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and if d> 0, then 

(2) HA±M±n^d±zl^Jp^ 
Thus CQ (n) is at least the number of odd divisors d of n that are _< /n, so a for-
tiori we have 

C0(n) >_ TQ(m, y/m). 

If d\m and d <_ Sm, then m/d\m and m\d _> \/m. Thus 

i(m) .c 
• ? if 77? is not a square 

v ' v » T(m) + 1 .-
*= — if m is a square. 

Hence CQ (n) >. T(m)/2. We have Cx (n) = x(n) - CQ(n)9 and thus 

Ci(n) £ (ft + D T W - 1f^- - (fc + |)T(^). 

This completes the proof. D 
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1. INTRODUCTION 

Wilson [3] uses the expression (2.1) below, which approximates the Fibonacci 
and Lucas sequences {Fr} and {Lr}9 respectively, for r sufficiently large. The 
object of this paper is to make known this and another expression (3.1) by apply-
ing techniques different from those used in [3]. In particular, we need 

(1.1) e, = 4 cos2-g. 

Special attention is directed to the sequence (2.4). 

2. A GENERATING EXPRESSION 

Consider 

(2.1) *„<*. y) E Tr = (* + /a2' + te)*" V". 
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in which x and y are real numbers and r + <». Some applications of this expression 
are given in Examples 1-3. 

EXAMPLE 1: Let x = 1 and y = 5, then 

(2-2) ^r+i^1' 5) = ~/fl—2 / = 7?' where a = — j 

Using Binet's formula, we see that 

lim Fr+1(l$ 5) = Fp. 

/5 

EXAMPLE 2: Let x = 1 and 2/ = 3 ~ ^5 = 4 cos2-—-, then y'1 - a2 Hence, 

(2.3) 
lim Fp+1(l, 1) = Lr. 

EXAMPLE 3: Let x be the real root of t3 + t2 - 1 = 0 and z/ = # . It can be veri-
fied that 

121^ I 23 ̂  /25 f^3 
* " N54 + V 108 + /̂ 54 " Vlo* 108 3' 

and it is shown in [2] that the reciprocal of x is the real root of the character-
istic equation for (2.5) below. For r sufficiently large, (2.1) approximates the 
Neumann sequence discussed in [2] and [3] and given by 

(2.4) 
TQ Tl T2 T3 Th T5 T6 T? TQ T9 T1Q T±1 T12 T1Z T^ T±s T±& T„ 

3 0 2 3 2 5 5 7 10 12 17 22 29 39 51 68 90 119 ... 

where 

(2.5) Tn = Tn_2 + Tn_3 (n> 3). 

This is possibly the slowest growing integer sequence for which p\Tp for all prime 
(see [2]). 

3. COMPLEX SEQUENCES 

Wri te 

(3 .1 ) 

where 

(3 .2 ) 

Then 

(3.3) 

Ix + /x2 + 4ar\ 

x = zm = - g w = - 4 c o s 2 ^ - [by ( 1 . 1 ) ] , 777 == 1 , 2 , . . . , n - 1. 

Fm„ = ( -1) 2 c o s 2 " ( ^ ) j l - ^ tan 2 ^ } 

= ( -1)"2* c o s « ( ^ ) e i " " r / 2 by Euler ' s Theorem 

= ( - l ) n e " / 2 e i m , r / 2 

so 
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HFL - £ ( ~ i ) 2 n 3 ^ 
771=1 

n-l , J J 
= ± X ^ ( " 1 ) n ^ ^ according as n i s S ° v e n 

n"X ( dd 
= ± E S ^ ^ b y ( 3 ' 2 ) ] > acco rd ing as n i s <| ° v e n 

777 = 1 

When n = 6, (3.3) gives 

F16 = (26 + 15/3)i, F26 = -27, F36 = -8i, F,6 = 1, F56 = (26 - 15/I)i. 

From (3.2), 

• sx = ~(2 + /J), s2 = -3, s3 = -2, zh = -1, s5 = -(2 - /J). 

Hence, by (3.4), 

777 = 1 m = 1 

From (3.3), it is clear that the Fmn are, alternately, purely real and purely 
imaginary. 

Together, (2.1) and (3.1) yield 

(3.5) Tr+1 ~KLny~m-

Wilson [3] also gives the cases y = -1 and y = -3 with n = 6, m = 1, so 

x = -4 cos2-jy = -(2 + /3) [by (3.2)]. 

This produces what he calls "regular complex Fibonacci sequences," by which he 
means that terms at regular intervals are either purely real or purely imaginary 
(while in all other cases the terms are of the form a + ib9 where a, b are real). 
The period of these "cycles" is, in both cases, 6, beginning with T-±, Details of 
the computation involved are omitted here in the interest of brevity, and are left 
to the reader's curiosity. 

4. CONCLUDING COMMENTS 

Return now to Examples 1-3 in Section 2. 

In (3.5), take n = 5, y = 5, m = 2, i.e., 32 = 4 cos2 ^ by (1.1). Then Exam-
ple 1, (2.2), results. « 

Next, with n = 5, m = 2 again, but with y = $h = 4 c o s 2 — by (1.1), Example 
2, (2.3), results. 

Furthermore, observe that3 when x = 1 and y = 5, the recurrence relation for 
Tr = Fr(l, 5) in (2.2) is given by 

C4-D ^+i = E ^ ( n K ^ n + if-
n = 0 L 

£i = (-1 + a2)r 

v^ /5" 

This is related to the more general 
d 

(4.2) Tn =Yia*Tn-*> 
r = 2 

given in Neumann and Wilson [2], where TQ = d, T1 = 0, T2 = 2a2, ̂ 3 = 3a3, 
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When d = 3, a2 = 1, a3 = 1, we obtain from (4.2) the Neumann sequence (2.4), 
which, as we have noted, can also be generated by Wilsonfs function (2.1). 

Finally, we observe that 

(4.3) 
fr = FP(l9 5) = (-l)r/5 • Fr+1(l, 5) 

&P = FPa, i) + ( - D ^ ( i } . 1 ) . 
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1. INTRODUCTION 

If / is the Dirichlet product of arithmetical functions g and h9 then by defi-
nition 

/(") " E 9(d)h(n/d). 
d\n 

In this paper we define a convolution of two arithmetical functions that general-
izes the Dirichlet product. With this new convolution, which we shall refer to as 
the the "fc-prime product," it is possible to define arithmetical functions which 
are analogs of certain well-known functions such as Eulerfs function (f)(n) , defined 
implicitly by the relation 

(1.1) J2 Hd) = n. 
d6=n 

Other well-known functions to be considered in this paper include x(n) and o(n) 
given by x(n) = El and o(n) = Zd» where the summations are over the positive di-
visors of n. The familiar Moebius function y(n) is defined as the multiplicative 
function with the evaluation y(p) = -1 and \i(pe) = 0 if e > 1, and satisfies the 
relation 

<*-2> p«>-e(n) = {J HZZlL 
d6~n v 

Note that y(l) = 1, since y is a nonzero multiplicative function. Upon applying 
the Moebius inversion formula to (1.1), one obtains the simple Dirichlet product 
representation for <J), 
(1.3) <K«) = £ UW)5. 

d& = n 
Another function which may be defined by means of the Dirichlet product is 

q(n)9 the characteristic function of the set Q of square-free integers, 


