
ELEMENTARY PROBLEMS AND SOLUTIONS ' 

Edited by A.P. HILLMAN 
University of Santa Clara, Santa Clara, California 

Send all communicat ions regard ing E l e m e n t a r y P r o b l e m s and 
Solutions to P r o f e s s o r A. P . Hil lman, Mathemat ics Depar tment , Uni-
v e r s i t y of Santa Clara , Santa Clara , California. Any prob lem be-
lieved to be new in the a r e a of r e c u r r e n t sequences and any new ap -
p roaches to exis t ing p rob lems will be welcomed. The p ropose r should 
submit each p rob lem with solution in legible form, p re fe rab ly typed 
in double spacing with name and a d d r e s s of the p ropose r as a heading. 

Solutions to p rob l ems l is ted below should be submit ted on s e -
p a r a t e signed sheets within two months of publication. 

B - 4 4 Proposed by Douglas Lind, Falls Church, Virginia 

Prove that for every posi t ive in teger k the re a r e no m o r e than 
k k+1 

n Fibonacci n u m b e r s between n and n 
B - 4 5 Proposed by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Let H be the n - th genera l ized Fibonacci number , i . e . , let n 
H, and H~ be a r b i t r a r y and H , = H , , + H for n > 0. Show 1 2 J n+2 n+1 n 

that nHx + ( n - l ) H 2 + (n-2)H3+. . . +Hn = H n + 4 - ( n + 2 ) H 2 - H 1 . 

B - 4 6 Proposed by C.A. Church, Jr., Duke University, Durham, North Carolina 

Evaluate the n - th o rde r de te rminan t 

D = n 

a+b ab 

1 a+b 

0 1 

0 0 

0 0 

ab 0 

a+b ab 

1 a+b 
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B - 4 7 Proposed by Barry Litvack, University of Michigan, Ann Arbor, Michigan 

Prove that for eve ry posi t ive in teger k the re a r e k consecut ive 
Fibonacci n u m b er s each of which is composi te . 

] 3 - 4 g Proposed by H.H. Ferns, University, of Victoria, Victoria, British Columbia, Canada 

Prove that 

r — 1 I r 
I -2 F if r is an even posi t ive in teger 

r ( r - 1 ) / 2 
2 F -2(5) ' if r is an odd posi t ive in teger , 

2 <-2>\>Fk = 
k=i 

where F 10 = F ., + F (F . = F» = 1) and find the cor responding sum n+2 n+1 n 1 2 * & 

in which the F, a r e rep laced by the Lucas n u m b e r s L, . 

B - 4 9 Proposed by Anton Qlaser, Pennsylvania State University, Abington, Pennsylvania 

Let <p r e p r e s e n t the Letter "oh". 
Given that T, W,«£, L, V, P , and TW<£ a r e 
Fivonacci n u m b e r s , solve the c ryp ta r i thm 
in the base 14, introducing the digits 
a> /3 > d > and S in base 14 for 10, 11, 
12, and 13 in base 10. 

TW0 
IS 

THE 
0NLY 
EVEN 

PRIME 

B - 5 0 Proposed by Douglas Lind, Falls Church, Virginia 

Prove that 

j=0 

2 F 2 - ( n ) F . 
J 3 3 

- F 2 . 
n 

B - 5 1 Proposed by Douglas Lind, Falls Church, Virginia 

Let <f> (n) be the Eule r totient and let <f> (n) be defined by 
<f>l(n) = 0 (n), <f> k + 1 ( n ) = <j> [^k(n)] . P rove that 0 n ( F ) = 1, where F 
i s the n - th Fibonacci number . 
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SOLUTIONS 

A PERIODIC R E C U R R E N T S E Q U E N C E 

B - 3 0 Proposed by V.E. Hoggatt, Jr., San Jose State College, San Jose, California 

Find the mil l ionth t e r m of the sequence a given that 

a, = 1 , a-, = 1, and a ,~ = a ., - a for n > 1 1 2 n+2 n+1 n 

Solution by J.A.H. Hunter, Toronto, Ontario, Canada 

It i s s imple to show that a has a per iod of 6, with: 

a 6k+4 = a6k+5 = " 1 ' 
10 = 4(mod 6), hence the mil l ionth t e r m mus t be - 1 . 

