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It is known [5] that a n e c e s s a r y and sufficient condition for p to 
be p r ime is that for every na tu ra l number n 

(1) Q 5 [ | ] (modp) . 

where Txl denotes the g r e a t e s t in teger l ess than or equal to x. 
Indeed this r e su l t is equivalent to the congruence 

k k 
(1 - x) = 1 - x (mod p) 

as is evident from the genera t ing functions 

00 /nN 
(2) 

a n d 

CL 
lx < 1 (3) ^ I E J x = (1 - x) (1 - x ) 

n=k 
These r e su l t s and some extensions of (1) in a recen t paper [2 ] 

suggest that the re is m o r e than a casual re la t ion between the binomial 
coefficients and the b racke t function. In the p re sen t paper this r e l a -
tion is made evident by exhibiting an expansion of the binomial coef-
ficients in t e r m s of the bracke t function, and converse ly . These ex-
pansions give congruences equivalent to (1), and the expansions a r e a 
specia l case of a genera l invers ion t heo rem. In the cour se of the ana l -
ys i s we obtainnovel r e s u l t s concerning the composi t ions (ordered p a r -
ti t ions) of a na tu ra l number into re la t ive ly p r ime summands . Expan-
sions involving unordered par t i t ions a r e a l so developed. 

"'^Research supported by National Science Foundation Grant GP-482 . 
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242 BINOMIAL COEFFICIENTS, THE BRACKET FUNC- December 

The composi t ions (Zergl iederungen) of n into posi t ive summands 
a r e given as the solution of the Diophantine equation 

(4) & + a z + . . . + a k = n, (a ^ 1) 
whe reas the par t i t ions (Zerfallungen) of n into posi t ive summands 
a r e given by the same equation together with the r e s t r i c t i o n that 

1 < a, <- a 2 <_ . . . < a k . 
Thus the composi t ions of 4 into posit ive summands in all a r e : 

4; 3+1; 1+3; 2+2; 2+1+1; 1+2+1; 1+1+2; 1+1+1 + 1 . 
The par t i t ions a r e : 4; 1+3; 2+2; 1+1+2; 1+1+1+1 . 

Catalan [3] , [4] , [6 , Vol. 2, 114, 126] proved in 1838 tha t the 
equation 

(5) a, + a 0 + . . . + a. = n, (a. ^ 0) 
1 2 k 1 

has ( T_ 1 ) solut ions. He then observed in 1868 that equation (4) 

has (, , ) solut ions . In fact this follows by adding 1 to each summand 
in (5). A d i rec t proof of the enumera t ion is not difficult. Indeed (Cf. 
B a c h m a n n [ l , Vol. 2, 105-7] ; MacMahon [8, Vol. 1, 150-1] ; Riordan 
[ 1 0 , 124]) if C, (n) be the number of composi t ions of n into k p o s -
itive summands , then 

from which the r e su l t is evident. P . Paol i j_6, Vol. 2, 107] ant icipated 
Catalan in 1780. 

We may state this basic r e su l t in the enumera t ive form 

(6) 

a. > 1 
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The s imple identity 

(7) 1 ) = x ck<J> = 2 2
 x • 

j=k j=k a.l + . . . + a k = j 

a. * 1 
1 

With this expansion we a r e now in a posit ion to a s s e r t 
Theorem 1. 

(8) 
; ) 

n 
= 2 

j=k 
[f] 

a. + 

( a j , 

1 2 
• • • + a k = j 

. . . . a k ) = l 
Proof. The expansion is evident from (7). When we r e s t r i c t the solu-
tions of the equation a, + a~ + . . . + a, = j to those which a r e relatively-
p r i m e , it is evident that we may r e s t o r e the equali ty by counting how 
many mul t ip les of j t he re a r e , l ess than or equal to n, and this is 
p r e c i s e l y the meaning of [ n / j ] • 

A s imple example will i l l u s t r a t e . On the one hand, by (7) 

10 
= •£ y 1 = 1+3+6+10+15+21+28+36 = 120 . 

