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1. Introduction

During the 1930s Professor E. Ducci of Italy [1] defined a function whose
domain and range are the set of quadruples of nonnegative integers. Let
f(xl; .’172, xg’ xq) = (].’L‘l - xz[’ |x2 - xal’ Ixs - qu’ qu - xl!)'
Let f"(xl, X,, Xy, x,) be the nth iteration of f. Ducci showed that for any

choice of X, Z,, £y, *, there exists an integer N such that

™y, x,, x4, x,) = (0, 0, 0, 0) for all m > N.

We note the following properties of the function f of the previous para-
graph:

(1) There exists a function g(x, y) whose domain is the set of pairs of
nonnegative integers and whose range is the set of nonnegative integers.
[Here g(x, y) = lx - yl].

(2) flxy, x,, T4, x,) = (glry, x,), gl@,, x3), g@y, ©,), g@,, ©,)).

(3) The four entries of f”%xl, Xy Ly, xq) are bounded for all n. The
bound depends on the initial choice of x;, x,, 3, &,.

We call the successive iterations of a function satisfying these condi-
tions a Ducci process. Condition (3) guarantees that a Ducci process is either
periodic or that after a finite number of steps (say N)

f”+l(x1, Zys Lys &) = 2y, X, T4, x,) for all n > N.
If a function g generates a Ducci process of the latter type, we say that

g is Ducci stable (or simply stable).

2. ITlustrations

(1) Let g(x, y) = x+y (mod 3), where X (mod 3) is the least nomnegative
integer congruent to x (mod 3). Then, an example shows that g is not stable.
Set.x, = x, =%y =0 and x, = 1. We may tabulate the successive values of f
as follows:

(0, 0, 0, 1)
ft: (0, 0, 1, 1)
fZ: (0, 1, 2, 1)
fi: (@, 0,0, 1
ffeoa, 0,1, 2
f3: (1, 1, 0, 0)
e (2, 1,0, 1)
f7: (0, 1, 1, 0)
e @, 2,1, 0)
f: (0, 0, 1, 1)

[te)
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Since f%(0, 0, 0, 1) = f*(0, 0, 0, 1)= (0, O, 1, 1), the process is peri-
odic with period 8 and g is not stable.

(2) Let g(x, y) = x + y (mod 8). We construct a similar table for the
same initial values.

(0, 0, 0, 1)
ff: (0, 0, 1, 1)
f*: (0, 1, 2, 1)
£, 3,3, 1)
(4, 6, 4, 2)
£ (2, 2, 6, 6)
& (4, 0, 4, 0)
7 (4, by 4, &)
& (0, 0, 0, 0)
f°: (0, 0, 0, 0)

We observe that for n > 8, f™0, 0, 0, 1) = (0, 0, 0, 0). We prove below
that g is stable, viz., that any choice of initial values leads to a similar
result.

We now list a set of functions which can be proved to be stable. In some
cases we prove the stability of the function and in others we leave the proof
to the reader.

3. Theorem
The following functions are stable:

(1) TF7 (mod 2™, n =1, 2, 3,

(2) T+7 (mod 2"), n =1, 2, 3,

(3) wt + yt (mod 2™), t =2, 3, 4, ...;3n =1, 2, 3,

(4) (@ + y)? (mod 2™), t =2, 3, 4y ...;n =1, 2, 3, ...
(5) |xt - y¥| (mod 2™, t =1, 2, 3, ...; n=1, 2, 3,
6) |@ - yt| (mod 2™), t =1, 2, 3, ...; n=1, 2, 3,
(7) ¢(x) + ¢(y), where ¢ is Euler's ¢-function.

The notation x (mod 2") means the least nonnegative integer congruent to
x modulo 27.

