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Lockheed Missi les and Space Co., Sunnyvale, Cal i fornia 

1. INTRODUCTION 
The mainpo in t of this paper is to display some in te res t ing p r o -

p e r t i e s o f t h e (n+1) X (n+1) m a t r i x P defined by imbedding P a s c a l ' s 
t r iangle in a square ma t r ix : 

0 0 0 1 
0 0 1 1 
0 1 2 1 
1 3 3 1 (1.1) P = n 

The m a t r i x P was or iginal ly cons t ruc ted by the author in o rde r 
to evaluate a de te rminan t p re sen ted by Bro ther U. Alfred. The de -
te rminan t , and i ts origin, has subsequently been published in [l] and, 
for the sake of comple teness , i ts evaluation will be p resen ted h e r e . 

2. THE PROBLEM AND ITS SOLUTION 
THE PROBLEM: 

Evaluate the fifth o rde r de te rminan t 

(2.1) 

5 5 1 + 1 - ] 
5 5 

2° + 1 - 1 
5 5 3 + 2 - ] 
5 5 5 + 3 - . 
5 5 8D + 5 - . 

1 1 4 1 

L 2 4 1 

I 3 4 2 

L 5 4 3 

L 8 4 5 

I 3 I 2 

2 3 1 2 

3 3 2 2 

5 3 3 2 

8 3 5 2 

1 2 1 3 

2 2 1 3 

3 2 2 3 

5 2 3 3 

8 2 5 3 

1 

2 

3 

5 

8 

"P resen ted or iginal ly at the R e s e a r c h Conference of the Fibonacci 
Associa t ion , December 15, 1962. 
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a n d i t s n - t h o r d e r g e n e r a l i z a t i o n . F o r t he n ~ t h o r d e r t he p o w e r s in 
t he f i r s t c o l u m n w o u l d be n a n d the d e t e r m i n a n t w o u l d e x t e n d to 

u , , and u in the l a s t r o w , w h e r e u i s the n - t h F i b o n a c c i n u m -n+1 n n 

b e r : 

( 2 . 2 ) n+1 u + u , 
n n- i 

w i t h u; 0 0, u , 

T h e - d e t e r m i n a n t (2. 1), w h i c h w e w i l l ca l l . D_ (D in g e n e r a L ) , 

w i l l be e v a l u a t e d a s a n e x p a n s i o n of c o f a c t o r s of the f i r s t c o l u m n . In 
o r d e r to k e e p t r a c k of t e r m s in the e x p a n s i o n i t i s c o n v e n i e n t to d e -
f ine D for a n a r b i t r a r y s e q u e n c e a„« a. , ' a~, . . . . a ,' by a p -

n 0 1 2 n+1 J r 

p r o p r i a t e l y p l a c i n g the m e m b e r s of t h i s s e q u e n c e in t h e f i r s t c o l u m n 

of D : 

(2.3) D 5 {a} 

a 2 

a 3 

i 5 1 a, i 5 

1 a r 
,5 1 5 
u a } - 1 aQ 

L a^ a 4 ' 5 a l 

a r ~ ,J a, 3 a 

5 a,r 

i 4 i 

2 4 1 

4 3 2 
4 5 3 

845 

C l e a r l y (2. 1) i s D r {a} w i t h a n = a , = a~ = . . . = a , = - 1. 

F o r s i m p l i c i t y we w i l l c o n t e n t o u r s e l v e s w i t h t h e r e d u c t i o n of 

the fifth o r d e r d e t e r m i n a n t (2. 3) w h i l e m e n t i o n i n g the c o r r e s p o n d i n g 

r e s u l t s for t he g e n e r a l c a s e . The r e d u c t i o n r e s t s on t he g r o u n d w o r k 

of B r o t h e r U* Alfred,, 

T H E S O L U T I O N : . 