j=3 a x + a 2 + a 3 = j 

a. > 1 I 
However, not al l the par t i t ions of j a r e formed by re la t ive ly p r ime 
i n t e g e r s . These cases a r e 6 = 2 + 2 + 2; 8 = 2 + 2 + 4 = 2 + 4 + 2 = 4 + 2 
+2; 9 •= 3 + 3 + 3; .10 = 2 + 2 + 6 = 2 + 6 + 2 = 6 + 2 P+ 2 = 2 + 4 + 4 = 4 
+ 2 + 4 :* 4 + 4 + 2. Removing the common fac to rs , we could just as 
well have wr i t t en such solutions in the forms 3 = 1 + 1 + 1 ; 4 = 1 + 1 
+ 2 = 1 + 2 + 1 = 2 + 1 + 1 ; 3 = 1 + 1 + 1 ; 5 = 1 + 1 + 3 = 1 + 3 + 1 = 3 + 1 
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+ 1 = 1 + 2 + 2 = 2 + 1 + 2= 2 + 2 + 1, provided that we regroup and 

count multiplicities. This gives 

10̂  

3j 
= 3(1) + 2(3) + 2(6) + (10 - 1) + 15 + (21 - 3) + (28 - 1) + (36 - 6), 

J * a l + a 2 + a 3 = ^ 
(a, , a^, a.,) = 1 

We shall obtain expansion (8) by an entirely different approach 

later in this paper. 

For the sake of completeness we wish to show that Theorem 1 is 

equivalent to the following result due to J. Schroder [ 11]. Schroder 

proved the following Theorem 2. 

(9) L / , 2 i , ^ l ^ z " - - - + a k l " 
x ' (a^ a2, . . . , ak) = 1 . 

1 < a. fn-k+1 

As far as the writer has been able to determine, this is one of 

the very few expansions in the literature of the sort under discussion. 

Schroder proved the formula by an enumeration in k-dimensional space 

and an induction from k to k + 1. As for the equivalence of (9) and 

(8), we have 

2 [a^.". +aj= \ [kTFr] 2 l 

( a , . . . , a k ) = l K l £ j 2 n - k + l a. +. . . +a k=k+j-l 
1 ^ a. j£ n-k+1 (a,, . . . , a, ) = 1 

i v 1 k' 

1 5. j-k+1 1 n-k+lU J a +... +ak = j 

(a1, . . • , a
k ) = 1 

which is our relation (8) and the steps are reversible. 
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In view of Sch rode r ' s approach, it is of i n t e r e s t to make some 
r e m a r k s he re about lat t ice points . By a lat t ice point in k - space is 
meant a point (a , , a ? , . . . , a, ) where the coordinates a. a r e in te-
g e r s . If we view space from the origin (0, . . . , 0) and a s s u m e that 
the p r e sence of a point may block our view of points fur ther out along 
the same ray, then we may speak of visible lat t ice points . In o rde r for 
a point to be a visible lat t ice point it is n e c e s s a r y and sufficient that 
(a , , a~, . . . , a, ) = 1. Thus we may state the theorem of Schroder in 
the form of 
Theorem 3. Let V.(k) = the number of vis ible lat t ice points in k- space, 
seen from the origin, and lying on the hyperplane a, + a~ + . . . + a, 
= j + k - 1. Then 

V . ( k ) , y - j - , T 
J I k + j - 1 

n - 1 

= 1 V M J ^ T ] 

where V.(2) is the number of visible lat t ice points lying en t i re ly within 
the f i r s t quadrant and on the line x + y = j + 1. The success ive values 
of V.(2) (j = 1, 2, . . . ) h e r e a r e 1, 2, 2, 4, 2, 6, 4, 6, 4, 10, . . . 
and we always have in this case V.(2) < j , s ince the line segment in 
quest ion has just this many lat t ice points in a l l . 

In genera l we evidently have the es t ima te 
/j + k - 2 \ 

(11) V.(k) < 
J \ k - 1 

As other examples of Theorem 1 we have 

n E M S ] • ' E ] + ' K ] + » [ r ] t , » B ] + -
m+*m+»»B]+2°[?] + 3"[S]+56B] + ---
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Since the equation a, + a ? + . . . + a, = k, (a. > 1), has the sole 
solution 1 + 1 + . . . + 1 = k, we have from Theorem 1 the (equivalent) 
Coro l la ry 1. 

j=k+l 
where the n u m b e r - t h e o r e t i c function R (j) is defined by 

(13) Rk(j) = ^ 1 
ax + . . . + a k = j 

(a1? . . . , afc) = 1 

and is the number of composi t ions of j into k re la t ive ly p r i m e pos-
itive summands . 