Proof of (1): we use f.' to denote the Zth entry of the nth iteration of
flxys %55 &3, 2,). The subscript ¢ + § of x will always represent 7 + j (mod
4). We first consider the function gl(x, y) = x + y and show that for any n:

f:(n+l) = 2M[(@Q" - ].).’L‘,; + (2" + l)xi+2 + 2”(;;57:+1 + xi”)]- 9]

We compute: fj =X, X, ®
FE=wy + 2w, +ag,,. ©

f? =X+ 3%,y 3T, f Ty ®

i

in + 4.’X/'i+1 + 6.’1}—;.,_2 + 4.’151;_,_3. (E)
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(A) is clearly true for n = 1 by (E). Suppose (A) is true for n. Then by (C)

ff(n+2) - ff(ff(n+l)) - (2n+1)[(2n+1 _ l)xi+1 + (2n+1 + 1)xi+3

+ Q") ey + 2, )], (F)
We note that for any iteration of f(x,, x,, %3, ,) we can consider (f7], fa»
fis f) to be the same row as its transpositions (s Fis F2s £ (FF £l
frs £2)s and (f7, f¥ fis f1). Therefore (F) indicates that (A) is also true
for n + 1. It follows by finite induction that (A) is true for all n. Hence
we conclude that

2D =0 (mod 2™), n =1, 2, 3,

Since f"(0, 0, 0, 0) = (0, 0, 0, O) for all n, the stability of the function
glx, y) = x + y (mod 2") is established.

Proof of (3): For any initial numbers Xy, L,, Ty, Ly, there are six ways
to arrange even and odd numbers:

1) (e, e, e, @) (iv) (e, b, e, b)
(ii) (e, e, e, b) (v) (e, b’ b: b)
(111) (e9 €, b9 b) (Vi) (b9 b’ b, b)

where e and b represent even and odd numbers, respectively. Since the sum of
the tth powers of two even (or two odd) numbers is even, the sum of the tth
powers of an even number and an odd number is odd. Therefore, when we consid-
er the function gz(x, y) =xt+y?, the initial arrangements (ii) and (v) yield
the following:

(e, e, e, b) (e, b, b, b)
ft: (e, e, b, b) (b, e, e, b)
f?: (e, b, e, b) and (b, e, b, e) (G)
f: (b, b, b, b) (b, b, b, b)
f*: (e, e, e, e) (e, e, e, e)

The arrangements (i), (iii), (iv), and (vi) are included in the above opera-
tions. Thus there exists an integer m < 4 such that all numbers of f"(x,, %,,
x3, x,) are even numbers for the arrangements (i)-(vi).

Let f™(xy, %,, T4, &,) = (2°my, 2'm,, 2"my, 2°m,), where %, J, u, v, my,
m,, my, m, are positive integers. Without loss of generality, we may assume
that 7 < j, u, v. Then we have

2'm))t + (29m,)? = 2%tmP + 29tmt = 27t (mt + 2097 Dby,

This indicates that the value of 7 in f" will increase by at least ¢ times at
the next step (where ¢ > 2). After a finite number of steps, we can obtain an
integer g such that f(z,, z,, x;, *,)= (2%q,, Zlqz, 2%q4, 2°q,), where h, %,
P, 8, gy» 9ys (35 g, are positive integers and h,%,7,8 > 7, i.e., all numbers
of £7 are the multiples of 2". Thus, the four numbers of f? are congruent to
zero modulo 2”. This shows that the function g(x, y) = x® + y* (mod 2") is
stable.
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Before we prove the last statement of the theorem, let us recall a simple
property of Euler's ¢-function.

Lemma 1l: For any even integer N, (i) if N is a power of 2, then ¢ (W) = (%)N;
(ii) if N is not a power of 2, then ¢(V) < (%)N.

Proof of (7): First, we consider only the initial numbers Tyy Tyy Lys X,
greater than 2. Since ¢(x) is even for all x > 2. Therefore, we have

Fixys Ty Xy ) = (N, Nyy Ny, Ny),

where Ny, Ny, N3, N, are even integers and min{N, Ny, N3, Ny} > 4. If N, =
N, = N3 = N,, we can see below that statement (7) of the theorem is true in
this case. If all four are not equal, by Lemma 1 it is clearly seen that the
greatest integer (if two or three are equal and greater than the remaining,
each of these may be called "the greatest") of f™(x,, x,, x;, x,) must get
smaller within three steps for all n. Hence, after a finite number of steps
(such as m), f™(x,, T, T4, 2,) = (Ng, Ng, N,, Ng), where Ny, Ng, N,, Ny are
even integers and either Ny = Ny = N, = Ng = 2¢ for some integer t > 3, or
max{Ng, N¢, N,, Ny} = 4. But, we also have min{N,, Ny, N,, Ng} > 4 and
fe(t, 2t, 2t, 2%) = (2%, 2%, 2%, 2%) for all ¢ and t.