B a s i c to the r e d a c t i o n i s the d e t e r m i n a n t of the fo l lowing m a t r i x : 

3 il 

(2 .4) B r 

r 4 

A 
2 ~~ 

\ .J 

\ . 4 

j 8 ~ 

i 3 . i 
3 2 1 
3 

3 2 
3 5 3 
3 8 5 

I 2 ! 2 

2 2 1 2 

? ? 
3 2 

5 2 3 2 

8 2 5 2 

1 

2 

3 

5 

8 
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and in genera l B . where n is the o rde r of the m a t r i x and i de~ ° ni 
notes the f i r s t row en t r i e s as u. ,, and u.. 

i+l i 
An in te res t ing p r o p e r t y of the de te rminan t of B- . is that i ts 

D j J. 

magnitude is independent of the index, or s ta r t ing point, i. This fact 
is evident when we mult iply the two m a t r i c e s 

(2.5) B c . Q A - B c . . , 5S I 4 5$ l+l 

where 

(2 .6) Q 4 = 

1 

4 
6 

4 

1 

1 

3 
3 

1 

0 

1 

2 
1 

0 

0 

1 

1 
0 

0 

0 

1 

0 
0 

0 

0 

is the m a t r i x of (1.1) " t r ansposed" about i ts counter diagonal. Since 
the de te rminan t of Q . is ±1 we have 

1 5, i ' 5, i+l 

More p r e c i s e l y we can develop 

l , IQ, 
(2.7) Q 'n- 1 

- i , 

(- i) 
lQ2h 

n ( n - l ) / 2 
1, 

We can s t a r t , then, with B r „ and shift indices on each row to obtain 
b, (J 

(2.8) B 5 , 0 Q 4 = B 5 , i • 

Bu t 
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, 4 

B 5 , 0 

0 

i 3 i 

2 3 1 

0 

I 2 ! 2 

2 2 1 2 

^ 2 2 

3 ? 2 
5^ 3 5 - 1 

0 

1 • 1* 

A p r i l 

P a s s i n g to d e t e r m i n a n t s we h a v e 

* 5 f i « - - 4 ' . - 5 i 0 l = t - l ) 1 0 i l - 2 - 3 - 5 | B 4 > i = Q , B c 

w h e r e B^ ~ h a s b e e n e x p a n d e d by c o f a c t o r s of i t s f i r s t r o w a n d 1 D, 0 ' J 

c o m m o n r o w f a c t o r s h a v e b e e n r e m o v e d . H a v i n g e s t a b l i s h e d a r e -

c u r s i v e p r o c e s s for e v a l u a t i n g | B . | t he g e n e r a l f o r m u l a m a y b e 

shown: 

w h e r e 

B . = (-1) u , u 0 u „ . 1 m ' v n - 1 n - 2 n - 3 

s = n ( n - l ) ( 3 i + n - 2 ) / 6 . 

n - 2 

In a n o t a t i o n w h i c h w i l l be m o r e c o n v e n i e n t to u s e , we de f ine 

for n > 0 

T h e n 

S = 1, S , . = ( - l ) n S o n+1 N ' n 

F~(x) = 1 , F . . (x) = x . . F (x) fo r a n y s e q u e n c e / x ) 0V ' n+1 n+1 nv J ^ ^ n> 

W (x) = F (F(x)) 

( 2 . 9 ) Q . - l = S a n d IB .1 = S 1 - 1 F (S)W , (u) 
n ' n i ' n n n - 1 

L e t u s s e e w h a t p r o g r e s s c a n be m a d e w i t h | D n | . W r i t i n g (2 . 3) a s 

t h r e e s e p a r a t e d e t e r m i n a n t s on the f i r s t c o l u m n we h a v e , s y m b o l i c a l l y , 
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(2.10) D5{a) 

The f i r s t de te rminan t is the ha rd one. The second compare s nicely 
with |Bp. , I after a common factor is removed from each row. The 

i th i rd becomes [Br -. | when the f i r s t column is moved to the las t (a 
change in sign for an even o rde r determinant) and common fac tors a r e 
removed from each row. Hence 

D.H " a l F6<u> l B 5 , l l - a 0 F 5 < u > l B 5 , l 

and using (2. 9) 

(2.11) D . { a ) = -ax F5(S) F6(u) W4(u) 

-aQ F5(u) W5(u) 

Expansion of the f i r s t de te rminan t by cofactors of i ts f i rs t column 
gives r i s e to de te rminan t s of the form 
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(2. 12) (1 -2 -5 -8 ) ' (I8 1- 3-5)a. 

