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1. INTRODUCTION 
Kiefer^ -« has given a sequential method for seeking the maximum 

of a unimodal (s ingle-peaked) function of one var iable in a finite in-
t e rva l . This p rocedure is min imax in the sense that no m a t t e r where 
the peak may happen to be, the final in te rva l within which the peak will 
be known with ce r ta in ty to lie will be as smal l as poss ib le . In this 
technique the last exper iment mus t be located as c losely as poss ib le 
to the exper imen t giving the g r ea t e s t value among those previous ly 
run. If this d i s tance e i s negligibly smal l , then Kiefer ' s p rocedure 
is indeed min imax . When on the other hand € cannot be neglected, 
which is often the case in p rac t i ca l p r o b l e m s , then Kiefer ' s method 
can be modified to give a sho r t e r final in te rva l of uncer ta in ty . 

Kiefer ' s or iginal technique is a s y m m e t r i c in the sense that the 
las t two exper imen t s a r e not located symmet r i ca l l y with r e spec t to 
each o ther . The modified p rocedure is s y m m e t r i c , since it p e r m i t s 
the last exper iment to be placed symmet r i ca l ly with r e spec t to the 
mos t effective previous exper iment . In the ex t r eme case when as 
many exper imen t s as poss ib le a r e run, the s y m m e t r i c technique gives 
a final in te rva l only two- th i rds as long as for the a s y m m e t r i c method. 
F o r m u l a e a r e given for the maximum number of expe r imen t s which 
can profitably be .performed for a finite resolut ion e . Analys is of 
them shows that the s y m m e t r i c method can occasional ly make use of 
at mos t one m o r e exper iment than the a s y m m e t r i c p rocedu re . 

P rob l em: Let y be a s ingle-valued function of x having a 
max imum y* at the unknown point x* somewhere in the in te rva l 
a £ x £ b . Suppose that in this in te rva l y is unimodal , i . e . , that 
a < x, < x ? ^ x* impl ies y(x, ) < y(x~), and x* £ x, < x <_b i m -
pl ies y(x, ) > y(x ). If observa t ions of y a r e taken at the k points 
x, < x < , , , < x , and if the g rea t e s t value of y is found at x. , 
then the unimodali ty impl ies that x. , < x* < x. , with the convention 
* Curren t ly at Stanford Univers i ty , Stanford, California. 
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that x = a and x. . , = b. Let o k+1 
(1) x. , , - x. = L, 

the length of the interval of uncertainty after k observations (L = L, 

= b-a). For k > 1, L, will become smaller as more measurements 
.K. 

are taken, and we wish to locate them in such a way that the length L 
of the final interval of uncertainty after n sequential observations 

will be as small as possible, no matter where x* actually happens to 
be. If jx I represents any sequence of n observations, then the 

minimax sequence 5 x* [ is the one which gives this smallest interval 
L*. Formally, n 

•/9X L*/L = min - max \h /L I 
( 2 ) n ° ( { x n } a i x ^ b ) ' n o t 

2. DISTINGUISHABILITY 
Even when the function is known to be unimodal it may not be 

possible to detect, in a physical problem, the difference between the 

outcomes of two measurements that are too close together. When this 

happens, the experimenter is unable to reduce the interval of uncer-

tainty, and one of the observations is useless. Thus in designing a 

sequential search technique one must take into account the minimum 

spacing e for which two outcomes are distinguishable. The smallest 

interval of uncertainty obtainable practically is therefore 2 e. 

(3) L = x . , , - x . , = (x. , - •- x.) - (x. - x . -.) = 2 €. 
n J+l J - l J t l y J J-17 

Although the resolution € is usually negligible compared to the ori-

ginal interval of uncertainty L , it is often a large fraction of the final 
o 

interval L if the search is at all efficient. n 
3. RESULTS OBTAINED BY NEGLECTING RESOLUTION 

Kiefer'- J has given a search procedure based on the Fibonacci 

sequence (1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, . . . ), where the nth 
Fibonacci number is given by 

(4) F = F. = 1; F = F . + F 9 for n = 2, 3, 
o 1 n n-1 n-2 
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One p laces the f i rs t two exper iments at d is tances L F ., / F from 
o n - 1 ' n 

one end of the or iginal in te rva l . By equations (1) and (4) the be t te r 
observa t ion will be a d is tance L F 0 / F from one end of the new 

o n - 3 / n 
in te rva l of uncer ta in ty , whose length will be L~ = L F _ / F . The 

J to 2 o n - 2 ' n 
thi rd observat ion is made symmet r i ca l l y with r e spec t to the one a l -
ready in the interval* i. e. , a d is tance L F 0 / F from the other 

7 o n - 3 ' n 
end. This p rocedure is continued until all but one exper iment has been 
run and the in te rva l of uncer ta in ty has length L , = L F _ / F = 2L / F . 

