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we lcomes p rob lems believed to be new or extending old r e s u l t s . P r o -
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the edi tor . To facil i tate the i r considerat ion, solutions should be sub-
mi t ted on sepa ra t e signed sheets within two months after publication of 
the p r o b l e m s . 

H - 4 6 Proposed by F.D. Parker, SUNY at Buffalo, Buffalo, New York 

Prove 

Dn = Uijl = (-l)nK , 

4 where a^ = F , . , . n (i, i = 1, 2, 3, 4, 5) and find the value of K. -U n+i+j-Z 

H - 4 7 Proposed by L. Carlitz, Duke University, Durham, N.C. 

Show that 

where 

k 
*k(x) = s (_i) r

 (k) h y . 
r=0 

H - 4 8 Proposed by J .A .H . Hunter, Toronto, Ontario, Canada 

Solve the non-homogeneous difference equation 

C , 9 = C , 7 + C + m11 , n+2 n+1 n 

where C, and C ? a r e a r b i t r a r y and m is a fixed posi t ive in teger . 
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H - 4 9 Proposed by C.R. Wall, Texas Christian University, Ft Worth, Texas 

Show t h a t , f o r n > 0, 

n [m/2] (m) 

2
n

 F = J. 5 V" 
n+1 m i 

m = 0 

w h e r e [x ] d e n o t e s t he i n t e g r a l p a r t of x, and x l = x ( x - l ) . . . ( x - n + 1 ) . 
H - 5 0 Proposed by Ralph Greenberg, Philadelphia, Pa. and H. Winthrop, University of 

South Florida, Tampa, Florida 
Show 

IT n. = F~ , l Zn 
n, + n „ + n 0 + . . . +n. = n 1 2 3 i 

w h e r e t he s u m i s t a k e n o v e r a l l p a r t i t i o n s of n i n to p o s i t i v e i n t e g e r s 

a n d the o r d e r of d i s t i n c t s u m m a n d s i s c o n s i d e r e d . 

H - 5 1 Proposed by V.E. Hoggatt, Jr., San Jose State College, San Jose, California and 
L. Carlitz, Duke University, Durham, NX. 

Show t h a t if 

(i) _ i ^ - ^ = 1 Q k ( x ) t k 

l - ( 2 - x ) t + ( 1 - x - x )t k = 1
 K 

a n d 

00 ' - - n +k
{x) 

.... x / n + k - l \ „ r. 
^ 1 n F n X - ZTc 

n=0 ( 1 - X _ X > 

t h a t 

^ ( x ) = 2 ( - l ) r + 1 ( ^ ) F r x r = Q k ( x ) 

r=0 

S e e a l s o H - 4 7 . 
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LOG O F T H E G O L D E N M E A N 

H - 2 9 Proposed by Brother U. Alfred, St. Gary's College, California 

Find the value of a satisfying the re la t ion 
n . n n 

n + (n + a) = (n + Za) 
in the l imit as n approaches infinity. 

Solution by George Ledin, Jr., San Francisco, Calif. 

I v n 
Since l im (1 + — J = e , then dividing 

(n+a) + n = (n+2a) 

through by n ^ 0 yields 

,a ,n . . . . . 2a. n 
( i + i ) " + i = ( i + ^ ) , 

n' 
which upon pass ing to the l imit on n, gives the equation 

a , 1 2a 
e + 1 = e 

] 4- ^ ^ whose posi t ive solution is a = In = = ln<f>i the log of the. Golden. 
Mean. 
A/so solved by R. We/nsfien/c, Sunnyvale, California, J.L. Brown, Jr., State College, Pa., 

Raymond Whitney, Lock Haven, Pa.-, Zvi Dresne r , and the proposer. 

MORE DIOPHANTUS AND FIBONACCI 
H - 3 0 Proposed by J.A.H. Hunter, Toronto, Ontario, Canada 

Find a l l n o n - z e r o in tegra l solutions to the two Diophantine equa-
t ions , 

(a) X2 + XY + X - Y2 = 0 

(b) X2 - XY - X - Y2 = 0 . 

Repor t by the p ropose r 
2 2 

All solutions of X +XY + X - Y = 0 a r e 
X = F 2 

2n 

Y = F F 
2n 2n+l 
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All solutions of X2 - XY - X - Y2 = 0 a r e 

X = F 2n+1 

Y = F F 
2n 2n+l 

All solutions of X2 + XY - X - Y2 = 0 a r e 

X = F 2n+1 

Y = F F 
2n+l 2n+2 

All solutions to X2 - XY + X - Y2 = 0 a r e 

X = F 2n+2 

Y = F F 
•r2n+l 2n+2. 

