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We consider the genera l second o rde r r e c u r r e n c e re la t ion (r. r . ) 
(1) y = gy - hy , h / 0 . 

2 
Let a and b be the roots of the auxi l ia ry polynomial f(x) = x - gx + h 
of (1). Using the notation of the c l a s s i c paper [ l ] of E. Lucas, we let 
U and V be the solutions of (1) defined by U = (a - b ) /(a - b) n n , J n // \ / 
if a 4 b and U = na if a = b and by V = a + b . 

n J n 

In [3J , D. Ja rden defined general ized binomial coefficients by 

/ o x f m l m m - 1 m-j+1 r m l T 
(2) L j ] = — u l U 2 . . . u . J • LoJ = l • 
(We have changed Jarden1 s no ta t ion^ . ) to . I. ) If g = 2 and 

r m ] J u L J J / m \ 
h = I then U = n and . is the o rd inary binomial coefficient! . ) . 

n L J J J 
Ja rden showed that the product z of the n- th t e r m s of k - 1 

r n 
sequences satisfying (1) sa t is f ies the k- th o rde r r . r . (3) 

k • ' - L j ( j - l ) / 2 
j=o LJ. 

Zn+k-j 

The definition (2) of . for al l j and m with 0 £. j £. m obviously 
r e q u i r e s that U / 0 for n > 0 since otherwise (2) may involve di -
vision by ze ro . We cal l the r . r . (1) o rd ina ry if U / 0 for ai l n > 0 
and exceptional if U = 0 for some n > 0. In (7) and (8) below we 
give an a l te rna te definition of . which is valid in all c a s e s . In [2 J , 
D. H. Lehmer considered the exceptional r . r . 's (1) for which g = 
andforwhich f and h a r e re la t ive ly p r i m e . L e h m e r ' s paper is con-
cerned with divisibi l i ty p rope r t i e s of the sequences U and V. . 

It follows from h ^ 0 that a ^ 0 and b / 0. It is then c l ea r 
from the definition of U that (1) is exceptional if and only if a / b 
and a^ = b^ for some posit ive in teger p. If (1) is exceptional , a / b 
and so eve ry solution of (1) is of the form y = c , a + c ? b . Then 
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n+p , ,n+p p, n . ,nv p £ ,, _ 
y . = c , a r + c n b = a r c , a + c„b ) = a^y for al l n. Conver-
'n+p 1 2 1 2 Jn 
sely, one eas i ly sees that y , = a y for all n and all solutions y 

1 J Jn+p Jn Jn 
of (1) impl ies that (1) is exceptional . 

We show below that the following four conditions a r e equivalent 
to each other and hence to (1) being ordinary: 

(a) Ei ther a = b or a 4 D f ° r al l n > 0. 
(b) Any solution y of (1) with two different t e r m s equal to ze ro 
is identical ly z e r o . 
(c) For al l k > 2 the r . r . (3) is the lowest o rde r r . r . sat isf ied 
by al l t e r m by t e r m products of k - 1 sequences satisfying (1). 
(d) Every solution of (3) is of the form 

(4) z = C l U k _ 1 + c 9 U k ~ 2 U x l + c . U k " 3 U 2
x l + . . . + c 1 U k : | , ' n I n 2 n n+1 3 n n+1 k n+1 

k -i j - 1 i. e. , the sequences U JU , 1 for j = 1, . . . , k form a bas is 
n n+1 

for the vector space of al l solutions of (3). 
We shall a l so es tab l i sh some ident i t ies involving the . : 

of which is the addition formula: 

,R_ * ( - i ) J r k l h ^ + 1 » / 2 u ^ . u +lr . . . . u ^ .y +lr . = 
(5) 2, x LjJ a ^ k - j a z +k- j a ^ k - j ' n + k - j 

j=0 
U i e . . U v y _ 

"1 k 
U l 8 " ' U k y n+ a i +. . . +a,„+ [k(k+l)/2] 

for y and U satisfying (1) and n and the a ' s any i n t e g e r s . 
If a ^ b, every solution of (1) is of the form y = c , a + c->b 

and the t e r m - b y - t e r m product of k - 1 sequences satisfying (1) is 
given by 

. / . . k - L n . . k - 2 - . n . , k -3 u 2 .n / u k - l x n 
(6) z n = c 1 ( a ) + c 2 (a b) + c.3(a b ) + . . . + ck(b ) 

We therefore let 

(7) fk(x) = (x - a k _ 1 ) ( x - a k " 2 b ) . . . (x - b k " l ) 

and define . so that m-° 
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(,l,j[k]hj«-l)/2xk-j . 