In o rde r to re la te our expansion to congruence (1) we shall now 
study the a r i t hme t i c na ture of the function R, (j). 

F i r s t of all , it is easy to use (2), (8), and (3) in o rde r to develop 
a generat ing function for R (j). Indeed we have 

n k 00 / n \ CO n 

Trfp1 = 2 Lr = * x 2 LfJRk(j) 
( i x} n=kW n = k j=k 

I h!» S [f] »" 
j = k n=j 

*> x j 

2 VJ> 
j = k

 k " ( l - x ) ( l - x J ) 

and the lower summat ion index may be changed to j = 1 since R, (j) = 
0 if j < k. Thus we have es tabl i shed 
Theorem 4. The n u m b e r - t h e o r e t i c function R', (j) is the coefficient 
in the Lamber t s e r i e s 
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or, equivalentiy, 

(15) <£ Rk(j) -*?-. = | Ck(j),xJ . 
j=l ' " X j=k 

It may be of i n t e re s t to compare this r esu l t with the Lamber t 
s e r i e s for the Euler totient function (Cf. Knopp [7, 466-7] ): 

(16) ? «A(j) xJ 

j t i i - xJ (l - x r 

Now [7, 466-7] it is known that the Lamber t s e r i e s 

n 
% a x = » A x n 

n=l n=l 
is equivalent to the re la t ion 

n ^ d 
d | n 

and so we have from (15) that 

(17) Ck(n) = S Rk(d) . 
d | n 

We inver t this expansion by the Mobius invers ion theorem and so find 
Theorem 5. The number of composi t ions (ordered part i t ions) of the 
in teger n into k re la t ive ly p r ime positive summands is given by 

(18) R (n) = 2 C (d)M(n/d) = 2 ( J /* (n/d) -
d | n dIn x 

Therefore we a lso have Theorem 1 in the equivalent form: 
Theorem 6. 

• '• i t s *.C:1>°/d ' • 
j=k d j j x 

We have presen ted what seems a na tura l way to a r r i v e at re la t ion 
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(19), but we now give a very shor t der ivat ion on the bas is of a famous 
formula of E. Meisse l . F i r s t of all we note the genera l l emma 

(20) 2 2 f(d,j) = 2 2 f(d,j) 
j - x d | j d ^ x j - x 

d | j 

2 2 f(d,md) 
d < x m .̂ x /d 

valid for any n u m b e r - t h e o r e t i c function f(d, j) . 
Meisse l (1850 [6, Vol. 1, 441] proved that for al l r ea l x > 1 

(21) 2 [ 5 ] M m ) = 1 • 
m ^ x 

Thus we have 
• x 

and this gives us (more genera l ly than Theorem 6) 
Theorem 7. For any r e a l x ^ 1, and na tura l numbers k - 1, 

(22) = 1 r 5 K (j/d 

The a r i t hme t i ca l na ture of R, (n) is of i n t e re s t and in view of (12) 
the congruence (1) is evidently equivalent to 
Theorem 8. The congruence 

(23) Rk( n ) - ° ( m ° d k ) 

is t rue for al l na tura l number s n - k + 1 if and only if k is p r i m e . 



1964 TION, AND COMPOSITIONS WITH RELATIVELY 249 
PRIME SUMMANDS 

Our proof will depend on some elementary results about the bi-
if 

nomial coefficients and the Mobius function. 
Now 

1, n = 1 
(24) 2 p(d) = 

, , (0, n > 1 
d |n v 

Therefore, if p is anyprime which divides each divisor d of n, then 

(1 , m = 1, 
- Ai(n/d)= 1 Mpm/pd') = 2 ^ ( m / d ' ) = < 

\A A I A\\ A\\ ' 0 ' m > !» 
p|d, d|n pd |pm d' |m 

or therefore 

{ 1, n = p 

p |d, d |n 

(25) y fi(n/d) = < 
1 ^ ' (.0, n > p . 

