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Assume t h a t (t + 1, n - i , f) e A. Then 3 f i s odd. Set #*,B '+i = Et+i,f$< + 1 -
Since Et+1^r _> re - 1 s we have 

Consequently, 

By the maximality of a, the minimality of 3* and (4), we conclude that Et,&f + i > 0 
(and, of course, Eti B» +1 = #tf g'+i). But B'+l is even, 3 is odd, and 3f'+ 1 £ 3. 
Hence, we also have 3'+l < 3. 3f+l < 3 and (3) contradict the minimality of 3. 
We conclude that ( t + l 9 n - l 9 f ) £ A . 

We have shown that, in both Case b.l and Case b.2, statement (b) holds. 

c. Suppose (t, re, /) j A. If re = 0, statement (c) is vacuous. So assume 
re > 0. Observe that 3 is even and that 3 > 0. Let y = y(£, re, / ) . If y = 0, then 
Et,y + i > 0. If y > 0, then y even and Et+i)Y > 0 imply that Etsy + i > 0 by Lemma 
6.2. Thus, in either case, Et>y + i > 0. So y + 1 £ a by the maximality of a, the 
minimality of 39 and the fact that a + 1 < 3. 

Now 0 < Etiy + 1 £ Et, a < re and y even imply that 

(5) re - f(t9 re) > Et+l>y 

by (a) of Lemma 6 . 1 . S ince re £ Et> B = £' t + 1} e _ r + 1, re - 1 £ ^ t+ i, 6 - i- Combine 
t h i s w i t h (5) t o ge t 

Et+l,y K n " W - Et+1, 3 - 1 V u 9 -1 1 w 1 / (*> n ) -

Thus, £>(t + 1, re - w, /) is odd V u B 1 £ u.£ f(t9 re). We have shown that 

W , n9 /) C A9 

which verifies statement (c). Q.E.D. 
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Horadam [2] defined and studied in detail the generalized Fibonacci sequence 
defined by 
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« > Qn - Fn + Fn + 1ix + Fn+2i2 + F n + 3 i 3 J 

(1) Hn = #n - 1 + #n_2 (n > 2), 

with ̂ ! = p, #2 = p + q, p and q being arbitrary integers. In a later article [3] 
he defined Fibonacci and generalized Fibonacci quaternions as follows, and estab-
lished a few relations for these quaternions: 

(2) P„ - Bn + Hn+1i1 + Hn+2i2 + Hn+ii3, 
and 
(3) 
where 

i\ = i\ - i* = -1, ixi 
and 

and {Fn} is the Fibonacci sequemce defined by 

Fx - F2 = 1 and Fn = Fn.x + Fn_2 (n > 2) . 

He also defined the conjugate quaternion as 

W Pn = Hn ~ Hn+l^l ~ Hn+2^2 ~ #n+3^3> 

and £Jn in a similar way. M. N. S. Swamy [5] obtained some additional relations for 
these quaternions. 

In Section 1 of this paper we define the Fibonacci and generalized Fibonacci-
Cayley numbers. In Section 2, we. obtain a further generalization of these numbers 
as well as of the complex Fibonacci numbers and Fibonacci quaternions discussed in 
[3] and [5]. 

SECTION 1 

We call 
(5) Rn - Fn + Fn + 1i1 + ••• + Fn + 7i7 
and 
(6) Sn = Hn + tfn+1ix + ... + Hn+7i7, 
where 

and six similar sets of six relations with 1,2, 3 replaced by 1, 4, 5; 6, 2, 4; 
6, 5, 3; 7, 2, 5; 7, 3, 4; and 1, 7, 6, respectively (see [1]), nth Fibonacci and 
generalized Fibonacci-Cayley numbers, respectively. We define conjugate Cayley 
numbers as 

(7) Sn = Hn - En^i%-L - •". - #n + ̂ 7 , 

and i?n in a similar way, so that 

7 

^n^n = X,#n + i " ^Hn + #n + l + #n + 2 + Hl + 3^ + ^ n + 4 + Hl+5 + #n + 6 + ^ n + 7^ 
•L » 0 

- P„Pn + P„ + , P n + l t = 3 [ (2p - q)H2n+3 - ( p 2 - p<? - q2)F2n + 3] 

+ 3[(2p - q)H2n+11 - (p2 - pq - q2)F2n+11] 
(us ing Eq. 15 of [5 ] ) 

(8) ^ = 3 [ (2p - q ) ( H 2 n + 3 + fl2n+11) - ( p 2 - W - q2)(F2n+3 + F2n+11)). 
Sn + Sn => 2ff„ i m p l i e s 

(9) S2
n = 2g n 5 n - 5 „ 5 „ . 