This implies that the function ¢(x) + ¢(y) is stable.

It remains only to show that the initial numbers x,, x,, X3, &, contain

some 2s or ls [since ¢(2) = ¢(1) = 1, so we only need to consider either 1 or
2]. Suppose the initial numbers contain only one number 2, say x; = 2. Thus

s x,, 2, ©,) = (1 + ¢Ge,), 0(x,) + 0x,), ¢(x,) + ¢(x,), ¢(x,) + 1).

Since x,, %4, ¥, > 2. Therefore, all four numbers of F(xy, x,, X3, x,) are
strictly greater than 2. Similarly, when the initial numbers contain two or
three 2s, we can prove that there exists an integer j < 3 such that

fj(xls Lys L3y x,) = (le Jos J3, Ju)a

where J,, J,, J3, J, are integers and min{J,, J,, J4, J,}>2. This completes
the proof of (7).

4. Some More Ducci Processes

Let us denote the m-digit integer by

= m-1 m=2
x=10""a, + 10" %q,_; + -+« + 10a, + a,

and
St = (ap+ apoy ¥ o0 +a, +a))t, TE=at+at_, + .- +ab + at,

where t =1, 2, 3, ...
We now address the following problems:
(1) For what values of ¢ is the function IS; - S;I stable?
(2) For what values of t is the function |7} - TJ| stable?
(3) For what values of ¢ and n is the function T; + T; (mod 2") stable?

Partial answers to these questions are given below.

Obviously, the function |Sf - 5¢| is stable for t = 1. In order to prove
stability for t = 2, we need the following lemma.
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Lemma 2: Let Z be the set of all nonnegative integers and let H= {3z: z¢ 2},
L = Z\H. Then for any h,h ,h, e H and %,%,,%, € [ we have

(1) |3 - hi| €H and |22 - 22| e H;

(11) |h? - 2%|er.

Proof: For any he H, we have # = 0 (mod 3) and %% = 0 (mod 3). For any
feL, we have either £ = 1 (mod 3) or 2 = 2 (mod 3). But we see that 2% = 1
(mod 3) for both cases. Therefore, we obtain

(1) |hZ - n%] = 0 (mod 3) and |22 - 22| 2 0 (mod 3), i.e.,

|h3 - h3| eH and |22 - 22| e H.
(ii) |n® - 23] = |1], i.e., |A® - 2%| € L.

We may note that by division by three a nonnegative integer has the same
remainder as the sum of its digits. Therefore, an immediate consequence of
Lemma 2 is:

Lemma 3: Let Z be the set of all nonnegative integers and let H = {3z: ze 2},
L = Z\H. Then for any h,h,,h, € H and %,%2,,%, €L we have

(1) |85 - sileH and |S] - Sp|eH;
(ii) |s7 - si|eL.

We now prove that the function |Sf - S;I is stable for £ = 2. By Lemma 3
we see that ¢ and b can play the same roles as shown in (G) if e represents
the initial number which belongs to the set H and b represents the initial
number which belongs to the set L. Thus we can find an integer m < 4 and four
integers hy, h,, ks, h, € H such that

f’”(xl, Loy X3, xg) = (hls h29 h39 h'-(-)

and Sy,s Sy, Shg’ Sy, € H. It follows that there exist four nonnegative integers
hs, he, h7, hs such that

fm+l(x1’ xz! xa’ xu) = (hs’ he’ h7’ ha)