Now it is familiar that 

/d 1\ ( 0 (mod p), p/d , 
(26) ( ' H I 

\P " V I 1 (mod p), p |d , 

and so we have 

(d _ A ( 0 (mod p), for p/d, d !n, i .e . p J/n , 

]A(n/d) £< S /£-(n/d), for pld, d |n, i .e . pjn . 
P " V (d |n 

Thus in any case (p |n or p/n) we have by this and (25) that 

/ d - 1 \ 
(27) £ Mn/d) E 0 (mod p) 

d l n V P - 1 / 

for all integers n ^ p + 1 if p is a prime. 

As for the converse, suppose that R (n) = 0 (mod k) for all 
n - k + 1. Then, in virtue of (17) we should have 
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( 1 (mod k), n h + 1, if k | n , 
C, (n) = < . 

K 1 0 (mod k), n > k + 1, if kjn , 
or , equivalently, 

r-r%-i rv» _ n 
k + 1 

Summing both sides from n = k + l to n = m we should then have 

I J - 1 = |E? | . i ( m o d k) for al l m ^ k + 1 , 

or that is 
' m / m \ 

/ J =• EL j (mod k) for al l m > k + 1 

But this can happen only when k = p r i m e as we know from our or iginal 
congruence (1) for which a s epa ra t e proof is known. 

As a m a t t e r of fact then, congruence (23) is a s imple consequence 
of (1). 

Table of Values of R,(n) 

1 

2 

3 

4 

5 

6 

7 
8 

9 

10 

11 

12 

13 

k 

1 

1 

2 

0 

1 

3 

0 

2 

1 

4 

0 

2 

3 

1 

5 

0 

4 

6 

4 

1 

6 

0 

2 

9 
10 

5 

1 

7 

0 

6 

15 

20 

15 

6 

1 

8 

0 

4 

18 

34 

35 

21 

7 
1 

9 
0 

6 

27 

56 

70 

56 

28 

8 

1 

10 

0 

4 

30 

80 

125 

126 

84 

36 

9 
1 

11 

0 

10 

45 

120 

210 

252 

210 

120 

45 

10 

1 

12 

0 

4 

42 

154 

325 

461 

462 

330 

165 

55 

11 

1 

13. . 

0 I 

12 

66 

220 

495 

792 

924 

792 

495 

220 

66 

12 

1 

. . . n 
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The numbers R, (n) form an in te res t ing modification of the fa-
m i l i a r P a s c a l a r r a y . We have from (18) the modified binomial theorem 
re la t ion 

(28) 2 R k ( n ) x k _ 1 = 2 / i (n/d)(x + l ) d _ 1 . 
k=l d | n 

In pa r t i cu la r , when x = 1 this sum r e p r e s e n t s the total number 
of composi t ions of n into re la t ive ly p r ime summands . These values , 
1, 1, 3, 6, 15, 27, 63, 120, 252, 495, 1023, 2010, 4095, . . . afford 
a check of the table . 

We note a few specia l values of R, (n): 

(29) R j p & ) = - ; s > 1, p = p r ime 

(30) Rk(pq) 

(31) R k (p 2 q) = 
fp q - I 

k - 1 

with s imi l a r formulas for other c a s e s . The expansion always contains 
as even number of binomial coefficients when n ~ 2 since R, (n) = 0 
for n ^ 2. 

It is of i n t e r e s t to t r ans l a t e (18) into t e r m s of Dir ichlet s e r i e s . 
It is eas i ly shown that the formal re la t ion involves Riemann ' s Zeta 
function and is 

(32) 1 C,(n) n" S = £ (s) 2 R,(n) n~ s 

n=1 n=1 

and this a l so follows from (17). 
Having found the expansion (19) of a binomial coefficient in t e r m s 

of the bracke t function, it is na tura l to look for an inve r se expansion. 
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P u t 

j=k J 

Then 
n 

= Ak(n) , 

s ince the inner summat ion is m e r e l y a well-known Kronecker delta . 
Thus an expansion inve r se to (19) is given by 

Theorem 9-

® - 1 (?) s <-"j-d O t a • 
j=k V j / d=k V d / 

Since A, (k) = 1 we have an analogy to (12) 
Coro l la ry 2. 