The "only if" por t ion of the r e p o r t was incomple te . The Edi tor awaits 
fur ther comments from our r e a d e r s . 

UNIMODULAR BILINEAR TRANSFORMATIONS 

H - 3 1 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Prove the following: 
Theorem: Let a* b, c, d be in t ege r s satisfying a > 0, d > 0 and 

ad -• be = 1, and let the roots of A - A - 1 = 0 be the fixed points of 

w = az + b 
cz + d 

Then it is n e c e s s a r y and sufficient for a l l in tegra l n / 0 , that a = F~ , , , 
b = c = F~ , and d = F„ . , where F is the n Fibonacci number . Zn 2n - l n 
(F , = 1, F - = 1 and F ,_ = F ,. + F for a l l in tegra l n. ) 1 Z n+^ n+1 n 
Solution by John L. Brown, Jr., Pennsylvania State University, State College, Pa. 

2 1 + ^/~5 Since the equation A - A - 1 = 0 has two dis t inct roots A, = —-̂  
and A ? = p , we note that c / 0. F r o m the fixed point condit ions, 

aA, + b a A ^ + b 
A = —~:—_-=- and A. 1 c \ , + d ax *2 cA 2 + d 
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i t i s s i m p l e to d e r i v e t he foLlowing n e c e s s a r y c o n d i t i o n s : 

a = c + d 

b = c . 

C o n v e r s e l y , if b / 0, b = c a n d a = c+d, t h e n the t r a n s f o r m a t i o n b e -
c o m e s 

a z + b 
w •" bz + ( a - b ) ' 

a n d t h e e q u a t i o n fo r t h e f ixed p o i n t s of t h i s t r a n s f o r m a t i o n i s 

z 2 - z - l =' 0 , 

s o t h a t XT a n d X a r e t h e f ixed p o i n t s . 

We : h a v e t h u s s h o w n t h a t t h e b i l i n e a r t r a n s f o r m a t i o n w = J-J-
1 + V 5 ' l - \/j5 cz.+d 

h a s f ixed p o i n t s A, •= —= a n d A = —^ if a n d o n l y if c / 0 , 
b = c a n d a = c+d. 

S u b s t i t u t i n g t h e s e l a t t e r c o n d i t i o n s i n t o t h e c o n d i t i o n a d - b e = 1, 
w e o b t a i n t h e fo l l owing d i o p h a n t i n e e q u a t i o n r e l a t i n g c a n d d: 

(*) c 2 - d 2 - c d + 1 = 0 . 

L e t (c , d) be a n a r b i t r a r y p a i r of p o s i t i v e i n t e g e r s w h i c h s a t i s f y 

(*). T h e n , i t i s c l e a r t h a t c > d > 0. It i s e a s i l y v e r i f i e d t h a t ( c - d , 

2 d - c ) i s a l s o a n i n t e g e r s o l u t i o n p a i r fo r (*) w i t h f i r s t t e r m > 0 a n d 

s e c o n d t e r m > 0. [if 2 d - c < 0, t h e n 0 < d < y a n d c - d - c d + 1 > 
2 c^ c^ c 2 2 2 

c —__ - ___ + 1 = _— + 1 > 1, c o n t r a d i c t i n g t h e f ac t t h a t c - d - c d + 1 
= 0.] If t h e f i r s t t e r m c - d i s a c t u a l l y > 0, t h e n w e m a y f o r m a n o t h e r 

s o l u t i o n ( 2 c - 3 d , 5 d - 3 c ) i n t h e s a m e m a n n e r a n d t h e n e w s o l u t i o n w i l l 

a g a i n h a v e a n o n - n e g a t i v e f i r s t t e r m a n d p o s i t i v e s e c o n d t e r m . A f t e r 

n s u c h i t e r a t i o n s ( a s s u m i n g p o s i t i v e f i r s t t e r m s ) , w e a r r i v e a t t h e 

s o l u t i o n ( F 0 . C - F n d, F 0 I T d - F - c ) . Now, c o n s i d e r t h e f i r s t x 2 n - l 2n 2n+l 2n 
t e r m s of t h e s o l u t i o n p a i r s t h u s g e n e r a t e d . F o r a n y n s u c h t h a t t h e 

s t f i r s t t e r m i s p o s i t i v e , w e m a y c o n s t r u c t a n n + 1 — s o l u t i o n w h i c h e i t h e r 

h a s a p o s i t i v e f i r s t t e r m o r h a s a f i r s t t e r m of z e r o . A l s o n o t e t h e 
f i r s t t e r m of e a c h s u c c e s s i v e s o l u t i o n i s s m a l l e r t h a n t h e f i r s t t e r m of 