The I . J defined by (8) is a genera l iza t ion of the 1 .\ of L. Car l i tz [4] 

(8) fk(x) = £ 

fined by (8) Is 
defined by 

k 
(I - t ) ( l - q t ) . . . ( l - q ^ t ) = 2 <-l)JqJ(J-1) /2 {̂  } ^ . 

j=o 
See especia l ly formulas (60 3) through (6. 16) of [4] . ) 
Then f (x) is the auxi l ia ry polynomial for the r . r . (3). The lowest 

K. 

orde r r . r . satisfied by the z of (6) is (3) if and only if the numbers 
k-1 k-2 k-1 n 

a , a b, . . . , b a r e dis t inct . Since a 7= 0 and b ^ 0, this is 
equivalent to a / bJ for j = 1, . . . , k - 1 . Hence condition (c) is 
equivalent to (a) for a / b. 

If a = b, every solution of (1) is given by y = (c, + c ? n)a , the 
t e r m - b y - t e r m product of k-1 sequences satisfying (1) is of the form 

(9) z n - (Cj + c 2 n + . . . + c k n k " 1 ) ( a k " 1 ) n , 

and (3) is the lowest o rde r r . r . satisfied by al l the z of form (9). 
Thus (c) and (a) a r e equivalent in this case too. It i s a lso eas i ly seen 
that h = a and . =( . \ aJ "^ when a = b. 
Lemma. 

A solution y of (1) that is not identical ly ze ro has y = 0 for 
two different values of n if and only if a / b and the re is a posit ive 
integer p such that a^ = b . 
Proof. 

F i r s t let a = b. Then y = (c, + c0n)a . If y = 0 = y with 
*n 1. 2 ' 7u yv 

u / v, then (c, + c_u)a = 0 = (c-. + c?v)a . Since a f- 0, it follows 
that c, + c ? u = 0 = c, +c ? v , c~(u - v) = 0, and so c? ~ 0. Then c, = 0 
and v - 0 for al l n„ n 

Now let a •£• b. Then y = c , a + c n b . I f y = 0 = y with 
' n 1 2 Ju Jv 

u > v, c , a + c ? b = 0 = c , a + c-b , and the re exis ts a non- t r iv ia l 
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solution for the c ' s if and only if the de te rminant a b - b a = 0 . 
U - V U - V 

This is equivalent to a = b 
This shows that (a) and (b) a r e equivalent. 

Coro l la ry . 
If v and w a r e solutions of (1) and v = w for two values n n n n 

of n, then v = w for al l n. n n 
This follows from the l emma and the fact that v - w is a lso 

n n 
a solution of (1). 

We next consider condition (d). F i r s t let (1) be o rd inary . Let 
z be the t e r m - b y - t e r m product of k - 1 solutions of (1). If we can 
find constants c , , . . . , c, such that (4) holds for n = 1, 2, . . . , k 

k-i i-1 then the r . r . (3), which is satisfied by the sequences U U J ,, and 
7 n n+1 

z , will make (4) hold for all n, Such c 's can be found if the k by k 
n k-i i-1 

de te rminan t D with d.. = U. Ur . , is not z e r o . Since (1) is ord inary , 
ij i i+ l k - 1 

each of U, , U9, . . . , U, is not ze ro and we can factor U. out of 
the e lements of the i - th row of D thus obtaining the Vandermonde de-
t e rminan t E with e. . = (U. , , / U . r " . Then E, and hence D, is not 

ij i+ l / r 
z e ro if and only if the ra t ios U. , , / U . a r e dis t inct . It is eas i ly seen 
that U , , / U = U + 1 / U if and only if a 8 " 1 = b S _ t \ This shows that 
(a) impl ies (d). 

