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3 . T H E P M A T R I X — R E C U R S I O N R E L A T I O N S H I P S F O R 
P R O D U C T S A N D P O W E R S O F u . 

n 
A c o n v e n i e n t t e c h n i q u e [ 2 ] fo r g e n e r a t i n g s e v e r a l b a s i c F i b -

o n a c c i i d e n t i t i e s l i e s i n the u s e of the s e c o n d o r d e r m a t r i x 

( 3 . 1 ) P = 

The t e c h n i q u e i s b a s e d upon the f ac t t h a t the c h a r a c t e r i s t i c p o l y -

n o m i a l of P i s t h e c h a r a c t e r i s t i c p o l y n o m i a l of t h e s e c o n d - o r d e r 
r e c u r r e n t r e l a t i o n u , , = u + u , de f in ing the F i b o n a c c i s e q u e n c e , n+1 n n - 1 & n 

i . e . , 

( 3 . 2) | x l - P | = x 2 - x - 1 . 

F r o m (3 . 1) and (3 . 2) w e h a v e a t o n c e 

P 2 = P + I , i = / 1 0 

a n d 

P 

0 1 

n I \ / n - 1 n 

U U _L1 

\, n n+1 
We s h a l l s h o w t h a t t he m a t r i x P of ( 1 . I) p r o v i d e s a g e n e r a l i z a t i o n 

n r & 
of ( 3 . 1 ) r e l a t i v e to t he n - t h p o w e r s of u . . I n d e e d , ( 3 . 1 ) i s Q of 

( 1 . 1), a n d 4> (x) in (2 . 20) c o m p a r e s w i t h (3 . 2).. 

T h e o r e m I (due o r i g i n a l l y to J a r d e n [3 J ) 

L e t 

n 

"r 
b = n hJ 

j = l X 

be t h e e l e m e n t by e l e m e n t p r o d u c t of n (not n e c e s s a r i l y d i s t i n c t ) 

177 
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s e q u e n c e s ] hr I e a c h of w h i c h s a t i s f y t he r e l a t i o n 

( 3 . 3 ) • h j , , = h j + h j . . 
r+1 r r - 1 

T h e n 5 b I s a t i s f i e s t he r e c u r r e n c e r e l a t i o n IM 
<t> {b} = 0 n ' 

f o r <t> d e f i ned in (2. 19) . n 

P r o o f . 

By v i r t u e of (2. 18) i t i s su f f i c i en t to show t h a t the d e t e r m i n a n t 

D { b } v a n i s h e s for n+1 c o n s e c u t i v e m e m b e r s of t he s e q u e n c e {b }. 

E x a m i n i n g D (a) we n o t e t h a t we c a n e x p r e s s t he e l e m e n t in t h e 

r - t h r o w and s - t h c o l u m n by 

n n ,t 
r+1 r + 1 1 r 0 

n + l - s s - 1 ,r / n 
u , , u , if s f 1 . 

r + 1 r 7 

H e n c e t he d e t e r m i n a n t i s z e r o for the s e q u e n c e | a ) if we c a n find a 

s o l u t i o n J A I w h i c h i s i n d e p e n d e n t of r a n d s a t i s f i e s 

n 
/o A\ n _ L n i ^ A n + l - s s - 1 
( 3 . 4 ) a , , = u , , a, + u aA + z A u , , u ; 
N r+1 r+1 1 r 0 s r+1 r 

s=2-
t h a t i s to s a y , s o m e m e t h o d of a n n i h i l a t i n g t h e f i r s t c o l u m n by a d d i n g 

a l i n e a r c o m b i n a t i o n of the r e m a i n i n g c o l u m n s . We t a k e 

( 3 . 5 ) a , , = b , , = n h J , , . 
^ ' r+1 r+1 r+1 

U s i n g the w e l l known f o r m u l a for g e n e r a l s e q u e n c e s of the type ( 3 . 3) 

n J_T = u _ L i n i + u nn r+1 r+1 1 r 0 

in ( 3 . 5 ) a n d e x p a n d i n g , we h a v e 
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n 
n 

j= i 

n 
h\ + un n 

1 r 
j= i 

hj + 

n 
2 

s = 2 

a , , = II (u MhJ t u hJJ , r+1 v r+1 1 r 0 ' 

. n TT l J _L n TT 1 J . v* TT n + l - S S - l a , , = u . , II rr, + u II h^ + 2 K u , , u r+1 r+1 1 r 0 s r+1 r 

C l e a r l y , H i s a c o m b i n a t i o n of the M and h? , and i n d e p e n d e n t of 

r . We h a v e s a t i s f i e d ( 3 . 4 ) a n d the p r o o f i s c o m p l e t e . 

T h e o r e m I e s t a b l i s h e s t he r e c u r r e n c e f o r m u l a e </> l a } = 0 of 

(2 . 19) a s g e n e r a t o r s f o r t he n - t h p o w e r s a n d n - t h o r d e r p r o d u c t s of 

the s e q u e n c e h of (3 . 3), and in p a r t i c u l a r , p r o d u c t s of the F i b -

o n a c c i s e q u e n c e j u [ of (2. 2) . 