<*> t a - , - s . VJ> 
n n\ / n 

k /
 j = k + i v J 

where 

05, AkU) - j ,-DJ-1 Q [*] . 
d='k 

For A, (j) we next develop an expansion inve r se to (14). Indeed, 
we have from (35), (2), and (3) 

V « f e V = l <-l>d [I] l 0 ( ^ 00 
2 ~kv 

j=k d=k j=d 

= *-* f Kl ^ rdi x
d

 =
 x 

- \ L k J ' l - x k 

d=k 
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It is evident from (35) that A, (j) = 0 for j < k, so we have 

Theorem 10. The expansion inverse to (14) is 

k 
(36) W A ,;, / * \ " I v> (lis)' - ^ k" 

j=l 

Now it is evident that (14) and (36) imply a pair of orthogonal re-

lations involvingthe functions R, (j) and A, (j). By a routine calcula-

tion we find upon substitution of the one expansion into the other that 

we have 

Theorem 11. The numbers R, (j) and A, (j) satisfy the orthogonality 

relations 
n 

(37) 2 Rk(j)A.(n) = S k 

j=k 
and 

n 

(38) 2 Ak(j)R.(n) = S I • 
j=k 

Thus we have also established a general inversion theorem, of 
which (19) and (33) are special cases. We have 
Theorem 1Z. For any two sequences f(n, k), g(n, k) 

n 

(39) f(n,k) = 2 g(n,j)Rk(j) 

j=k 

if and only if 
n 

(40) g(n, k) = £ f(n,j)Ak(j) , 

j=k 

where R,(j) is given by (18) and A (j) by (35). 

An alternative form of (35) is easily gotten byway of the recurrence 

0 • 0 • Q 
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Indeed we find that 

Ak(n) = 2 (-1) 
j=k 

-J ('-'\ in J P " ̂  
but [j/k] - [(j-l)/k] = 1 or 0 accordingly as k | j or k / j , whence 
Theorem 13. 

(41) Ak(n) = 2 
k < j < n 

k | j 

(-D n - j • / n - l \ 

vj-l, 1 - m - n / k 

n-mk, 

1 

z 
3 

4 

5 

6 

7 

8 

9 
10 

11 

1Z 

13 

1 Z 

1 0 

1 

3 

0 

-Z 

1 

4 
_ _ 

4 

-3 

1 

Ta 

5 

0 

-8 
6 

-4 

1 

ble 

6 

0 

16 

-9 

10 

-5 

1 

of Values 

7 

0 

-32 

9 

-20 

15 

-6 

1 

8 

0 

64 

0 

36 

-35 
21 

-7 

1 

of Ak(n) 

9 

0 

-128 

-27 

-64 

70 

-56 

28 

-8 

1 

10 

0 

256 

81 

120 

-125 

126 

-84 

36 

-9 
1 

11 

0 

-512 

-162 

-240 

200 

-252 

210 

-120 

45 

-10 

1 

12 

0 

1024 

243 

496 

-255 

463 

-462 

330 

-165 

55 

-11 

1 

13. .n 

0 
-2048 

-243 

-952 

275 

-804 

924 

-792 

495 

-220 

66 

-12 

1 

The numbers A, (n) a lso form an in te res t ing modification of the 
P a s c a l a r r a y , and the companion to (28) is 



1964 TION, AND COMPOSITIONS WITH RELATIVELY 
PRIME SUMMANDS 

n 
(42) 1 AR(n) x k - 1 2 (-1) n-J 

k=l j=l 

When x = 1 we r eca l l that 

J J 

* [fc] k - 1 

k=l 

1 [Q = 2 r ( k ) , where r (k) = £ 1 
k=l 

and so we have 

k=l d k 

255 

n 
S A,(n) = 1 (-1) 

n " J 

k= l j = l 

X r(k) 
k=l 

1 r(k) S (-1) n - j 

k=l J = k 

= • 1 (-1 
k=l 

n - 1 

= 2 (-1) 
k=o 

, n - k n - 1 

k - 1 
f ( k ) 

n - l - k n - 1 
r (k+l) 