Also solved by Charles R. Wall, Texas Christian University, Ft. Worth, Texas; 
John H. Halton, University of Colorado, Boulder, Colorado; J.L. Brown, Jr., 
Pennsylvania State University, State College, Pennsylvania; Vassili Daiev, Sea 
Cliff, L.I., N.Y.; George Ledin, Jr., San Francisco, California; Ronald 
Weinshenk, San Jose State College, San Jose, California; Dermott A. Breault, 
Sylvania—A.R.L., Waltham, Mass.; David E. Zitarelli, Temple University, 
Philadelphia, Pennyslvania; B. Litvack, University of Michigan, Ann Arbor, 
Michigan; and the proposer. 

SUMS OF CONSECUTIVE FIBONACCI NUMBERS 

B - 3 1 Proposed by Douglas Lind, Falls Church, Virginia 

If n is even, show that the suni of Zn consecut ive Fibonacci 
n u m b e r s is divisible by F . 

J n 
Solution by Roseanna Torretto, University of Santa Clara, Santa Clara, California 

Let T be the sum F , , + . . . + F ,., of 2n consecut ive 
a+1 a+2n 

Fibonacci n u m b e r s . Let S = F , + F~ + . . . + F . It is well known 
n 1 2 n that S = F ,~ - 1. Hence n n+2 

a+2n n ~ a+2n+2 a+2 
e 

Since F , - F = L F for p even (see I. D. Ruggles , Some 
q+p q-p q P F && 

Fibonacci Resul t s using Fibonacc i -Type Sequences , this Quar t e r ly , 
Vol. 1, No. 2, p . 77), T = L , , - F as de s i r ed . * r ' a+n+2 n 
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Also solved by J.L. Boriun, Jr., Pennsylvania State University, State College, 
Pennsylvania; B. hitvack, University of Michigan, Ann Arbor, Michigan; John 
H. Halton, University of Colorado, Boulder, Colorado; Charles R. Wall, Texas 
Christian University, Ft. Worth, Texas; and the proposer. 

A C O N G R U E N C E R E L A T I O N 

B - 3 2 Proposed by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

Show t h a t n L = F ( m o d 5 ) . n nx ' 

Solution by John Allen Fuchs, University of Santa Clara, California 

I t f o l l o w s f r o m b a s i c r e s u l t s on h o m o g e n e o u s l i n e a r d i f f e r e n c e 

e q u a t i o n s t h a t t he s e q u e n c e Y = n L - F s a t i s f i e s ^ . ^ n n n 

(1) Y , A = 2Y , - + Y , 9 - 2Y , , - Y , 
x ' n+4 n+3 n+2 n+1 n 

2 2 
i . e . , (E - E - 1) Y = 0 w i t h t he o p e r a t o r E de f ined a s i n J a m e s A., 
J e s k e , L i n e a r R e c u r r e n c e R e l a t i o n s — P a r t I, t h i s Q u a r t e r l y , Vo l . 1, 

N o . 2 . The d e s i r e d r e s u l t now fo l l ows by t r i a l fo r n = 1, 2, 3, a n d 4 

a n d m a t h e m a t i c a l i n d u c t i o n u s i n g (1). 

Also solved by John H. Halton, University of Colorado, Boulder' Colorado; 
J.L. Brown, Jr., Pennsylvania Slate University, State College, Pennsylvania; 
Douglas Lind, Falls Church, Virginia; and the proposer. 