J & n-1 o Z' n o/ n 
The best observat ion will be exactly in the center of this interval , , be-
cause L F , / F = L / F = L T / 2 . Thus if the final observat ion 

o 1 n o' n n - 1 ' 
were placed symmet r i ca l ly it would be completely indist inguishable 
from the one a l ready in the in te rva l . It mus t therefore be located a 
dis tance e to one side or the other of the midpoint. Fo r this r eason 
we shal l call this a s y m m e t r i c min imax method. 

If the e x p e r i m e n t e r ' s luck i s bad he will be left with an in te rva l 
of uncer ta in ty of length 
(5) L* = L / F + e v ' n o' n 
The a s t e r i s k has been added to L because Kiefer has shown that 

n 
this in terva l is € -min imax among all non- randomized p r o c e d u r e s . 
If one randomizes the p lacement of the las t exper iment , the expected 
final in te rva l is slightly l ess 
(6) E iL* I = L F + e/Z v / j nf o n ' 
These r e su l t s were obtained essen t ia l ly by neglecting the resolut ion 
and minimaxing the other t e r m . Thus as t approaches ze ro L* 
approaches the t rue min imax length. 

A SHORTER INTERVAL 
By taking p roper account of the resolut ion € we can obtain a 

sho r t e r in te rva l of uncer ta in ty L**. In es tabl ishing this r e su l t we 
can avoid a long proof by using an in te rmedia te r e su l t of Johnson r e -
por ted in [ 3 ] . Johnson showed, in an independent a l t e rna te proof of 
Kiefer ' s resu l t , that the min imax p rocedure mus t be such that after k 
t r i a l s , 
(6r) L** = L | * z - L g ^ ; k = 2 , 3 , . . . , n 
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Both Kiefer and Johnson have demons t ra ted that the final two e x p e r i -
ments should be a d is tance € apa r t in the center of the remain ing 
in te rva l , whose length is L* , . Our p rocedure will be called s y m -
m e t r i c because it p r e s e r v e s this symmet ry . With this spacing, the 
final in te rva l is 

(7) L**. = L** , / 2 + e/2 
x ' n n - 1 ' ' 
Equations (6 ' )and(7) together give 

(8) L** = L** + L**_ = L** + (2L** - e) = 3L** - e 
n-2 n n-1 n n n 

By i te ra t ing the r e c u r s i o n re la t ion (6) we obtain 
(9) Lf * = F . x l L** - F , , € s ' k n-k+1 n n -k -1 

which can be proven readi ly by ma themat i ca l induction on the ind ices . 
When in pa r t i cu l a r k = 1, then 

L, = F L** - F 0e 1 n n n -2 

whence, s ince L = L . , o 1 

(10) L** = Lr / F + F 0 « / F 
n o' n n-2 ' n 

This in te rva l is sho r t e r than that of the a s y m m e t r i c technique by an 
amount 

(11) L* - L** = ( 1 - F , / F ) € = F . e/F 
* n n x n - 2 ' n n-1 ' n . 
As n becomes l a rge , the ra t io F , / F approaches (v/f>-l)/2 = 
0 .6 1 8 0 3 3 9 8 9 . . . [ l ] , [ 2 ] , [ 3 ] , and so the resolu t ion t e r m in the 
s y m m e t r i c method is only about 38% as la rge a s for the a s y m m e t r i c 
p rocedu re . 

4. PLACEMENT OF THE EXPERIMENTS 
Although we have given the final in te rva l obtainable by the sym-

m e t r i c min imax method, we have not yet desc r ibed how to locate the 
expe r imen t s . The s y m m e t r i c p rocedure is s im i l a r to the a s y m m e t r i c 
one in that each new exper iment is placed s y m m e t r i c a l l y with r e spec t 
to the observa t ion a l r eady in the remain ing in te rva l of uncer ta in ty . 
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Hence the technique is completely defined when the location of the f i r s t 
two exper imen t s is specified. This is accompl ished by noting that the 
in te rva l remain ing after these two expe r imen t s will be L*#, which i s , 
from equation (9), 

(12) L**; = F . L** - F Q € 
2 n-1 n n-3 • 

Equations (10) and (12) together give this length in t e r m s of L . 