This r e su l t is eas i ly inver ted, and we may state these formulas as 
Theorem 1.4. Fo r all in tegers n > 0, and r (k).= number of d iv i so rs 
of k, 

n+1 n 
(43) 1 A. (n+1) = 1 (-1) 

j=l k=0 

n - k r(k+1) = A r(x) 
,k / x, 1 x=l 

and inver se ly 

n , . k+1 ' n\ 
(44) r(n+l) = 2 1 1 2 A.(k+1) 

k=(Ak' j=l 
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The f i r s t few values of the sum (43) a r e 1, 1, - I , 2, - 5 , 13, -33 , 
80, -184, 402, -840, . . . F o r example, we have the following differ-
ence table: 

1 2 2 3 2 4 . . . r (n) 
1 0 1 - 1 2 

-1 1 - 2 3 
2 - 3 5 

-5 8 
13 

The a r i t hme t i ca l na ture of A, (n) is of i n t e r e s t . In view of (34) 
and (1) we evidently have a r e su l t analogous to (23). In fact we have 
Theorem 15. The congruence 

(45) Ak(n) ~ 0 (mod k) 

is t rue for al l na tu ra l number s n ^ k + 1 if and only if k is p r i m e . 
Indeed this congruence follows eas i ly from (1) since we have 

n 
Ak(n) = 2 ( - l ) n ' j 

= 1 (-Dn"J 

j=k 

ft] 
J \ (mod k) for al l n £ k 
, J if and only if k = p r i m e , 

n 
= 8 , E 0 (mod k) for al l n > k + 1. 

We should like next to r e t u r n to re la t ion (28) and give another 
congruence involving R, (n). It is known [6, Vol. 1, 84-86J that 

(46) 2 ii(d) a n / d = 0 (mod n) 
d | n 

for al l in tegers a ^ 1. In fact Gegenbauer showed that 

2 f(d) a n / d 2 
, I = 0 (mod n) whenever , l f(d) = 0 (mod n). 

Gauss proved (46) when a = p r i m e . Thus we have from (28) that 
n , . 

(47) a 1 R,(n) (a-1) = 0 (mod n), (a ^ 1, n > 1) 
k=l k 
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and in pa r t i cu la r this holds for a = Z. Thus the numbers Z, Z, 6, 1Z, 
30, 54, 126, Z40, 504, 990, Z046, 40Z0, 8190, . . . a r e , respec t ive ly , 
divisible by 1, Z, 3, 4, 5, . . . thereby affording a check of the column 
sums in the table of values of R, (n) given previously . 

It should be r e m a r k e d that any formula, s u c h a s (18), which gives 
the number of composi t ions of n into k re la t ive ly p r ime posit ive sum-
mands a l so solves the problem of counting how many composi t ions a r e 
possible when the summands have g rea t e s t common divisor g; for 
c l ea r ly if R1 (n, g) is this number , then 

( 0, gj'n, 
(48> R k < ^ = * 1 = Z , 1 = Rk(n/g),gk 

a 1 + . . 
( a x , . 

2 1 : 
. . +a, = n k 
. . , ak) = g 

V . . 
( b r . 

2 l 
. . + b k = n / g 
. . , b k ) = l 

Thus far we have r e s t r i c t e d out attention to composi t ions . It 
may there fore be of some in t e r e s t to consider the possibi l i ty of expan-
sion of a binomial coefficient in t e r m s of bracket functions and par t i t ions . 
Let 

(49) p(n, k) = 
1 £ b, < b < . . . < b, < n 

1 Z k b, + b 0 + . . . + b, = n 1 Z k 

so that p(n, k) is the number of par t i t ions of n into k posit ive sum-
m a n d s . Consider a typical par t i t ion n = b + . . . + b, . If 1 occurs 
a, t imes , 2 occur s a ? t i m e s , e t c . , then it is well known (e. g. Cf. 
[ 1 , Vol. 2, 10Z]) that we may r e s t a t e (49) in the form 

(50) p(n, k) = X 1 
a7 + Za>, + 3a0 + . . . + na = n 1 Z 3 n 
a, + an + . . . + a = k, a. > 0 1 Z n i 