t h e p r e c e d i n g s o l u t i o n . It i s c l e a r t h a t o u r c o n s t r u c t i o n p r o c e s s m u s t 
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lead, in a finite number of s teps , to a solution with f i r s t t e r m 0, namely 
the solution (0, 1). Fo r it not, we could produce by the foregoing p r o c -
e s s an a r b i t r a r i l y la rge number of solution p a i r s (c .,, d ) in posi t ive 
in t ege r s with c > c, > c~ •> c n . . . . and 0 d ^ c for each n. & 1 2 3 n n 
This infinite descent is obviously imposs ib le ; hence , t he re exis t s an 
in teger k > 0 such that the solution pa i r ( F ? , . c - F~ ,d , F 9 , ,, d - F 9 , c) 
is ident ical ly the pa i r (0, 1). We have, the re fo re , 

F 2 k - l C " F 2k d = ° 

F 2 k + l d " F 2 k c = 1 • 

from which c = F 0 1 , d = F 0 1 , and a = c+d = F 0 1 ., . This shows 2k Zk-1 2k+l 
the necess i ty of the condition that the coefficients a r e Fibonacci num-
be r s of a ce r t a in form; the sufficiency follows d i rec t ly using the identi ty 

2 
F ? , , F ? , , - F~, = 1'. This proves the s tated theorem and a l so shows 
that c = F 9 , and d = F 7 1 , for k = 1, 2, 3, . . . const i tute a l l p o s s i b l e 
solutions in posi t ive in t ege r s of the diophantine equation c -d - c d + l = 0. 

The r e a d e r is d i rec ted to an applicat ion of the r e su l t of H-31 in 
S. L. Bas in ' s "The Appearance of Fibonacci Numbers and the Q-Mat r ix 
in E l e c t r i c a l Network Theory '! Mathemat ics Magazine Volume 3b No. 2 
March 1962, pp. 84-97 (see specif ical ly Theorem 1, page 94). This 
theorem was f i r s t proved in an unpublished paper "The Many Face t s 
of the Fibonacci Numbers " by V. Eo Hoggatt, J r . , and Char les H. King. 
Also solved by Zvi D r e s n e r . 

NO FIBONACCI TRIANGLES 

H - 3 2 Proposed hy R.L. Graham, Bell Telephone Laboratories, Murray Hill, N.J. 

Prove the following: 
Given a posi t ive in teger n, if t he re exis t m line segments L. 

having lengths a., 1 - a. S n, for a l l 1 - i ~rn, such that no th ree 
L. can be used to form a non-degenera te t r iangle then F ~ n, where 

1 th m 

F is the m Fibonacci number . m 
Solution by John L. Brown, Jr., Pennsylvania State University, State College, Pa. 

By hypothes is , a, 2 1 = F , and a ? - 1 = F ? . Since L , , L9 

and L<2 do not form a non-degenera te t r iangle , we m u s t have (assuming 
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the L. have been reordered, if necessary, so that a, - a_ -a^ * = < a . < 
a ) m 

a 3 > ax + a 2 > F L + F 2 = F 3 

S imi lar ly , L_, L~ and L , do not form a non-degenera te t r iangle so 
that 

a 4 > a 3 + a 2 > F 3 + F 2 = F 4 . 

P roceed ing inductively in this fashion, we conclude a > F , and the 
B J > m m 

d e s i r e d r e su l t follows (actually with s t r i c t inequality) from n > a . 
Also solved by the proposer and Zvi D r e s n e r . 

LUCAS PRIMALITY 

H-33 Proposed by Malcolm Tollman, Brooklyn, N.Y. 

If a Lucas number is a p r i m e number and i ts subscr ip t is com-
posi te , then the subscr ip t m u s t be of the form 2 , m ^ 2. 

Solution by John L. Brown, Jr., Pennsylvania State University, State College, Pa. 

Assume L is p r i m e and has a composi te subsc r ip t n. Then 
n = ( 2 r - l ) - 2 for some m - 0 and some r > 1. It is wel l-known 
(see e . g . equation (6) of "A Note on Fibonacci N u m b e r s " by L. Car l i t z , 
this Quar te r ly , Vol. 2, No. 1, p . 15) that L v I L ( 2 r _ ; n k i f r - > 1 a n d 

hence 

L | L if r > 1 . 
Zm ( 2 r - l ) 2 m 

Since L is p r ime by hypothes is , we conclude r = 1. (The 
(2r - l )2™ P

 i . v 
a l t e rna t ive m = 0 wouldforce n to be a p r ime c o n t r a r y to hypothes is ) . 

Thus n = 2 m and m m u s t be > 2 in o rde r for n to be compos i te . 

Also solved by the proposer and Zvi D r e s n e r . 
xxxxxxxxxxxxxxx 


