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The Zeckendorf theorem [1], which essentially states that every positive
integer can be represented uniquely as a finite sum of distinct Fibonacci
numbers 1, 2, 3,5, ..., 8, where no two consecutive Fibonacci numbers appear,
led to so much new work that the entire January 1972 issue of the Fibonacet
Quarterly was devoted to representations.

Now, through consideration of the ordering of the terms in a representa-
tion and the ordering of the integers, we study mappings of one integer into
another by increasing the subscripts of the terms in a representation. We
are led to number sequences related to the solutions of Wythoff's game [2],
[3], and the generalized Wythoff's game [4]. We investigate representations
using Fibonacci numbers, Pell numbers, generalized Fibonacci numbers arising
from the Fibonacci polynomials, Lucas numbers, and Tribonacci numbers.

1. The Fibonacci Numbers

If we define the Fibonacci numbers in the usual way,
Fo=0,F, =1, F,,, =F, +F,_,, n>1,

then every positive integer N can be written in its Fibonacci-Zeckendorf rep-
resentation as

(1.1) N = 0,F, + aFy + a,F, + -+ + 0, Fy,

where o; € {0, 1}, a;a;., = 0, or a representation as a sum of distinct Fibo-
nacci numbers where no two consecutive Fibonacci numbers may be used. Such
a representation is unique [5] and is also called the first canonical form
of N.

If, instead, we write the Fibonacci representation of N in the second
canonical form, we replace F, with F,, and

(1.2) N =0,F) +03F; + o,F, + -« + 0 Fp
where a; € {0, 1}, a, = 0, 0;0;_; = 0. Such a representation is also unique.
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Notice that, if the smallest Fibonacci number used in the representation has
an odd subscript, the two forms are the same, but if the smallest Fibonacci
number used has an even subscript, it can be written in either form. For ex-
ample, the Zeckendorf representation of 8 = F; becomes 8 = Fy + F;, + F,;, and
11 =F;, +F, =F, +F, +F,.

We next need some results on the ordering of the terms in a representa-
tion. A lexicographic ordering was earlier considered by Silber [7]. We de-
fine a lexicographic ordering as follows:

Let positive integers M and N each be represented in terms of a strictly
increasing sequence of integers {a,} so that

k k*
(1.3) M = 2: Q;a;s N = 2: Biai’
=1 i=1

where 0;,8; € {0, 1, ..., p}. Let a; = B; for all < > m. 1If apn > B, only if
M > N, then we say that the representation is a lexicographic ordering.

Theorem 1.1

The Zeckendorf representation of the positive integers in terms of Fibo-
nacci numbers is a lexicographic ordering.

Proof: Let ¥ and NV be the two positive integers given in (1.3), where
ay, =F,,1>p =1, and o;a;_, = 0, B;B;_, = 0. If a; = B; for all ¢ > m, and
if o, > B,, then 0, = 1 and B, = 0, and we compare the truncated parts of the
numbers.

M* QoFy + QgFy + oo +a, 1 Fy1 +F, > Fy

N*

BoFy + BaFyg + «oe + By 1Fpy SFuy +Fp3 +Fp_s+ -o0 <F
so that M* > N* and M > N, since it is well known that

Fop o gt oo +F, =Fy -1,

2k 2

F +F 4 ee- +F, =F_, - 1.

2k-1 2k-3 3 2k

Application: Let f* be the transformation that advances by one the sub-
scripts on each Fibonacci number used in the Zeckendorf representation of the
positive integers M and N. If

£k

£
M—M' and N—nmN",

and if ¥ > N, then M' > N'.

Theorem 1.2

The Fibonacci representation of integers in the second canonical form is
a lexicographic ordering.
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The proof of Theorem 1.2 is very similar to that of Theorem 1.1. Next,
we let f be the transformation that advances by one the subscripts of the
Fibonacci numbers used in the representation in the second canonical form of
the positive integers ¥ and N. If

£ £
M——M' and N —DN',
and if ¥ > N, then M' > N'.