We r e c a l l that if we form an a r r a n g e m e n t of k m a r k s ( c , c ? c , 
c „ c „ . . . ) , where c. occurs a, t imes , c^ occurs a0 t i m e s , e t c . , 4 3 ' 1 1 Z Z 
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with k = a, + . . . + a , a. > 0, then the total number of dis t inct such 1 . n l 
a r r a n g e m e n t s (permutat ions) which may be formed is enumera ted by 
the express ion 

k! 
a »a ' . . . a ! ' 1 2 n 

This express ion then enumera t e s the composi t ions of n into k 
posit ive summands cor responding to a given par t i t ion n = b, + b ? + . . . 
+ b, . It follows from this that we may change re la t ion (50) into an enum-
era t ion of composi t ions by introducing the above ra t io of fac tor ia ls (in-
stead of jus t counting 1 for each par t i t ion) . Thus we evidently have 
proved 
Theorem 16. For all na tura l numbers n and k 

(51) 

Again we may argue as we did in going from (6) to (7), whence 
we have es tabl ished 
Theorem 17. 

<«> 0= ^ ^ a la l ia . ! " 
W j = k aL + 2a 2 + 3a 3 + . . . + ja = j l 2 J 

a, + a~ + . . . + a. = k, a. > 0 1 2 j I 

We may next apply the same a rgument h e r e which we used to ob-
tain Theorem 1, which is to say that we may r e s t r i c t our at tent ion to 
re la t ive ly p r i m e summands , but have the same total enumera t ion of 
composi t ions , by introducing the bracket function. We evidently have 
Theorem 18. 

X 
a, + 2a? + 3a~ + . . . 
a, + a„ + . . . + a. = 1 2 n 

+ na = n n 
k, a. > 0 

a r : a ' . 
^2 

. . a ! 
n 

(53) 
n 

srni Li J 
j=k 

X k! 
a l * a2* * * a, + 2a~ + 3a~ + . . . + ja . = j 

a, + a~ + . . . + a. = k 
(a1? a2 , . . . , a ) = 1 

. a . ! 
J 
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It follows that the inner sum gives another way of express ing 
R (j), that i s , we conclude that 

(54) R, (n) k! 
K a, . a~ . . . . a . 

a, + 2an + 3a0 + . . . + na = n n 

1 2 3 n a, + a~ + . . . + a = k 1 2 n 
1' ^2 ' " ' * ' a-n ~ 

and of course the a r i t hme t i ca l p rope r t i e s we found for R (n) then ap-
ply to this summat ion a l so . Thus, a lso , in Theorem 12, our main in-
ve r s ion theorem, we have seve ra l ways of express ing the coefficients 
Rk(n) and A ^ n ) . 

Some fur ther consequences of Theorem 1 2 and the other expansions 
in this paper will be p r e sen t ed l a te r . 

REFERENCES 

1. Paul Bachmann, Niedere Zahlentheorie , Leipzig, Vol. 1, 1902; 
Vol. 2, 1910. 

2-.. L. Car l i tz and H. W. Gould, "Bracket function congruences for 
binomial coefficients, " Mathemat ics Magazine, 37(1964), 91-93. 

3. E. Catalan, "Melanges Mathemat iques , " Mem. Soc. Sci. Liege 
(2)12(1885); or ig . publ. 1868. 

4. E. Catalan, "Note sur un probleme de combinaisons , " J. Math. 
P u r e s A p p l . , (1)3(1838), pp. 111-112. 

5. L. E. Clarke , P r o b l e m 4704, Amer . Math. Monthly, 63(1956), 
584; Solution, ibid. 64(1957), pp. 597-598. 

6. L. E. Dickson, "His tory of the Theory of Numbers , "Washington, 
Vol. 1, 1919; Vol. 2, 1920; Vol. 3, 1923. 

7. Konrad Knopp, "Theor ieund Anwendung der unendlichen Reihen, " 
Berl in , Four th Edition, 1947. 

8. P . A. MacMahon, "Combinatory Analys is , " Cambridge , Vol. 1, 
1915; Vol. 2, 1916. Repr in ted by Chelsea, New York, I960. 

9. P . A. P iza , P rob l em 4322, A m e r . Math. Monthly, 55 (1948), 642 
Solution, ibid. 57(1950), pp. 347-348. 



260 BINOMIAL COEFFICIENTS, THE BRACKET FUNC- December 

10. John Riordan, "An Introduction to Combinator ia l Analys is , "New 

York, 1958. 

11. J. Schroder , Dars te l lung der Binomialkoeff iz ientendurch g r o s s t e 

Ganze, Mit tei l . Math. Ges . Hamburg, 6(1928), 375-378. Cf. 