Since 
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( 1 0 ) Hm+n + i = F,+ iHn + 1 + FnHn = Fn + 1Hm + i + Fwffw 

( see [ 2 ] ) , we have 

' Fm+lSn+l + KSn = (F
m+lHn+l + FmEn) + ' " + ( ^ + 1 # n + 4 + ^ ^ + 3 ) ^ 3 

+ (^w + l^n+5 + ^ # n + ^ ^ + . • • • + (Fn+lSn + B +FmHn+?)iT 

~ "m+n + 1 + ^7w + n + 2 t ' l + .* " ' + ^ w + n + 8^7 
= c 

m+rc + 1 9 

so t h a t 

^2n + l = Fn+l^n + l + FnSn 

This i m p l i e s 
and 

sm - Fn+A + ^ s n- i = *;s„+i + ^.l5; Again, s i n c e 

<12> Bn+1 = qF„ +PFn+1 

(Eq. 7 of [ 2 ] ) , we have 

= p(? m + 1 S „ + 1 + F„Sn) + q(FnS.„.v +. ̂ . A ) 
= p 5 m + n + 1 + c?5ra+n [by ( 1 1 ) ] . 

Using (8) and (12) above and Eq. 17 of [ 5 ] , we ge t 

(14) S"^n = 3 [ P 2 f 2 „ + 3 + 2pqF2n+2 + q2F2n + l+ p2F2n+11 + 2pqF2n+1() + q2F2n+9] 

In = 3 [ p 2 C F 2 n + 3 + F2n+11) + 2pq{F2n+2 + F2n+10) + q2(F2n+1 + F2n+g)]. 
Hence 

SnSn + Sn_1Sn_1 = 3 [ p (F2n+3 + F 2 n + l l + F 2 n + 1 #
+ F2n+S^ 

+ 2 P ^ 2 n + 2 + ^ 2 n + 1 0 + ^2n + ^ 2 n + 8 ) 

+ 7̂ (^2n+l + 2rc+9 + F2n+1 + ^2n+7)-» 

- 3 [ p 2 ( £ 2 n + 2 + ^2n+10> + 2PQ^2n+l + £ 2 n + 9 > 

+ q2(L2n + L 2 n + 8 )], 

since -L' = J? •' ', + F ... , where {£„} is the Lucas sequence defined by 

Lx = 1, L2 = 3, Ln = Ln_x + Ln_2 (n > 2). 
From (9), (13), and (15), we have 

Sn + Sn_1 = 2(HnSn + Hn_1Sn_1) - (SnSn + 5n_16'n_1) 

= 2(PS2n-l + ̂ 2n-2> ~ 3tp2(^2n + 2 "+ ̂ rt+io) + 2P<7 (L2n + 1 + ̂2n+ 9) 

+q2(L2 n + L 2 n + 8 ) ] . 

Analogous to Eq. 16 of [2], we have 

(17) (2Sn+1Sn+2}2 + {SnSn+3}2 = {25n+15„+2 + S„}2. 

Using (11), we can establish the identity analogous to Eq. 17 of [2]: 

sn+t + (-D sn_t 

If p = 1, <7 = 0, then we have the Fibonacci sequence {Fn} and the correspond-
ing Cayley number Rn for which we may write the following results: 
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(19) RnRn=RnRn = 3(F2n^+F2n+li). 

(2°) ^ n + fln.A-i-3^2B+2+£2»+io>-

(2D ^2 + ^.i = 2 ^ . ! - 3(L2re+2 +L 2 n + 1 0 ) . 

Similar results may be obtained for the Lucas numbers and the corresponding 
Cayley numbers by letting p = 1 and q = 2 in the various results derived above. 

SECTION 2 

A. The following facts about composition algebras over the field of real numbers 
(the details of which can be found in [4]) are needed to obtain further generali-
zation of complex Fibonacci numbers, Fibonacci quaternions, and Fibonacci-Cayley 
numbers. 

1. The 2-dimensional algebra over the field R of real numbers with basis {1, 
ix} and multiplication table 

1 

1 i , 

1 ix 

i± -a 

(a being any nonzero real number). 

We denote this algebra by (7(a). The conjugate of x = aQ + a>1i1 is x - aQ - a1i1 

and xx = xx = a* + aa*. 
2. The 4-dimensional algebra (over R) with basis {1, i1 $ £2, i3} and multi-

plication table 

1 

H 
i2 

is 

1 

1 

i\ 
i2 

^3 

*1 

^1 

-a 

"^3 

a£2 

^2 

£2 
*3 

-B 
-B£i 

*3 

^3 

-ai2 

B£x 
-aB 

(a, B any nonzero real numbers). 

We denote this algebra by C(as B) • The conjugate of x - a0 + a\i\ + a 2£ 2 + a$is 
is "x = a0 - axi x - # 2i 2 ~ a37*3 anc* xx = x~x = O,Q + ona\ + Ba2 + apaf. 