I 3 I 2 1 1 • I 2 I 3 

3 ? 2 3 
2 Z 1 2 • \L 1* 

3 2 5 5 3 5 3 2 3 3 

^3 8 2 5 8 • 5 2 5 3 

the minor being s imi l a r to | B . •, j except that the th i rd row is m i s s -
ing. Our t a sk is to evaluate these m i n o r s . Start ing with B . 
(2.4)we form Ihe product 

J 5 , I 

2. 13) 
B 5 , 1 Q4 

3 

n 3 
0 u , 

3 1 0 

1 3 1 

2 3 1 

U~l U - 2 

n 2 2 

0 u , 

I 2 0 2 

2 2 
1 1 
2 2 I 2 

U - l U -2 

0 • u" 

1 • 0" 

2 • r 

4~1 u _ 2 l 

-1 
4 

1" 

Here , as in (2.8) , the m a t r i x Q shifts indices on each rowand , over -
applying this shift, in t roduces the negative side of the Fibonacci s e -
quence by way of the re la t ion u , = u ,, - u . Expanding the d e t e r m i -
nant of (2. 13) by the thi rd row we have 

(2.14) | B 5 > 1 i | Q 4 I " 3 = ( - u V ^ u ^ H i ^ u 2 ) | B 4 ( _ 2 | 

where B~ _ is B „ „ ( i . e . , the fourth o rde r m a t r i x of (2.4) with 4 , - 2 4, -2 v 

u and u 7 in i ts f i r s t row) and where the s u p e r s c r i p t 3 denotes 
that the th i rd row is m i s s ing . 

(2.15) B 4 , - 2 

3 2 2 3 
x - l u - l u - 2 u - l u - 2 U~2 

3 n 2 . . 2 3 
0 0 u__, 0 u , u^1 

3 2 
1 . 1 0 

1* 1 

2 3 
1 - 0 0 J 

1 . I 2 l 3 
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We t r ans fo rm (2. 15) to the des i r ed m a t r i x of (.2. 12) by 

<2-l6> B l - 2 Q 3 = B l l 

P a s s i n g to de t e rminan t s , and combining (2.16) with. (2.14) we have 

1 4,i' luTj^TT^r^? |Q P ' 5, I ' * 

Using u = ~(- l ) u for the negative half of the Fibonacci sequence, ° - n n © • -i 
and evaluating the known determinants^ 

, 3 . 12 W ^ U ) 

I B ! , | = (-1) -S- S. F,(S) 4 , 1 ' l ; "5 3 4V ' F 2 ( u ) F ^ ( u ) 

The genera l ca se , using this technique, rric,y be formulated as 

W (u) 
(2. 17) \Bl J = ( - D n r Sn + 1 Sr Fn(S) w - ^ r — — 

r - 1 n+1 -r(u) 

Two simplif icat ions to (2. 17) a r e in o rder : 

a n d 

(-1) S ,, S = S ,, x n+1 r n + l - r 

W (u) F (u) 
- W ,{u) F~~T(u) F x l TuT " n - l v u ; F . (TITF™77™T5T r - l x n + l - r x r - 1 n + l - r 

It s e e m s appropr i a t e , since F (u) = u • u , u - . . . u . u , is .rr r n \ / n n - I n - 2 2 1 
to r ia l type product for the s 

specia l ized "binomial coefficient" 
a fac tor ia l type product for the sequence / u }* that we define the 
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m • F MV.W = '.M-'-t:]-' • 
r n - 4 x 

We t h e n h a v e 

| B r , | = F (S) W AM) S , , f n
1 ] . 

1 n, 1 ' nx ' n - l v ' n + l - r L^- IJ 

The r e m a i n i n g d e t e r m i n a n t of (2. 10) m a y now be e x p a n d e d , a n d the 

g e n e r a l c a s e h a s the f o r m 

n+1 F J_1 (u) F (u) 
S (-l)r

a J^LL^LL |Br
 1 J 

r = 2 r U r U r - 1 ' n ~ l ' l 

o r 
n+1 

F , (S) W (u) S (-I)1" S , , [~n M a . n - 1 n% ' - v ' n + l - r L r J r 
r = 2 

The f i r s t two d e t e r m i n a n t s (2. 11) r o u n d out t he s u m m a t i o n n i c e l y f o r 

k=l a n d 2, so t h a t w e c a n s t a t e 

n+1 
D {a} = F . (S) W (u) 2 ( - l ) r S , . T 1 a n v > n - P nx ' A n + l - r L r J r 

r=0 
o r , s u m m i n g b a c k w a r d s ^ 

( 2 . 1 8 ) D n { a } M - i r 1 F n _ l ( S ) W n (u) " z ( - l ) r S r f ^ 1 ] a n + 1 . r 
r=0 