Let 4 = {4,} and B = {B,} be the sets of positive integers for which the
smallest Fibonacci number used in the Zeckendorf representation occurred re-
spectively with an even or with an odd subscript. Since the Zeckendorf rep-
resentation is unique, sets A and B cover the set of positive integers and
are disjoint.

Notice that, if the smallest subscript for a Fibonacci number used in the
Zeckendorf representation for a number is odd, then the first and second ca-
nonical forms are the same. Thus, under f or f*, every element of B is mapped
into an element of A. But every element of 4 can be written in either canon-
ical form, and under f every element of 4 is mapped into an element of 4.
Thus, every positive integer n is mapped into an element of 4, or, aided by
the lexicographic ordering theorems,

AHL' AAn

B, —— 45,

n-—iﬂ-An
4, = B,
so that
(1.4) A, + 1 =8B,
follows, as well as
(1.5) A, +n =B,.

Compare to the numbers a, and b,, where (a,,b,) is a safe pair for Wythoff's
game [3], [4]. 1If one uses the Zeckendorf representation of positive inte-
gers using the Lucas numbers 2, 1, 3, 4, 7, ..., since the Lucas numbers are
complete and have a unique Zeckendorf representation, we could make similar
mappings. This is essentially developed in [4] but in a different way. For
later comparison, we recall [3], [4], that

(1.6) 4, = [nal,

where [x] is the greatest integer in x and o = (1 + /5)/2 is the positive
root of y?> -~y - 1 = 0.
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2. The Pell Numbers

Let us go to the Pell sequence {P,}, defined by
P, =1,P, =2,B,,=2P,, +P,,n>Ll.

The Pell sequence boasts of a unique Zeckendorf representation [6]. Consider
the positive integers and the three sets 4 = {4,}, B = {B,}, and C = {C,},
where 4, =B, - 1 and ¢, = 2B, + n, and 4, B, and C contain numbers in their
natural order of the form

Ay =1+ 0P, + 03Py + 200 + 0P,
(2.1) B, =a,P, + 03Py + =" + 4P, a, # 0,
Cp, =Py + o+ +0,P, a, #0,

where a; € {0, 1, 2}, and if o; = 2, then a;_, = O.

1

Since we next wish to map the positive integers into set B, we will need
a lexicographic ordering theorem for the Pell numbers.
Theorem 2.1

The Zeckendorf representation of the positive integers, in terms of Pell
numbers, is a lexicographic ordering.

Proof: Let M and N be two positive integers given by

k k
M= 0P, N=) B.P;,
=1 =1

where o;, B; € {0, 1, 2} except 0., B, # 25 and if a; = 2, then a;.; = 0, or
if B; = 2, then B;_; = 0. If a; = B; for all © >m, and if o, > B,, then
Om =2 and Bp =1, or &y =1 and By =0, or 4y = 1 and B, = 0. We compare
the truncated parts of the numbers when Gy = 2 and B, = 1:

M* = o,P) + a,P, + <+« + 2P, > 2P,

N*

B,Py + B,Py, + *++ +P, <Py, + P, - 2< 2P,

Since, if Bl, B,y> Bgs «..5 B, , are taken as large as possible, whether m is
even or odd,

Lt}

|
-
1]
Qe

2(Py_y + o P + P

2Py + Py + 20n + Py) =Pyyy -1 =P =1,

so that M* > N* and M > N. 1If ap = 2 and B, = 0, then N* is even smaller.
If ap =1 and Bm = 0, then M* > P,, but notice that, if the coefficients B;
are taken as large as possible, we can only reach N* = P, - 1, and again
M* > N*, making M > N. By definition (1.3), we have proved Theorem 2.1.
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In an entirely similar manner, we could prove Theorem 2.2, where we write
the second canonical form by replacing P, by 2P, and 2P, by P, + 2P, in the
Zeckendorf representation, where again if 2P, appears, then P;_; is not used
in that representation. This second canonical form is again unique [6]. We
write:

Theorem 2.2

The Pell number representation of integers in the second canonical form
is a lexicographic ordering.