If (1) is exceptional , a, = b p for some p > 0 and so U , / 
U = U , , / U . Then for k > p, the de te rminan t D is ze ro since 

n+p n+1' n ^ k-i ' 1 
it has propor t iona l rows . It follows that one of the sequences U U J , , 
is a l inear combination of the o the r s , f i r s t for 1 I n i k and then, 
using (3), for al l n. This impl ies that the re is a solution of (3) not of 
the form (4) and so (d) impl ies (a). 

We now go back to (7) and note that ab = h. Therefore we can 
wr i t e 

f k + 2(x) = [ ( x - a k + 1 ) ( x - b k + 1 ) ] [ ( x - a k b ) . . . ( x - a b k ) ] 

(x-bk_1h)J 

, . , I" 2 . k + l , , k + l , , , k + l ] [ \ k - l , w k - 2 , , , f, ?(x) = Ix -(a +b ) + h J |_(x-a h)(x-a bh) 

(10) f k + 2 (x) = h k ( x 2 - V k + 1 x + h k + 1 ) fk(x/h) , 
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where V is the genera l Lucas sequence a + b . Fo rmula (10) i m -
pl ies the following: 

(iz) f2m = n ( ^ - v ^ . ^ - U h 2 - 1 ) . 
j=l 

m 
( 1 3 ) f 2m+l = ( x " h m ) n ( x 2 - V 2 . h m - J + h 2 m ) . 

j=l 

We next prove identi ty (5) when (1) is o rd ina ry by induction on k. 
When k = 1, (5) becomes 
(1 4) U , , y , , - hU y = y , ,, . 

a + l 7 n + l a ' n 7n+a+l 
We consider n to be a constant and let a be the running index. Then 
both s ides of (14) satisfy ( l ) and they a r e equal to one another for a = 0 
and a = -1 since U , = - l / h , U = 0, and U, = 1. Hence (14) holds 
for al l a (and all n) by the Coro l l a ry . 

Now we a s s u m e that (5) holds for k = m - 1 and show that this 
impl ies (5) for k = m . We cons ider a, , . - . . , a , and n t o b e c o n -^ ' 1 m - 1 
s tants and let a be the running index. Both s ides of (5) satisfy (1). 
When a = 0 , (5) becomes U t imes the identi ty for k = m - 1 with m m J 

each a. rep laced by 1 + a.. When a = -m, (5) reduces to U 
j ^ J m m 

t imes the identi ty for k = m - 1 using the eas i ly es tab l i shed fact that 
U = -U h . Hence (5) is t rue for two values of a and thus t rue -n n m 
for al l values by the Coro l la ry . 

We now turn to identity (5) in the exceptional ca se . F r o m sym-
m e t r i c function theory and the definitions (7) and (8), it follows that for 
fixed h the . a r e polynomials in g. For fixed values of y and 
y1 and h, the two sides of (5) a r e then continuous functions of g. 
Thus (5) for complex number s g and h that make (1) exceptional 
can be es tabl ished by having g approach g (while h is fixed at h ) 
through values for which ( l ) i s o rd inary . A sufficient condition for (1) 
to be o rd ina ry is that | a | f- | b | . Any point (gn, h ) is a l imit of 
points (g, hn) satisfying this sufficient condition for (1) to be o rd inary . 
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A p u r e l y a l g e b r a i c p r o o f of i d e n t i t y (5) i n the e x c e p t i o n a l c a s e 

c a n a l s o be g i v e n , 

F i n a l l y we c o n s i d e r t he . w h e n ( l ) i s e x c e p t i o n a l a n d g a n d h 
Q Q L J J | I | | 

a r e bo th r e a l . S ince a F = b^ for s o m e p > 0, | a | = | b | . S i n c e a ^b 
2 t h i s m e a n s t h a t a = - b , g = 0, a n d h = - a if a and b a r e r e a l . In 

t h i s c a s e 

c t \ / 2 , , 2 m - l . m - . x , 2 , 2 m . m , . , xmx 
f 2 m ( x ) = ( x ) > f 2 m + l ( x ) = ( x " } ( x " ( ~ h ) ] > 