and S, 0 (mod 9), ¢ = 5, 6, 7, 8. On the other hand, if max{ks, hs, %7, hgl}
has four or more digits, then, after a finite number of steps (say d), we can
find four nonnegative integers Ag, A19, A11> Ay, such that

fm+d(x1’ Xps X35 ®,) = (hgs hygs hyys hyy)s

where S, = 0 (mod 9), 2 = 9, 10, 11, 12 and max{he, hiqs P11 hyo} < 999 (the
proof is based on the same principle as shown in Steinhaus [2]). We know that
(9+ 9+ 9) = 27. Therefore, max{Shﬁ Shies Sy » Sy} < 27. This indicates
that the values of Shi(i =9, 10, 11, 12) are either 0, 9, or 18. But we see
that

182 - 02

182 - 92
182 - 182

324 and 3+ 2 + 4
234 and 2 + 3 + 4
0.

9;
9;

L]
]
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Thus, in the next step, we have
d+1
Frreti @y, @ys @35 ©) = (Bygs Ryys Bygs hig)s

where the values of 5, , (i = 13, 14, 15, 16) are either 0 or 9. It is easily
verified that f°(xy, %3, *3, 2y) = (0, 0, 0, 0) for all ¢ >m+ d + 5. This
shows that the function |52 - 57| is stable.

The function |S% - S;! is not stable for ¢ > 3. For instance, letting

gz, y) = |55 - 55|

and
: %y = 21951, x, = 21609, x, = 0, =, = 324,
we have
(21951, 21609, 0, 324)
e« 0, 5832, 729, 5103)
f2: ( 5832, 0, 5103, 729)
3 ( 5832, 729, 5103, 0)

Since
f3(21951, 21609, 0, 324) = f1(21951, 21609, 0, 324) = (5832, 729, 5103, 0),

the process is periodic with period 2. The same result is obtained if we take
(531441, 0, 426465, 104976) as the initial entries for t = 4.

The reader is welcome to consider the stability of the function |Tf - T;l
in problem (2). About 500 quadruples of two-digit numbers (x;, X2, X3, %)
have been tested for t = 2 and ¢t = 3. In each case, the functions |TZ - TZ|
and |72 - T3] stabilized after 80 steps.

With respect to problem (3), it is not difficult to get an example to show
that the function T2 + T? (mod 32) is not stable. Letting

xy, =10, x, = 22, x3 = 6, x, = 26,
we have
(10, 22, 6, 26)
fr:o(9, 12, 12, 9)
f2: (22, 10, 22, 2)
f3: (o9, 9,12, 12)

Thus, the process is periodic.

5. Ducci Processes in k-Dimensions

By analogy with Section 1, we now consider a function f whose domain and
range are the set of k-tuples of nonnegative integers. Suppose that there is
a function g(x, y) whose domain is the set of pairs of nonnegative integers,
whose range is the set of nonnegative integers, and that

f(xls xza e ey xk) = (9(351, xz)s 9(-732, x3)5 LA g(xky xl))'

Let f™xys Zys -..» Tyx) be the mth iteration of f. Assume that entries of
Ff™@ys %55 ..., T) are bounded for all m (as before the bound depends on the
initial choice of entries).

A Ducci process is a sequence of iterations of f. We call a function g
- stable if g generates a Ducci process such that for any choice of entries

@y @y eeas xy) = FM(2ys Xy, ... @) for some m.

All of the Ducci processes in Sections 1-4 can be generalized to an arbi-
trary dimension k, where k is any integer greater than 2. We propose to ex-
amine only two such generalizatioms.
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B. Freedman [3] proved that function g(x, y) = |x - y| is stable if the
number of members of the initial entries k is a power of 2.

We now show that the following functions are stable if and only if k is a
power of 2.

(1) g, y) = +y (mod 2"), n =1, 2, 3,

(I1) g(x, y) =x + y (mod k), where kK is an arbitrary positive integer.

Proof of (I): Let Xf/" be the ith entry of the mth iteration of f(x,, x,,
eees Z%). The subscript ¢ + J of x will always represent 7 + J (mod k).