At t h i s p o i n t we c o n s i d e r t he s u m m a t i o n 

n+1 
/:> 1QX 0 {a} = 2 ( - l ) r S [" l a , . 
(2 . 19) n v / _ 0 r L r J n + l - r 

a n d the a s s o c i a t e d p o l y n o m i a l 

( 2 . 2 0 ) * n ( x ) = nz ( . 1 } r s [ n + l j x a + l - r 
r=0 
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For the f i r s t few values of n we have 

*0(x) = x - l , 

2 0x(x) = x - x - 1 , 

*2(x) = x 3 - 2 x 2 - 2 x + l = (x+l) (x 2 -3x+l) , 

(2. 21) 4 3 2 2 ? 
03(x) = x -3x -6x +3x+l = (x +x-l)(x - 4 x - l ) , 

«4(x) = x 5 - 5 x 4 - 1 5 x 3 + 1 5 x 2 + 5 x - l = (x- 1 )(x2+3x+l ) (x2-7x+l) 

The factor iza t ions suggest the re la t ion 

(2.22) <6n(x) = ( - l ) n _ i (x2 - v n x + ( - l ) n ) 0 n . 2 ( - x ) 

where v is a Lucas number , and v = u ,, + u , . (2. 22) may n n n+1 n-1 
be proved by induction, and the complete factor izat ion of 0 comes 
from the identi ty 

v = a + b , where a - a - 1 = b - b - 1 = 0 n 

Thus (2. 22) becomes 

0n(x) = (- l)1 1"1 (x -a n ) (x -b n ) 0 n _ 2 ( " x ) = < a b ) n " 1 

• (x -a n ) (x -b n ) 0 n _ 2 (x/ab) , 

and we can cons t ruc t 

n 
0 (x) = n (x-a b ) . 

n r = 0 

The evaluation of D n {a} for aQ = 3L^ = . . . = - 1 becomes , from 

(2. 18). and (2. 19), 
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( 2 . 2 4 ) D (a) = (-1) F AS) W (u) 0 ( 1 ) . 
n l ' n-1 n n 

The eva luat ion of 0 (1) r e q u i r e s the i n v e s t i g a t i o n of four 
s e p a r a t e c a s e s , U s i n g ( 2 . 2 3 ) w i t h b = - l / a 

n ? 
( 2 . 2 5 ) 0 ( 1 ) = XI ( l - ( - l ) n " r a ) = 0 if and only if n = 4k 

n r = 0 

When n = 4k + 2 the q u a d r a t i c f a c t o r i z a t i o n (2. 22) b e c o m e s 

n / 2 ? 

0n(x) = (i+x) n (x + ( - i ) r v 2 r + i) 
r=l 

n / 2 
and 0 n ( l ) = 2 n ( v 2 r + 2 ( - l ) r ) . 

r=l 

2 r 
U s i n g the w e l l known r e l a t i o n v_ = v ? + 2 ( - l ) w e have 

n / 2 7 
(2. 26) 0 (1) = 2 II v" when n = 4k + 2 . 

n , r 
r= 1 

F o r n = 4k ± 1 we have , f r o m (2, 22) 

2 
* n (x ) = II ( x Z - ( - l ) r + 1 v 2 r + 1 x - 1) , when n = 4k - 1 

r=0 

n-1 

0 (x) = n ( x 2 + ( - l ) r + 1 v 2 r + 1 x - 1) , when n = 4k + 1 
r=0 

s o that n--1 
"~2~~ 2 k - 1 

< 2 ' 2 7 > ^ > = " ^^Zr- l^Zk-l n
n

 V 2 r + 1 ' 
r=0 r=0 

w h e n n = 4k - 1 
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n-1 
T " ,, 2k 

(2.28) 0 ( i , , n (-Dr v2 r + 1 = s2k+1 n v2r+1 
r=0 r=0 

when n = 4k 4- 1 . 

Combining (2. 25), (2* 26), (2. 27), (2. 28) with {2. 23), and using the 

sign convention 

S = (-i)1^11"1)/2
 a n d F (S) = -1 only when n = 4k + 2 , 

we have 

D 4 k = ° > 

k 2 k 

D4k+1 = ^ W4k+l<U> n
n

 V2r+1 , 
r=0 

k 2k-1 
D4k-1 = (~l) W 4k - l ( u ) n

n
 V2r+1 , 

r=0 
2k-1 

D4k+2 = 2 W4k»-2<u> n
n
 Vr+1 f r=0 

„ / v n n-1 n~2 2 _ n+l-r 
W W = u u u~ . . . u , u = II u 

n 1 2 3 n-1 n , r 
r=l 
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