T h e r e r e m a i n s to be c o n s t r u c t e d the l ink b e t w e e n P and t h e s e 
n 

r e c u r r e n c e f o r m u l a e . We p r o v e 

T h e o r e m II 
n n 

P r o o f . 
S i n c e P of ( 1 . 1) i s r e l a t e d to Q of (2 . 6) by P = E Q T E ~ X 

, n x ' n x ' J n n 
w i t h E = E be ing a m a t r i x w i th o n e s on the c o u n t e r d i a g o n a l a n d 

z e r o s e l s e w h e r e , P and Q a r e s i m i l a r and h e n c e s a t i s f y t h e s a m e 
n n 3 

p o l y n o m i a l e q u a t i o n s . It i s su f f i c i en t t o show t h a t 4> (Q ) = 0. 
F i r s t , e a c h e l e m e n t of the m a t r i x B. . , . ( 2 . 4 ) i s an e l e m e n t 

n + 1 , I 
of a s e q u e n c e of the type 

n 

b = XI h J , de f ined in (2 . 8 ) . r r 

C o n s t r u c t t he s e q u e n c e b , b , , , . . . , b , by c h o o s i n g 

t he c o r r e s p o n d i n g e l e m e n t s f r o m the m a t r i x s e q u e n c e B , , ., 

B . , . . , , . . . , B . , . , . , . By T h e o r e m I, d> {b} = 0 . S ince th i s n + 1 , l + l n + l , i + n + l J ^nx 

i s t r u e for a n y e l e m e n t of B ., . i t i s t r u e fo r t he e n t i r e m a t r i x . 3 n + 1 , i 
We h a v e 
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(3.6) <t> {B} = 0 i d e n t i c a l l y . 

W r i t i n g out the s u m m a t i o n in (3 . 6) , 

n+1 
(3 .7) s ( - D r s rn+n B .. 

r L r J n + 1 , 
r=0 

n + 1 - r - i = 0 

T h e m a t r i x Q m a y be u s e d (as in (2. 5)) to shi f t t he i n d e x of B s o n J 

t h a t 

( 3 . 8 ) B + 1 + 1 - = B + . 0 Q n + 1 - r " i = B + . -Q^Q11*1-* . 
n + l , n + l - r - i n + 1 , 0 n n + 1 , 0 

U s i n g ( 3 . 8) in (3 . 7) we h a v e 

n+1 
r ^ [~n+ll ^ n + 1 - r 1 +. . Q - 1

 2 ( - D r S [n+1] Q n + 1 , 0 n r L r J = 0 . 
r=0 

Now B i s n e v e r s i n g u l a r , (2. 9), n o r i s Q, (2. 7), so t h a t 

n+1 
v r „ fn+l 1 ^ n + 1 - r 2 ( -D r s r [V]Q r 

r=0 
= 0 

w h i c h i s t o s a y , by (2. 20) , 

<t> (Q ) = 0 n n ' 

T h e o r e m II i s i m p l i e d m o r e d i r e c t l y by T h e o r e m I a f t e r h a v i n g 
r e s t a b l i s h e d the fo l lowing r e p r e s e n t a t i o n s for Q : 

Q 

i l 

i o 

r + l r 

u u , 
r r - 1 
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Q 

Q, 

1 l l 

2 1 0 

1 0 0 

1 1 1 1 

3 2 1 0 

3 1 0 0 

1 0 0 0 

r + 1 u . , u 
r + 1 r 

2u , , u u . , u . + u r+1 r r+1 r - 1 r 

u u , r r - 1 

" r + 1 
~ 2 J>u , , u r + 1 r 
3u , -, u r + 1 r 

2 
r + 1 r 

2 u u r r - 1 

2u u r r - 1 

r - 1 

r + 1 r 

u u . r r - 1 

3u u , r r - 1 

3u u , r r - 1 

* r - l 

e t c . , w h e r e the b o r d e r i n g e l e m e n t s of Q bu i ld up in the m a n n e r 

s u g g e s t e d by t h e s e c a s e s a n d the i n t e r n a l e l e m e n t s , w h i l e b e i n g m o r e 

c o m p l i c a t e d in s t r u c t u r e , n e v e r t h e l e s s a r e s u m s of n - t h o r d e r p r o -

d u c t s of u ' s . 

