
n=l 

> (ln\/5 f )a = Y f • f""1 (In 45 f f 
n=l n=l 

and appealing to the Fibonacci test this converges or diverges as 
*~f~x ] isTgreatest integer in x. 
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^ i T 1 (In N/5n)a 

n=l 

does,, which i s essent ia l ly the des i r ed resu l t . 

This coro l la ry te l ls us for example that s ince the harmonic s e r i e s gli-
OO OO 

- 1 - 1 - e 
ve rges then 2 n In n d iverges and s ince 2 n converges then 

n=2 n = l 
2 n (In n) converges , 

n=2 co -
Corol lary 2.: 2 n In n converges or d iverges as 

n=2 

y (n In n) (In In n 

n=3 

does. 
The proof i s quite s im i l a r . 

Corol la ry j : j = 3, 4, 5, • • • a r e l ikewise provable . 

The Fibonacci t e s t i s an effective subst i tute for the in tegra l t e s t in each 

of these co ro l l a r i e s . 

Consider the following example that i s handled easi ly by the Fibonacci 
a t es t . Let g(n) = f for f -, < n < f . where a < 0. Thus & w m m - 1 m9 

g(n) = l a + 2 a + 3 a + 5 a +• 5 a + 8 a + 8 a + 8 a + 1 3 a + • • » 

n=l 

Applying the Fibonacci t e s t one obtains 

l (a+1) 

l w - Z r - M 
n=l n=l n=l 

n+1 
r 

i . i T / n+1,a+1 . a+1 .n+1 , , , , . . 
which converges o r d iverges as 2 (r ) = 2 ( r ) $ out this is a 

n=l n=l 
a+1 geometric progression and converges provided r < 1 or when a < -1. 