3. The 8-dimensional algebra (over R) with basis {1, i19 ..., i7} and multi-
plication table 

i\ 
ii 
is 
ih 
is 
U 
ii 

*i 

-a 
-is 
ai2 
-is 
aiit 

ii . 
-a£6 

ii 

is 
-B 
-Bii 
-^6 
-i? 
B£4 
Bi5 

*3 

-a£2 

Bii 
-aB 
-£7 
ai6 
-Bi5 
aBi»+ 

H 

is 
is 
i? 
-Y 
-yix 
-y£2 
-Y^3 

is 

-aii* 

£7 
-a£6 
yii 
-ay 
yis 
-yai2 

i& 

-i7 
-Bii*-
Bi5 
y^2 
-yis 
-YB 
Y3ii 

i? 

a£6 
-Bi5 
-aBiif 
Y^3 
yai2 
-yBii 
-aBy 

(a, B* Y any nonzero real numbers). 
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We (denote this algebra by C(a9 g, y). JThe conjugate of x = a0 + axix +... + a7-z:7 
is a? = aQ - axi! a7i7 and asc » asc • (a2 + aa2 + Ba| + aBaf) + y(a2 + aal + 
6a| + aBaf). 

B. Next we shall consider the following generalizations of Hn9 Fn , and Ln9 re-
spectively: 

ft.„: fex = p9 h2 = bp + oq9 hn « M „ _ x + tf?zn_2 (n > 2) 

/«: A - 1, f2 -*>./„- bfn_x + afn_2 (n > 2) 

£n: £x = 2>, £2 = b2 + 2c, £n = bln_1 + c£K_2 (n > 2) 

(&, c, p, q being integers). 

Then we have the following various relations: 

hn = Pfn + qcfn-1 
n ^ ? 2 + l ^ tt-1 

Ph2n-2 + C<2*2n-3 * hn-l(ohn-2 + A,) 

<*» + fen + l = P f c 2 n + 1 + <*7&2» " <2P " Wh2n+1 ~ *An+l» 
where e = p2 - frpq - cq2. 

M » + l - ^ n ^ n - l = b(Ph2n-l + ^ 2 n - 2 > 

»n + l - ^ n - 1 - 6<P&2» + ^ 2 n - l > = ^ 2 P ' b^h2n " ^ A n 

hn-lhn+l ~ hn = (-<?)*£ 

fn-lfn+1 fn = ^~C' 

-t (-e)t+1^n. 

We now define the nth generalized complex Fibonacci number dn as the element 
hn + ^n+i^i °f t^ie algebra C(l/<?); the nth generalized Fibonacci quaternion pn as 
the element hn + hn+1i1 + 'hn^1i1 + ̂ n+3^3 of the algebra C(l/e9 1); and the nth 
generalized Fibonacci-Cay ley number sn as the element 7zn + h,n+1i1-+ • •• • + hn+7i7 
of the algebra C(l/c9 1,1). 

The following is a list of relations for these numbers: 

<*„-i<*B + 1 - 4 = (-tf)"e(2 + W 1 ) . 

dndn = dndn = hi + -fc*+1 

= | [ ( p 2 + cq2)f2n+1 + cq(2p - bq)fln}. 

dn~an + Cdn_^n_i = -i[(p2 + cq2)(f2n + 1 + ofln_j + g C(2p - &7)(/2„ + oy2B-2>] 

= ^l(PZ + *<?2H2„ + ?«(2p ~ W 2 B - J -

"m + n + l = Jm+l"n + l + °fmdn = J„+i"w+i + e / r t " m • 
hm+idn+i + ahmdn = pdn+n+1 + qodm+n. 

d\ + cd 2^ = 2(pd2n.! + <?cd2n.2) - -i[(p2 + eq2)£2n+ «jro(2p - bq)lln_J. 
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<*» + i " Q%dl-x " - - T - ( 2 P " b&h2n+i +~7T f z n + i + 2 6 Cp? i 2 B + i - + <?e?2 2 n ) i 1 . 

Tn °ft-i + ft+i-

PnPn = dn2n + dn+2dn+1 = £[(2p - bq)(h2n + 1 + h2n+5)-e(f2n+1 + f2n+5)} 

= i [ (p2 + aq2)(/2n+1 + / 2 n + 5) + oq(2p - bq)(f2n + / 2 „ + „ ) ] . 

PnP„ + CPn-lPn-l = ^ C ( P 2 + ^ M ^ n + A2»+i,) + <3<?(2p - & 7 ) ( « - 2 n - l + * 2 » + 3 > ] ' 

Pm+n+1 = Jm+lPn+1 + °fmPn = fn+lPm+1 + °fnPm' 

K + lPn+l + CKPn = PPra + „ + l + *?«?„ + „ -

P» + ° P n - l = P P 2 n - l + ^Pln-2 ~ (PnPn + <SP»- lP»- l> -

P w + t - ( - 0 ) * + 1 P n . t 

P e / t - 1 + / t + l -

8nSn = PnPn + P B + *P» + *-
S n ¥ n + e S „ _ 1 ¥ n . 1 = p n p n + ePn_1pn_1 + Pn + kpn+lt + C p n + 3 P n + 3 -

Sm+rc + l = J j t l s i i + 1 + °Jm8n ~ fn+lsm + l "*" °lnsm' 

Ql + c s n - l * P S 2 n - l + < 7 ^ 2 n - 2 " ( S A + ^ n - l*"n-1) • 

~ - ~ ~ cft-l + ft + 1' 
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