(13) L** = [F , L + ( F 9 F . - F F J i , _ s ' 2 L n-1 o n-2 n-1 n n - 3 ' e J / F 
' n 

The coefficient of € can be r e a r r a n g e d 

F 7 F 1 - F F . = (F 9 + F - ) F 7 - (F , + F 9 ) F . = n-2 n-1 n n-3 n-2 n - 3 ' n-2 N n-1 n-2 n -3 
(14) , 

F - F F 
n-2 n-1 n-3 

so that it can be simplified by a r e su l t of Simson^- -> •- J 

(15) F 2
 7 - F , F . = ( - l ) n 

' n -2 n-1 n-3 

Equations (13), (14), and (15) together give the optimal p lacement of 
the f i r s t two exper imen t s 

(16) L** = F . L / F + ( - l ) n€/ F 
s ' 2 n-1 o' n ' n 
Thus for an odd number of exper iments the f i r s t pa i r is slightly c lo se r 
together than for a n a s y m m e t r i c s ea rch . Conversely when n is even 
they a r e slightly fa r ther apa r t . 

5. MAXIMUM NUMBER OF EXPERIMENTS 
The need for dis t inguishabi l i typuts an upper bound on the num-

ber of expe r imen t s that can be pe r fo rmed profitably. Let m be this 
max imum number for a s y m m e t r i c s ea rch . Equations (3) and (10) t o -
gether give 

L** = L / F + F 0 / F > 2 €, m o' m m - 2 ' m — 

from which one can show that 

x ' m+1 o' m+2 
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Thus if € is only one pe rcen t of L , the re is no advantage in p e r -
forming m o r e than nine exper imen t s because 89 = F, « < 1 0 0 < F , =144. 
When n is l a rge , Lucas ' re la t ion L J L J g i v e s approximate ly 

F ,=» ( 1 . 6 l 8 ) m + 2 / > ' T " , 
m + 1 • ' 

which can be used to obtain, from equation (17), 

(18) m < 4. 785 log (L /€) - 0. 328 

For an a s y m m e t r i c s e a r c h the final observat ion, which is a d i s -
tance e from the center , can be no c lose r than e to the end of the 
in te rva l . Hence the final a s y m m e t r i c in te rva l L* can be no sho r t e r 

J n 
than 3 € 
(19) L* > 3e , 

which is 50% longer than the l imit on L** for s y m m e t r i c s e a r c h . 
Equations (5) and (1 9) together give a l imit on the number m ' of a s y m -
m e t r i c exper imen t s that can be pe r fo rmed . 

(20) F , < L / 2 € < F ' 
x ' m ' ~ o/ m '+ l 
When L = lOOe, m' = 8, one less exper iment than for s y m m e t r i c 
s ea r ch . 

It is not always poss ib le for the s y m m e t r i c s e a r c h to employ 
m o r e exper imen t s than the a s y m m e t r i c scheme (when L = 12 e, 
m = m1 = 4). Moreover , the difference will never be m o r e than one 
exper iment , as can be seen by combining the equal i t ies (17) and (20) 
•with the definition (4) of the Fibonacci sequence. 

L 
2F , < F + F . = F ^ < — < 2F , x l , m - 1 m m - 1 m+1 ~ e m '+ l 

"whence 
F , < F , , , , m - 1 m '+ l 

F i < F f m - 1 — m1 
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It follows that 

(21) m - m 1 < 1 . 

6. ACKNOWLEDGMENT 
The au thors a r e indebted to P r o f e s s o r R. E. Greenwood of the 

Univers i ty of Texas for calling thei r at tention to H. S. M. Coxe te r ' s 
a r t i c l e on the Fibonacci sequence. The r e s e a r c h was supported in 
p a r t both by the Engineer ing Foundation and The R e s e a r c h Insti tute of 
the Univers i ty of Texas0 

REFERENCES 
1. Kiefer, J . , Sequential min imax s e a r c h for a max imum, P r o c . 

A m e r . Math. S o c , 4 (1953) , pp. 502-506. 
2. Johnson, S., in Dynamic P r o g r a m m i n g by R. Bellman, P r ince ton 

Univ. P r e s s (1957), pp. 34. 
3. Coxeter , H. S. M. , The golden section, phyllotaxis , and Wy-

thoff's game, Scripta Mathemat ica (1954) pp. 139-140. 
4. Sim son, R. , An explicat ion of an obscure passage in Alber t 

G i r a r d ' s commen ta ry upon Simon Stevins works , Phi l . T r a n s . 
Roy. Soc. London 48. 1 (1753) pp. 368-376. 

5. Lucas , E. , Note sur l 'applicat ion des s e r i e s r e c u r ren tes a la 
r e che rche de la loi de dis t r ibut ion des nombres p r e m i e r s , C. 
R. Acad. Sci. P a r i s 82 (1876) pp. 165-7. 

XXXXXXXXXXXXXXX 


