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The infinite sequence {s,} is a sequence of generalized Fibonacci numbers
(also called a generalized Fibonacei sequence or simply Fibonaccti sequence) if
§ =s8,.,+8,_, for all n. A particular Fibonacci sequence is completely spe-
cified by any two consecutive terms. In this paper we let {f,}, {gn}, {hnl},
and {k,} represent generalized Fibonacci sequences, and we let {F,} represent
the sequence of Fibonacci numbers defined by F, =F,_ , + F,_,, F;, =0, F,=1.

Theorem: 1If {f,}, {g.}, and {h,} are Fibonacci sequences, then the following
summations hold for y > x.

n=y
(1 Z fi+r = [fn+r+2]n=x_1
x<igy
\ n=y
(2) 2 Z fii+rgi+s = [fn+1‘gn+s+1 + fn+r+lgn+s]n=m-l
LTy
(3) 2 Z fi+rgi+sh7l+t = [fn+r+lgn+s+1hn+t + fn+r+1gn+shn+t+l
z<iLy

+ frioTnissr mrtr1 ~ Tnere1Tneser meten
7L=y
- fn+rgn+shn+t]n=:c—l‘

Proof: The proofs are by induction on y. As base cases we take y=x-1;
the summations are empty, and the right-hand sides vanish identically. . The
induction steps are as follows:

L. Z fi+r = E fi+r +fy+1ﬂ+1

z<ily+l r< iy

n=y

[fn+;r+2]n=x-1 + fy+r'+1
[f;+r+2 + f}+r+1] - [f?x-1)+r+2]
[f;+h+3] - [f}x—1)+r+2]

n=y+1

= [fn+r+2]n=x-l'

2. 2 Z fi+1‘gi+s 2 Z fi+yagi+5 + 2fy+r+lgy+s+1

x<iiy+1 r<i<y

n=y
= [f%+r9n+s+1 + f;+r+1gn+s]n=x_l + 2fb+r+lgy+s+1

(continued)
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= [(f;%+1"gy+s+l + JL;/+1"+lgy+s+l) + (fy+r‘+lgy+s + fy+r+lgy+s+l)]
- l:f(ac—1)+rg(ac—1)+s+1 + f(:c—l)+r+lg(:c—l)+s]

= [fy+r+29y+s+1 + 3%+r+19y+s+2]

- [f(x—l)+rg(:c—1)+s+1 + f(:c-l)+r+1g(x—1)+s]

n=y+1l
[fn+rgn+s +1 * J071+ r+1gn+s]n=x-1°

3. We note that, as in the proofs of (1) and (2), the bottom limit of the
right-hand side is unchanged, and we need only prove the following identity
related to the top limit y:

*
*) [fy+r+19y+ s+1hy+t + fy+r+19y+3hy+t+1 + fy+rgy+3+1hy+t+1
= fyrre 19y serltyr e ~ FyanTyrohyse) + 2f s re19ys s 41 tys e 1
= [fy+r+29y+s+29y+t+1 t fyrrrodyseerlysser T Fyane19yss42Pysean

- fy+1‘+299+8+2hy+t+2 - fy+r+1gy+s+1hy +t+1]‘

As a shorthand notation we let (abe) stand for fyisr+ady+ s+bPy+t+es Where
a, b, ¢ are 0, 1, or 2. Then the identity (*) can be written as follows:

(%%) (110) + (101) + (011) - (111) - (000) + 2(111)
= (221) + (212) + (122) - (222) - (111).

The following identities are easily verified, and the validity of (*%),
and therefore of (3), follows immediately:

(221) = (001) + (011) + (101) + (111),
(212) = (010) + (110) + (011) + (111),
(122) = (100) + (110) + (101) + (111),
(222) = (000) + (001) + (010) + (011) + (100) + (101) + (110) + (111). o

Identity (1) is well known, although it is wusually stated in terms of
Fibonacci or Lucas numbers with limits of summations 1 to »n or O to n.

