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1. INTRODUCTION 
The subject theorem* due to E. Zeckendorf*- \ is one which de -

s e r v e s to be m o r e widely known, pa r t i cu l a r ly since the p rope r ty in-
volved in the theorem s ta tement is a p rope r ty which uniquely c h a r a c -
t e r i z e s the Fibonacci number s among all other sequences of posi t ive 
i n t e g e r s . Our purpose in this paper is to give a brief exposit ion of 
theorem with i ts proof, and to examine s eve ra l applicat ions and con-
sequences . 

Fo r the subsequent proof, it is convenient to define the Fibonacci 
, o « number s \\i l as follows: u, = 1, u_ = 2, u ., = u + u , for ] n\ , 1 2 n+1 n 11-1 

n 2 2. If we take ]F [ according to the m o r e common definition, w, F . = F , = 1 and F ,. = F + F . for n > 2, then u = F _,_. for 1 2 n+1 n n-1 n n+1 
n > 1. 

Zeckendorf ' s theorem essen t i a l ly s ta tes that eve ry posi t ive 
in teger can be r e p r e s e n t e d uniquely as a finite sum of dis t inct F ib -
onacci number s j u [, with the additional cons t ra in t that no two con-
secut ive Fibonacci number s appear in the r ep resen ta t ion of any p a r -
t i cu la r in teger . A formal s ta tement of the theorem and i ts proof fol-
low in sect ion 2, while sect ion 3 is concerned with applicat ions and 
a conve r se . 

2. ZECKENDORF'S THEOREM 
Theorem: Every posi t ive in teger N has one and only one r e p r e s e n -
tat ion in the form 

(1) N = 2 a.u. 

where each a. is a b inary digit and 

(2) «i«i+l = ° f o r i 2 l-
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(In the following, we shall reserve the subscripted variables a 
and p for binary digits, that i s , digits which have either the value 
zero or unit. ) 

The proof is accomplished with the aid of two lemmas: 
Lemma 1: u = 1 + u , + u 0 + . . .+ u, 0 , 

n n-1 n-3 1,2 

where ( u, if n is odd 

U l , 2 
u ? if n i s even. 

Proof: The elementary inductive verification of this identity i s left 
to the reader. 
Lemma 2: Representation of a positive integer in the form (1) with 
binary coefficients satisfying (2) i s unique. 
Proof: Assume 9 a positive integer N with two distinct represent 
tations of the required form, so that 

(3) N = S P^u. = J Piui 
1" 1 

with a . a . , , = /J. 0 . . i = 0 for i 1 1, and l l + l * i H i + i 

1 

Let k be the largest integer i such that a. ? &>\ then of the two 
quantities a and 0 , , one must be unity and the other zero. Assume 
without loss of generality that a = 1, 0 = 0, so that (3) becomes 

k k-1 
(4) 2 a.u. = 2 £.u, . 
* ' l i 1 1 

1 1 

But the left-hand side is >̂ u, since a, = 1, while the right-hand side 
satisf ies 

k-1 
2 
1 
2 ^ < V-l +uk-3 + - '- + u l , 2 = V1 ' 
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a contradic t ion. We conclude a. = Q. for all i > 1: that i s . the 
I Ki — ' 

r ep re sen ta t i on is unique. 
Proof of Theorem: 

It r e m a i n s to be shown that every posi t ive in teger N has a 
r ep re sen t a t i on in the form (1) with binary coefficients satisfying (2). 

We will p rove , by an induction on n, that 0 <. N < u impl ies 
n-1 

N = 2 <*.u. with a.a... = 0 for i > 1. 1 1 I l i - i — 
1 

The s ta tement is vacuuousiy t rue for n = 1 and is verified by in spec -
tion for n = 2 and n = 3. Now, a s s u m e the proposi t ion has been 
proved for n = 1, 2, . . . , k where k is some in teger _> 3; we wish to 
show the s ta tement mus t n e c e s s a r i l y be t rue for n = k+1, or equiva-
ientiy, that 0 £ N < u , , , impl ies 

k 
(5) N = 2 a.u. (<*.a.^. = 0 for i 2 1). 
* ' l i N l i+l 

1 
By the induction hypothes is , the r e su l t holds for N in the range 
0 < N < u, , so that we need only cons ider the case u, < N < u, , , . — k J k ~" k+1 
F o r this l a t te r c a s e , 

0 < N - u k < u k + 1 - u k = u ^ , 

and the induction hypothesis guaran tees binary coefficient fi. such that 

k-2 
N - u, = • Z 0.u. . (i3.i5.x l = 0 for i 2 : 1 ) -k 1 1 X H i p i+l — 

1 

Transpos ing the u, , we obtain 
k-2 

N = 2 0.u, + u i i k 
1 

so that the choices , a. = 8. for 1 5 i < k -2 , a. , = 0 and a. = 1, 
i Ki k-1 k 

yield a r ep resen ta t ion in the requ i red form (5). q. e. d. 
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3. APPLICATIONS AND A RELATED PROBLEM 
As our f i r s t application, we analyse the problem*- ->of d e t e r m i n -

ing the probabil i ty that at leas t two success ive "heads" will occur in 
n flips of a fair coin,. To invest igate this p roblem, we cons ider the 
complementa ry si tuation and ask for the number of ways in which a 
coin can be tossed n t imes without ever getting two heads in sequence . 
Clear ly , this number is equal to the number of dis t inct b inary s e -
quences (a

}» a
?t • • •> a ) o£ length n, where each a. is e i ther 1 

(heads) or 0 (tai ls) , with the additional cons t ra in t that a 1 is never fol-
lowed immedia te ly by another 1. This la t te r condition is concisely ex-
p r e s s e d by the r equ i r emen t ct-a-,, - 0 for i 2L 1> which, of c o u r s e , 
is exact ly the coefficient condition of the preceding sect ion. 