a n d i t c a n t h e n be s h o w n t h a t 

fZml _ , 2 j ( m - j ) / m \ [ 2 m l __ n 

L^jJ " v j j ' Uj-iJ = ° ' 

if? - i$ 
If a a n d b a r e c o m p l e x , w e c a n l e t a = pe a n d b = pe w i t h 
h = p a n d p > 0 . T h e n a p = b ^ i m p l i e s t h a t pQ = - p $ + 2mrr a n d 

h e n c e 0 i s a r a t i o n a l m u l t i p l e m y r / p of n. L e t m / p = c / d w i t h c 

a n d d r e l a t i v e l y p r i m e a n d d > 0. T h e n a /p a n d b / p a r e d - t h 

r o o t s of 1 if c i s e v e n a n d d - t h r o o t s of - 1 if c i s odd . T h e r o o t s 

a ~^b^~ of f, (x) a r e now of t he f o r m p " e* ~ " J ' 1 . If k > d, 

t h e s e r o o t s r e p e a t i n b l o c k s of d a s j v a r i e s f r o m 1 to k. L e t 

k = qd + r w i t h q a n d r i n t e g e r s a n d 0 ^ r < d. T h e n 

(15) f1(x)= (-l)C q rpq d rf ([-1 ]CVpqd)["*d-(~l>C(k~1)p(k"1)<flq • 
ic r »-

Now le t j = q ' d + r ! w i t h qf a n d r ! i n t e g e r s a n d 0 ^ r ' < d. It t h e n 

f o l l o w s f r o m (15) t h a t 

[k] = (-i)VQ,)[r
r,] 

w h e r e e = q ' ( d + c r + cqd + c + 1) + c q r ' a n d 

2f = d 2 [qqf - ( q ' ) 2 ] + d ( q r • + q f r - 2 q , r ! 
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(Continued from page 260. ) 
the las t digit r epea t s on a per iod of 781, the second to las t digit has a 
per iod of 3900, and the 

Hexanacci Ser ies 
1, 1, 1, 1, 1, 1, 6, 11, 21, 41, 81, 161, 321, 636, 1261, 2501, 4961, 9841. . . 

the last digit as can eas i ly be seen above r epea t s on a per iod of 7, the 
sequence being: 

61111116111111611111161111116.. . 
the second to las t digit however has the somewhat l a rge r per iod of 7280. 

Finally, for somet ime , I have wanted to apply these observa t ions 
on the per iodic i ty of the last digits to some other Fibonacci p r o b l e m s . 
So far, I have only the somewhat lame observat ion that the P r i m e -
F ibonacc i -Number Density (that is the ra t io between the number of F ib -
onacci number s which a r e p r ime below a given number n and that 
number n) is less than x This observat ion fol-

4/15 f dx/ ln x . 

i 
lows from the theorem that if a Fibonacci number is p r ime , then i ts 
subscr ip t is p r i m e . Thus if a l l Fibonacci number s with p r i m e sub-
sc r ip t s we re p r i m e the densi ty would be EuLer's famous express ion 

x 
TT(YI) - J d x / l n x . 

2 
However, a good number of Fibonacci Numbers a r e not p r ime but do 
have p r ime subsc r ip t s , some of these number s can now be excluded 
from the p r i m e - d e n s i t y cons idera t ions because eve ry p r ime g r e a t e r 
than 3 mus t end in a 1, 3,? 7, or 9 and can be exp re s sed as 6x±l . Now 
consider the sequence of the last digit of the Fibonacci s e r i e s : 

1 2 3 4 5 6 7 8 9 10 1 1 1 2 13 14 15 16 17 18 19 20 
T ~ l 2 3 5 8 3 1 ¥ ~ 3 9 4 3 7 0 7 7 4 1 5 

21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 
~~E I 7 8 5 3 8 1 9~~0 9 9~~8 7 5 2 7 9 6 5" 

41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 
1 6 7 3 0 3 3 6 T~B I~~9 3 2 5 7 2 9 I 0" 

(Continued on page 31 3„ ) 