Consider the function g(x, y) = x + y. We can show by mathematical induc-
tion that for any m,

kfim= i <:7,?>x7:+j' (H)

=0

In fact, (H) is true for m = 1, because

kel —
fi =X, ta, .

Suppose (H) is true for m. Then

kf£ﬂ+1 = kfil(kf;m) = ﬁ

Jg=0 J=0
m m m m=-1 m
- (O)x" + .z:l(j)xHJ t, O(J>x1+ﬂ+1 + (m>x’£+m+l
J= J=
m &/ m ul m m
= <0)x¢ +J21(j)x”+‘7 + Zl(J _ l)xi+.7’ + (m)xi+m+1
= i-
m m m m
= (5)e Z[(7) + (G )+ (R)oiann
m+ 1 Io(m+ 1 m+ 1
=< 0 >x1 * .Zl( 5 ) +(nd )%z enss
i=
m+1 m+ 1
_. 0( J )xi'i'j'
i=

Therefore, (H) is true for all m.
In particular, if k is a power of 2 (k = 27), then from (H) we have

21" zp 2_-p 27 -1 21, 21’
jg:o ( J )m“'j = <O )xi + j§1<j )xi+j + <2r)xi+2r

27 -1
or
2.’177: + .El (j )(L‘,"_\._J'.
i=

1]

k
kfi

]

2, «vey 27 = 1., Hence

r
Adopting Freedman's technique, we see that (ZJ ) is always even for J = 1,
kpok = 7=
f°=0 (mod 2), 2 =1, 2, ..., K,

k= 2"
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and

1

“fP¥ 20 (mod 4), © =1, 2, ..., k, k = 27,
FpPE 20 (mod 2%), <=1, 2, ..., k, k = 27,
Thus, we conclude that for any n we have
£ 20 (mod 2%, =1, 2, ..., k, k = 27,

This means the function g(x, y) = + y (mod 2") is stable if k is a power of
2.

In general

t

Proof of (II): The function g(x, y) = Z +y (mod k) is stable if and only
if k = 2¥ for any r. That this condition is sufficient follows from the pre-
vious proof. We now show that it is necessary.

We prove first that g(x, y) is not stable if k is an odd prime p. Let the

initial entries be 2y, %, ..., Zp, and
x={o if 0<Z<p
i 1 if Z = p.

Then from (H) we have
( - ') ;
P 7 if 0 <7 <p

(2)+(8) s

We know that ( p .) = (?) = 0 (mod p) for 0 < Z < p when p is an odd prime.
Hence, p-t

per_ [0 df0<i<p
z 2 ifi=p
and
papt - 0 if 0<<Z<p
fF {zt if 4 =p (mod p).

where ¢ is a positive integer. Thus, by Fermat's theorem 2P ™! = 1 (mod p), we
obtain
pfp(p—l) - {0 if 0< < <p
z 1 if © = p.

Therefore, g(x, y) is periodic.
Now let k = ps, where p is an odd prime and s is any integer greater than
one. Let

*

e =18 if 2 is a multiple of p
z 0 otherwise.

*For example, let k = 6; then k = ps = 3 X 2. We set the initial entries
as (0, 0, 2, 0, O, 2). Thus we have

X (0, 09 29 0, Os 2)
éfl: (0, 2, 2, 0, 2, 2)
6f2: (2, 4, 2, 2, 4, 2)
6f3: (0’ Os 49 0’ 0, 4)
6f*: (0, 4, 4, 0, &, 4)
6FS: (4, 2, 4, 4, 2, 4)
ér%: (0, 0, 2, 0, 0, 2)
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Then

keP _ 2s if 7 is a multiple of p
i 0 otherwise

and

(mod k),

kept = 2%s if 4 is a multiple of p
O 0 otherwise

where ¢ is a positive integer. Hence

ka(P-l) _ ) s if 7 is a multiple of p
Z 0 otherwise.

Thus, function g(x, y) is periodic and the proof is complete.

We leave it to the reader to examine generalizations of the Ducci proces-
ses presented in Sections 1-4.
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