Let us t e r m a sequence of n binary digits an " a d m i s s i b l e " s e -
quence if it sa t isf ies the cons t ra in t a.a.., - 0 for i > 1; then, we 
wish to de t e rmine , as a function of n, the number of admiss ib le s e -
quences . 

To each admiss ib le sequence (#, , a?> . . • > a )> let us a s soc ia t e 
the number 

n 
2 a.u. 

l l 

i=l 

so that a one- to-one co r re spondence , 
n 

( a, t «2> • • • » or )-*-*-2 a i u i » 
1 

is es tabl i shed between admiss ib le sequences (of length n) and a subset 
of the posi t ive i n t ege r s . But, from the proof of Zeckendorf ' s theorem, 
we have that each in teger N satisfying 0 £ N < u , has one and 
only one r ep resen ta t ion in the form 

n 

i l 
1 
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with « . « . , , = 0 for i > 1, and c l ea r ly no in teger > u ,, can be 
l l r i — y ° - — n+1 

r e p r e s e n t e d in this form. Hence, the number of different i n t ege r s 
which can be r e p r e s e n t e d is equal to the number of in tegers in the set 
j 0, 1, 2, . . . , u , -1 I , or u . By our co r re spondence , the num-
ber of admiss ib le sequences of length n is therefore a l so u , , . Since 

n+1 
the total number of b inary sequences of length n is 2 , the p r o b -
abil i ty of not obtaining at leas t two success ive heads in n throws is_ 

U _L1 

n+1 
2 n 

or , equivalently, the r equ i r ed probabi l i ty of having at leas t two suc-
cess ive heads in n t o s s e s is 

2
 Un+1 

2 n 

A second applicat ion may be found in Whinihan's r ecen t paper1- J 

on de te rmin ing an optimum s t r a t egy for the game of Fibonacci Nim. 
In developing the s t ra tegy , the author in t roduces a rule for r e p r e -
senting an a r b i t r a r y in teger as a unique sum of dis t inct Fibonacci 
n u m b e r s , so that in the sequence of expansion coefficients, it is ' i m -
poss ib le for two l ' s to appea r . . . without at leas t one 0 separa t ing 
them. " As noted in an ed i tor ia l comment , this unique r ep re sen ta t ion 
p r o p e r t y is p r e c i s e l y the content of the Zeckendorf t heo rem. 

Lastly, we cons ider the unique r ep resen ta t ion p rope r ty in Zeck-
endorf ' s theorem and ask what other in teger sequences (if any), in ad-
dition to the Fibonacci sequence, enjoythe same p rope r ty . For c la r i ty , 
we define the p rope r ty in quest ion as follows: 
Definition: A sequence of posi t ive in tegers j v v is said to p o s s e s s 
the unique r ep re sen ta t ion p rope r ty (u. r . p . ) if and only if every pos i -
tive in teger N has a unique r ep resen ta t ion in the form 

(6) N = 2 <*.u. , 
1 1 

1 
where the a. a r e b inary digits satisfying 
(7) a. « = 0 for i > 1 . 

l l+l — 
The main theorem concerning u. r . p . sequences is due to D. E. [4] DaykinL J : 
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Theorem (Daykin): If 5v [ is a sequence pos se s s ing the u. r . p . , 
then v is n e c e s s a r i l y inc reas ing and v = u for a i l n > 1. n J & n n — 

Thus, the Fibonacci sequence is the only sequence, i nc reas ing 
or o therwise , for which unique r ep re sen ta t ions in the form (6)-(7) a r e 
poss ib le for every posi t ive in teger . 

Daykin1 s t heo rem is ea sy to prove in the ca se of i nc reas ing v 
but is non- t r iv ia l for the genera l case in which the v ' s may appear 
in any o r d e r . The genera l r e su l t provides a complete conver se to 
Zeckendorf ' s t heo rem and a l so gives a concise cha rac t e r i za t i on of the 
Fibonacci sequence as being the only sequence pos se s s ing the unique 
r ep re sen ta t ion p rope r ty . 

A different, though re la ted , cha rac t e r i za t i on of the Fibonacci 
number s in t e r m s of "comple te" sequences has been given e a r l i e r by 

("5I 
the author1- J . Any sequence pos se s s ing the u. r . p . i s , a for t io r i , com-
plete ; that i s , eve ry posi t ive in teger may be wr i t t en as a sum of d i s -
t inct m e m b e r s of the sequence. Moreover , it can be shown that the 
delet ion of any single t e r m from a u. r . p . sequence r e n d e r s the r e -
maining sequence incomple te . The definition of comple teness , unlike 
that of the u. r . p . , is invar iant with r e s p e c t to a r e o r d e r i n g of the s e -
quence and m a y provide an a l t e rna te method of proving Daykin1 s 
t heo rem. The connection between comple teness and the unique r e p r e -
sentat ion p rope r ty wil l be the subject of a future pape r . 
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