T E R M B Y T E R M S U M S 

B - 3 3 Proposed by John A. Fuchs, University of Santa Clara, Santa Clara, California 

L e t u , v , . . „ , w be s e q u e n c e s e a c h s a t i s f y i n g t he s e c o n d n n n ^ J O . 
o r d e r r e c u r r e n c e f o r m u l a 

y , r» = g y • i + n y ( n - i ) > 
J n + 2 & / n + l J n N ' 

w h e r e g a n d h a r e c o n s t a n t s . L e t a, b , . . . , c be c o n s t a n t s . 
Show t h a t 

a u + bv + . . . + cw = 0 n n n 

i s t r u e for a l l p o s i t i v e i n t e g r a l v a l u e s of n if i t i s t r u e fo r n = 1 a n d 

n = 2 . 
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Solution by B. Litvack, University of Michigan, Ann Arbor, Michigan; Jchn H. 
Halton, University of Colorado, Boulder, Colorado; and the proposer. 

S u p p o s e t h a t 

(1) a u + bv + . . . + cw = 0 
n n n 

fo r n = 1 a n d n = 2 . M u l t i p l y i n g the f i r s t c a s e by h a n d the s e c o n d 

by g, w e s e e t h a t 

a h u , + bhv , + . . . + chw = 0 , 

a g u 2 + b g v 2 + . . . + c g w 2 = 0 . 

A d d i n g , w e o b t a i n 

au~ + bv« + . . . + cw» 

s i n c e u , v , . . . , w a i l s a t i s f y n n n J 

y n + 2 = ^ y n + 1 + h y n . 

R e p e a t i n g t h e p r o c e s s ( o r , m o r e f o r m a l l y , u s i n g m a t h e m a t i c a l i n d u c -

t ion) w e v e r i f y t h a t (1) h o l d s for a l l n if i t h o l d s for n = 1 , 2 . 

A l s o s o l v e d 

J A R D E N P R O D U C T S 

Proposed by G.L. Alexanderson, University of Santa Clara, Santa Clara, 
California 

L e t u a n d v be a n y two s e q u e n c e s s a t i s f y i n g t h e s e c o n d -

o r d e r r e c u r r e n c e f o r m u l a 

<x> y n + 2 = *yn+1
 + h v 

w h e r e g a n d h a r e c o n s t a n t s . Show t h a t t h e s e q u e n c e of p r o d u c t s 
w = u v s a t i s f i e s a t h i r d - o r d e r r e c u r r e n c e f o r m u l a n n n 

(2> y n + 3 = a y n + 2 + b y n + l + C y n 

a n d f ind a, b , a n d c a s f u n c t i o n s of g a n d h . 
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Solution by the proposer. 

Let r and s be the roots of the auxiliary polynomial x -gx-h 
of (1). We assume r j> s; the case r = s has the same result. Now 

n, n n. n , . 2.n. . %n, . 2.n 
u n = C l l r + C 1 2 S ' V c 2 1 r + C 2 2 S ' a n d s o V c l ( r ) + c 2 ( r s ) + c 3 ( s ) ' 
Hence the auxiliary polynomial of (2) is 

x -ax -6x-c=(x-r ) (x-rs ) (x-s ) = |_x -(r +s )x+(rs) J (x-rs) = 

[x 2 - (g 2 +2h)x+h 2 ] (x+h)^x3-(g2+h)x2-(g2+h)hx+h3 . 

2 2 3 
Now a=g +h, b=(g +h)h, and c=-h 

Also solved by John H. Halton, University of Colorado, Boulder, Colorado; and 
Charles R. Wall, Texas Christian University, Ft. Worth, Texas. This problem 
is a special case of formulas of D. Jarden, Recurring Sequences, Riveon 
Lematematika, Jerusalem (Israel), 1958, p. 43. 
This problem is a special case of formulas of D. Jarden, Recurring 
Sequences, Riveon Lematematika, Jerusalem (Israel), 1958, p. 43. 

AN ALTERNATING BINOMIAL TRANSFORM 

B - 3 5 Proposed by J. L. Brown, Jr., Pennsylvania State University, University Park, 
* Pennsylvania 

Prove that 

k=l 

for r an odd positive integer and generalize. 

Solution by H. H. Ferns, University of Victoria, Victoria, British Columbia, 
Canada 

We have the Binet formula 

n A n 
q - P F 

where • - . 
1 + v ? , a 1 - V5 

a = - and p = 
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Thus 

1 - a = £ or 1 - /3 = a . 