Jahrbuch uber die F o r t s c h r i t t e der Mathematik, 54(1928), 181. 

XXXXXXXXXXXXXXX 

LETTER TO THE EDITOR 
B.G. BAUMGART 
Glencoe, Illinois 

D e a r S i r : 

In t h e a r t i c l e "On t h e P e r i o d i c i t y of t h e L a s t D i g i t s of t h e F i b -
o n a c c i N u m b e r s " Vol . 1 No . 4, i t w a s p r o v e d t h a t fo r n ^ 3 t he n - t h 
d i g i t ( f r o m the r i g h t ) h a d a p e r i o d of l „ 5 * 1 0 n t h u s a c c o u n t i n g for t h e 
o b s e r v a t i o n m a d e a t t h e U n i v e r s i t y of A l a s k a on a n I B M 1620; t h a t t h e 
l a s t F i b o n a c c i d i g i t c y c l e s e v e r y 60 n u m b e r s ; t he s e c o n d to l a s t d i g i t , 
e v e r y 300 n u m b e r s ; t h e t h i r d , e v e r y 1500; t h e f o u r t h , 15000; t h e fifth, 
150000 . 

I , too , h a v e o b s e r v e d t h e p e r i o d i c i t y of t h e l a s t F i b o n a c c i d i g i t s on 
a n I B M 709 a t N o r t h w e s t e r n U n i v e r s i t y ( b e f o r e d i s c o v e r i n g t h e F i b o n a c c i 
Q u a r t e r l y ) . H o w e v e r , I a l s o c o n s i d e r e d t h e s o c a l l e d : 

T r i b o n a c c i S e r i e s 

1, 1, 1, 3 , 5, 9, 17, 3 1 , 5 7 , 105 , 193 , 355 , 6 5 3 , 1 2 0 1 , 2209 , 4 0 6 3 , 7 4 7 3 . . . 
a n d found t h a t i t s l a s t d i g i t r e p e a t s e v e r y 31 n u m b e r s , i t s s e c o n d to 
l a s t d i g i t r e p e a t s e v e r y 620 n u m b e r s a n d i t s t h i r d t o l a s t d i g i t r e p e a t s 
e v e r y 6200 n u m b e r s ; 

T e t r a n a c c i S e r i e s 

1, 1, 1, 1, 4 , 7, 13 , 25 , 49 , 94, 1 8 1 , 349 , 6 7 3 , 1297 , 2500 , 4819 , 9 2 8 9 . . . 
a n d found t h a t t h e last: d i g i t r e p e a t s e v e r y 1560 n u m b e r s a s d o e s t h e 
s e c o n d to t h e l a s t d i g i t . T h a t i s t h e p e r i o d of t h e l a s t a n d t h e s e c o n d to 
the l a s t i s t h e s a m e , T h e p e r i o d of t he t h i r d to l a s t d i g i t i s 7800 a n d I 
b e l i e v e t h e p e r i o d of t h e f o u r t h to l a s t d i g i t i s a l s o 7800 bu t I c a n no t 
s a y fo r s u r e w i t h m y p r e s e n t r e s u l t s (I got a l l m y d a t a f r o m one p r o g r a m 
w h i c h t r u n c a t e d a t t h e f o u r t h d ig i t , a t the t i m e I w a s on ly t h i n k i n g a b o u t 
t h e v e r y l a s t d i g i t . H o w e v e r , i t w i l l be e a s y t o find ou t a n d I s h a l l do 
s o w h e n I g e t a c h a n c e . A c t u a l l y , t h i s s o r t of p r o b l e m i s a p r o g r a m -
m e r ' s d r e a m , b e c a u s e one m a y l o s e t he m o s t s i g n i f i c a n t p a r t of h i s 
c a l c u l a t i o n s w i t h i m p u n i t y . ) 

P e n t a n a c c i S e r i e s 
1, 1 , 1 , 1, 1, 5, 9, 17, 33 , 65 , 129, 2 5 3 , 497 , 977 , 1 9 2 1 , 3777 , 7425 , 1 4 5 9 7 . . . 

( C o n t i n u e d on p a g e 3 0 2 . ) 