Identity (2) is a generalization of the identities of Berzsenyi [l]. This
is easily shown using the following identity, which is easily verified, where
{f»} and {g.} are generalized Fibonacci sequences:

) fostInox = 59 = GO (G Gy i = FoTm-n)-

We have the following:

i=n
2 2 fi9isomep = [fi+lgi+2m+b + figi+2m+b+1]~

0<i<n r=-1
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[f;+b+i9ﬁ+i+1 - ('1)1+1(f;+b—19m - f092m+b—1)

. 7 i=n
* foebaiIneivr = D (Fipmer - f092m+b+1)]i=_1

i=n

= [Zf;n+b+i9m+i+1 + (-l)% (f;n-f-b—lgm - fl‘ﬂ+bgm+l f092m+b)]7,=—1

Applying the limits, we obtain the following expression:

2: i 9ivomenr = TnsmenGnamer = Tnab-19n

0<isn

1+ (=)
+ (——2—>(fm+b_19m - ﬁn+bgm+1 + f092m+b)’

which is exactly the expression obtained in [1] for even or odd n and b= 0 or
1.

The advantages of identity (2), besides its attractive symmetry, are that
(a) only a single case is needed instead of four separate cases and (b) it is
applicable to general limits, not just the sum from O to n. In addition, (2)
applies to the sum of the product of terms from different generalized Fibo-~
nacci sequences, as opposed to the original form in [1].

It should be noted that (4) can also be applied directly to (2), leading
to the summation
n=y

(=1 1)r*T
E: fivrGi4s = [f;+r9n+s+l+

z<iLy

D™ g fogs-m]

n=x~1

The summation of (2) has also been considered by Pond [1], whose r&sult is
valid for the sum of the products of terms from identical generalized Fibonacci
sequences:
n=y

Z fifivs = {%(Fs-afnfn+1 + F8f2+2):|n

r<i<y =2-

Recall that {F,} is the sequence of Fibonacci numbers. This result is easily
derived from (2) by use of the identity fr4p = Fpo_1fy + Fofns1-

Identity (3) has been considered by Pond [2], again in a simpler context;
he requires all three generalized Fibonacci sequences to be identical and de-
rives the following expression:

n=y
2: f1+rf;+s [(Eaf} - Fs-le_l)D(‘l)an-l +.j;+r+n+lf;f;+l]

r<i<y
where D(=1)" = f,_1Ffne1 - f2 = (-1)"(f_1f, - f3). It is not hard to show that
this summation is a consequence of (3).

The advantages of identity (3) again lie in its pleasing symmetry, its ap-
plicability to general limits, and the fact that the summation is valid for
products of different Fibonacci sequences.

A general methodology for finding summations of the form of identities (1),
(2), or (3) has been discussed elsewhere [3]. This methodology expresses the
sum of the products of terms from several sequences, each defined by a linear
recurrence, as a standard sum, defined below.

3
n=g-1
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If the sum to be found is

Z fl,n+r1f2,n+r2 e f;n,n+1‘,,,

ziny

where the m sequences {f1}, ..., {fx} are defined by linear recurrence rela-
tions (i.e., not necessarily Fibonacci sequences), the standard sum is a linear
combination

n=y
[ mail,iz, vees Tn fl,n+r‘1+i1f2,n+r‘2+i2"' fm,n+r,,,+i,,,
(215 veesin) €T

n=x-1

with the following important properties:

1. each term of the standard sum is the product of m terms, one from
each of the original sequences in the product to be summed;

2. the m-tuples (Z;, ..., Zn) have constant integer components;

3. the coefficients a;, ..., i, @re constant and only a bounded number
of the coefficients are nonzero.

Of interest is the result that a standard sum for the sum of the products
of terms from recurrence sequences does not always exist. In particular, the
sum

E fn+rgn+shn+tkn+u

(with {fn}, {gn}> {h.}, and {k,} Fibonacci sequences) cannot be expressed as a
standard sum. For details, the interested reader is referred to [3].
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