Now 

r - 1 

k=l 

.•-©^•©(•W-o&rt 
• • • • • <-"'-' G - ' D ^ 1 - ) 

\ | - G > +©«2-G)«3*--+<-1»r~'(,!1>,r"1 

Let r be an odd positive integer. Then 

r-1 

. 2 ( - i ) k © F k = ^ { f ( 1 - a ) r - 1 + a r ] + C l - ( 1 - 0 ) r - ^ r ] / 
k=l 5 

= I - [ J 3 r - 1 + -a r + l - a r - 3 r ] 

= 0 . 

Let r be an even positive integer. Then 

r-1 

= I [ 0 r - 1 - a r + i - a r + $ . r ] 

2 H)kfflFk- I{[(i - )r - i - «rJ + Ci. - a -*)* +0']} 

-2 

-2F 

( ^ ) 
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For Lucas number s it can be shown by analogous methods that 

r-1 

Z m*" (JK • { 
k=l ^ 

if r i s even 

2 - 2L if r i s odd. r 

Also solved by John H. Halton, University of Colorado, Boulder, Colorado; 
Douglas Lind, Falls Church, Virginia; Charles R. Wall, Texas Christinn 
University, Ft. Worth, Texas; and the proposer. 

THE P E L L S E Q U E N C E 
B - 3 6 Proposed by Roseanna Torretto, University of Santa Clara, Santa Clara, 

California 

The sequence 1, 2, 5, 12, 29, 70, . . . is defined by c, = 1, 
c 0 = 2, and c . = 2c ,,. + c for a l l n 2 1. P rove that c_ is an 

2 n+2 n+1 n 5m 
in tegra l mult iple of 29 for a l l posi t ive in t ege r s m . 
Solution by Douglas Lind, Falls Church, Virginia 

Since c_ = 29, the solution follows at once from the m o r e gen-
e r a l fact that for the above defined sequence, 

(1) c | c . x ' m ' nm 

We shal l p rove this m o r e gene ra l a s s e r t i o n following N. N. Vorobyov 
(The Fibonacci Numbers , Heath, 1963). 

We need f i r s t e s tab l i sh that 

( 2 ) Cn+k = C n - l C k + CnCk+l ' 

Proof i s by induction on k. The c a s e s k = 1, k = 2 a r e eas i ly shown 
t r u e . We then a s s u m e (2) t rue for k and k + 1. Hence 

{ 3 ) cn+k = C n - l C k + CnCk+l * 

( 4 ) Cn+k+l = C n- l C k+l + C n C k - 2 ' 

Multiplying (4) by two and adding to (3), we obtain 

Cn+k+2 = C n - l C k+2 + C n°k+3" ' 

complet ing the induction s tep and proving (2). 
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We now prove the genera l a s s e r t i o n (1) by induction using (2). 
(1) is obviously t rue for n = l . Nowassume c is divisible by c , 

nm 3 m9 

n 2l 1 and cons ider c, , , v . By (2), 
(n+l)m J \ t> • 

(n+l)m "" nm-1 m nm m+1 

The f i r s t t e r m on the r ight is divisible by c , and by the induction 
hypothes is so is the las t t e r m . Applying the fundamental t heo rem of 
a r i t h m e t i c , so a l so m u s t be c, I1X . This comple tes the induction 

(n+l)m ^ 
s tep and the proof of (1). 
Also solved by B. Litvack, University of Michigan, Ann Arbor, Michigan; 
Charles R. Wall, Texas Christian University, Ft. Worth, Texas; John H. Halton, 
University of Colorado, Boulder, Colorado; Dermott A. Breault, Sylvania A.R.L., 
Waltham, Mass.; J.A.H. Hunter, Toronto, Ontario, Canada; H.H. Ferns, 
University of Victoria, Victoria, British Columbia, Canada; J.L. Brown, Jr., 
Pennsylvania State University, State College, Pennsylvania; and the proposer. 