B e f o r e s t a t i n g t h e f i na l t h e o r e m we w i l l e x a m i n e the s p e c i a l 

c a s e u s e d e a r l i e r in t e r m s of w h a t we now know. We h a v e the two 

m a t r i c e s 

B , 

4 
2 

4 
3 

4 
4 

4 
5 
4 
6 

3 
u2 
3 

U3 

3 
u4 

3 
U5 

3 
u6 

Ul 

u2 

U3 

U4 

U5 

2 
U2 
2 

u3 

2 
u4 
2 

U5 

2 
u6 

2 
Ul 
2 

u2 

2 
u3 

2 
U4 

2 
u5 

u2 

u3 

u4 

u5 

u6 

3 
Ul 
3 

u2 

3 
U3 

3 
u4 

u5 

4 
ul 
4 

U2 

4 
u3 

4 
u4 

4 
u5 

( w h e r e t he i n d e x 1 on B i n d i c a t e s t he i n d i c e s of t h e f i r s t r ow) a n d 

1 1 1 1 1 

Q 
4 

6 

4 

1 

3 

3 

1 

0 

2 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 
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We have the polynomial 

(3.9) 

from (2.21) with n = 4 and the cor responding r e c u r s i o n re la t ion 

0(x) = x5 - (5x4 + 15x3 - 15x2 - 5x + 1) 

(3.10) b 4.R = ^b ,, + 15b ,- - 15b ,9 n+5 n+4 n+3 n+2 5b , , + b n+1 n 

which is sat isf ied by any sequence whose m e m b e r s a r e the e lement 
by e lement product of four Fibonacci sequences — in pa r t i cu la r it is 
sat isfied by the sequences formed by extending each column of B, 
ad infinitum, the index of each sequence inc reas ing downward. In view 
of this fact we cons t ruc t the m a t r i x 

( 3 . 1 1 ) E 

0 
0 

0 

0 

1 

1 

0 

0 

0 

- 5 

0 
1 

6 
0 

- 1 5 

0 

0 

1 

0 

15 

0 

0 

0 

1 

5 

whose obvious p roper ty is that of t r ans forming any column vector 

n+1 

n+2 

n+3 

n+4 

into 

n+1 

n+2 

n+3 

n+4 

n+5 

if the e lements of the vector satisfy the re la t ionship (3. 10). E has 
the p roper ty , then, that 

( 3 . 1 2 ) E B l = B 2 . 
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It is not difficult to show that the c h a r a c t e r i s t i c polynomial of (3. 11) 
is 

|x l - E | = 0 . (x) 

for 04(x) defined in (3. 9). Combining (3. 12) with the p rope r ty (2. 5) 
of Q 

B 2 = E Bx - BXQ , 

and B, is not s ingular , hence Q, and therefore P , is s imi l a r to, and 
has the same c h a r a c t e r i s t i c polynomial as E. 

The preceding example i l l u s t r a t e s the proof of the final 

Theorem III 
The (n+1) X (n+1) m a t r i x P of (1 .1) , formed by imbedding 

P a s c a l ' s t r iangle in a square ma t r i x , has the c h a r a c t e r i s t i c polynomial 

n+1 

(3.13) | x I - Q j = £• ( - l ) r ( - l ) r ( r - 1 ) / 2 [ n ^ ] x n + U r 

r=0 

where is a genera l ized "binomial coefficient" defined by 

rn"i _ n n-1 n- r+1 r n l 
L r J " u ^~VL , • • • u, ' LoJ u • u , «., 

• r r - 1 1 

= 1 

F u r t h e r m o r e , the polynomial (3.13) is the same polynomial which 
c h a r a c t e r i z e s the r e c u r s i o n re la t ion for the e lement by e lement p r o -
duct sequence of any n sequences each of which sa t is f ies the F i b -
onacci r e c u r r e n c e re la t ion u , , = u + u , . 

n+1 n n-1 
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THE GOLDEN CUBOID 

H. E. HUNTLEY 

The prob lem of finding the d imensions of a cuboid ( rec tangular 
paral le lopiped) of unit volume, having a diagonal 2 units in length leads 
to an in te res t ing resu l t . 

Suppose the Lengths of the edges a r e a, b and £. Then 

(1) a • b • c = 1 and (2 ) / (a2 + b 2 + c2) = 2 

If only the r a t ios of these lengths a r e requi red , we may, without 
loss of genera l i ty , wr i te b = 1, provided that a * c can have the value 

2 2 
unity and that a + c = 3 , Now it is evident from Fig. 1, which r e -
p r e s e n t s the base of the cuboid, that 
the max imum value of a ' c occurs j^j. . . ^ ^ - base 
when a = c = v3 /2 , so that a * c 
m a y h a v e any value from ze ro to 3/2. Fig. 1 

Substituting c = l / a from (1) in (2), we have 
2 1 4 2 

a + - 3 i. e. , a - 3a + 1 = 0, whence 
a 

2 3 + 1/5 . x n 2 
a = — ^ — = 1 + <P = <P- , 

so that a = <p , the Golden Section. The posi t ive solution of the equa-
tion x - x - 1 = 0 and the value of u / u , as n -^*o , where u is 

n n-1 n 
a m e m b e r of the Fibonacci Se r i e s . 

F r o m (1) it follows that c = <P , so that the r equ i red ra t ios a r e 
a:b:c = <p:l: <P~l. It is eas i ly verif ied that <^2 + l + ^ " 2 = 4 . 
Continued on page 240. 