HARMONIC DIVISION 
B - 3 7 Proposed by Brother U. Alfred, St. Mary's College, California 

Given a line with a point of or igin O and four posi t ive posi t ions 
A, B, C, and D with r e s p e c t to O. If the line segments OA, OB, OC, 
and OD cor respond respec t ive ly to four consecut ive Fibonacci num-
b e r s F , F , , , F • , F l o , de t e rmine for which set(s) of Fibonacci 

n n+1 n+2 n+3 
n u m b e r s the points A, B, C, and D a r e in s imple ha rmon ic r a t io , i. e. , 

AB AD , 
BC DC ' 

Solution by John H. Halton, University of Colorado, Boulder, Colorado 

O, A, B, C, D a r e five consecut ive points on a l ine, with OA=F , 
OB=F „ , OC=F , , , OD=F ^ . Thus AB=F X l - F =F . , BC=F , n+1 n+2 n+3 n+1 n n-1 n+2 
- F n = F , AD= F ^ . - F = (F ,-, + F ,, ) - (F , 9 - F ,, ) = 2F ,, , n+1 n n+3 n * n+2 n+1 ' x n+2 n+1' n+1 
DC=F 0 - F ^ = - F ^ . Thus AD/DC = -2 , and AB/BC =F , / F . n -2 n+3 n+1 ' n-L n 
If B a n d D divide A and C harmonica l ly , (AB/BC)(AD/DC) = - 1 . That 
i s , F T / F = ^r. This occu r s p r e c i s e l y once, for posi t ive n, when n - 1 ' n 2 * 
n=3, and never for negative n. The only set of points i s the re fore 
that in which OA=F3=2, OB=F4=3, OC=F5=5, OD=F6=8. 
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Ed i to r i a l note. Let R =F , / F . It is weLL known and eas i ly 
n n - 1 ' n ' 

proved that R 2 > R 4 > R, > . . . R > R > R 3 . This shows that the n 
for which R is unique. 

Also solved by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 
and the proposer. 

XXXXXXXXXXXXXXX 

Continued from page 184. 
Moreover , these a r e the d imensions of the cuboid of unit vol-

ume, for ip x 1 x<p 
H 

• 1 _ = 1, 

A 

-1 

S ? ' \ ' 1 
1 I 
1 1 
1 1 
1 1 

T 
'/ 

F 

D 
Fig. 2 

Cer ta in other p r o p e r t i e s of the Golden Cuboid m a y be noted. 
It i s c l ea r from Fig. 2 that the ra t ios of the a r e a s of the faces 
AE:AC:CE = «p:l:«p"l. 
The total surface a r e a of the cuboid is 3( <p + 1 + fP"1) = 6*P 

1. 
a r e : 
2. 
3. Four of the six faces of the cuboid a r e Gold Rectangles , e . g . , 
CE (Fig. 3) 
4. Each of the four diagonals of the cuboid is inclined to the base at 
an angle of 30 °. 
5. The ra t io of the a r e a of the sphere c i r c u m s c r i b i n g the cuboid to 
that of the cuboid is 27r-.3<P. 

One fur ther point i s of i n t e r e s t . 
6. It i s wel l known that, if a square CK i s cut off from the Golden 
Rectangle CE (Fig. 3), the s ides of the remain ing rec tang le LE a r e 
a l so in the ra t io <p:l. And of cou r se the d i ssec t ion m a y be repea ted 
unti l the rec tangle size approaches that of a point, which i s the i n t e r -
sect ion of BF and KE. 

It i s not so wel l known that, if two cuboids of square c r o s s s e c -
tion (<?-•*" x <P~*) a r e cut from the Golden Cuboid (broken l ines , F ig . 2), 
the edge lengths of the remain ing cuboid a r e in the s ame ra t io a s those 
of the or ig ina l cuboid, viz . , 1: V"1: <p~2 = <p:l: <P~^, so that this a l so i s 
a Golden Cuboid, ^p-3 t imes the s ize of the or ig ina l . 

The repet i t ion of the decapitat ion p r o c e s s will lead to an indef-
initely sma l l Golden Cuboid located about a fixed point. The location 
of this point i s left as an e x e r c i s e to# the r e a d e r . 

XXXXXXXXXXXXXXX 