Let f be the transformation that advances by one the subscripts of each
Pell number used in the representation in the second canonical form of the
positive integers M and N, and let f* be the transformation that is used for
the Zeckendorf form. Then, as before, if

M—L-m'  anda  v-L-nr,
and if ¥ > N, then M' > N', and the same for transformation f¥.

Now, we consider 4,, B,, and C, of (2.1), and mappings of the integers
under f and f*. We must first put B, into the second canonical form. In the
representation for B,, replace P, by 2P,, or replace 2P, by P, + 2P;, since
the smallest term of B, is either P, or 2P,. Now, under f, B, is mapped into
Bz , while under f*, B, goes into C,, applying the lexicographic theorems for
Pell numbers.

% &l
p,L-p,, or 20 55

£

2P, Lo op,, or 2 L4y

£k f*
2P, =—— 2P;, or 4 —10;

P, + 2P, P +2P,, or hLo5+2 . 2=0.

Thus, the image of B, under f is one less than the image of B, under f*, and

(2.2) By + 1 =20y

We know where the 4,'s go under f: into B,, since the A's start with a one,
while their images start with a P,. The B,'s (second form) have 2P;, so their
images start with 2P,, clearly a B,. Now, where do the Cn's go? Each C, be-
gins with 5 or 10. Replace 2P, = 10 by 5+ 2 - 2+ 1 =Py + 2P, + P, and
replace 1P, = 5 by 2P, + P, = 2 + 2 + 1 and under f,

10 > P, + 2P, + P,

12+ 2 « 5+ 2 = 24,
and

5+ 2P, +P, =2+ 5+2=12.

]

Thus 4,, modified B,, and modified C, are all carried into B, by f and

%

n n-°
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For later comparison, we note that
(2.3) B, = [n(1 +V2)],
where [x] is the 'greatest integer in x, and (1 + V/2) is the positive root of

y? -2 - 1=0.

3. Generalized Fibonacci Numbers (Arising from Fibonacci Polynomials)

Next, consider the sequence of generalized Fibonacci numbers {un},

u, =0, u

0 =1, and u,, ; = ku, + U, 15 7> 1.

1

[Note that, if the Fibonacci polynomials are given by f (x) =0, fi(x) =1,
and f,4+,(x) = xf, (@) + f,_,(x), n» > 1, then u, = f,(k).] Let set B be the
set of positive integers whose Zeckendorf representation has the smallest u,
used with an even subscript, and set 0 the set of integers whose Zeckendorf
representation has the smallest u, used with an odd subscript. We know from
[6] that N has a unique representation of the form

(3.1) N =o0quy, +0,u, +°°° + Onllnp,
where
o, € {0, 1, ..., k- 1},

a; € {0, 1, 2, ..., K}, 2 > 1,

oy kéo{‘i—l =0,
so that sets B and 0 cover the positive integers without overlapping.

We wish to demonstrate a second canonical form for elements of set B. We
do this in two parts: Let 0,; be the coefficient of the least u,; used; then
Opx =1, 2, 3, ..., k. Take lu,; and replace it by kusx_1 + Usr-2, and con-
tinue until you obtain lu,, and replace that by ku,,

Ugy = k(u2k_1 + Upk -3 + e+ Usg + Zx{l).
Thus,

B, =R + Ruyp_q + Kupp_g + "0 + Kuy + Kuy.
If f is again the transformation that increases the subscripts by one for
integers written in the second canonical form, and f* the transformation for
the Zeckendorf form, then, if we can again use lexicographic ordering,
-
By ——=R" + Kuy, + Ky p + =00 + Ku,

£k
J ’
By———=R" *+ Uyp41>

but from [6],
Upr+r = L = k(uar + upp-p + 000+ uy + uy),
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so that the images differ by 1. Now, under f, we see that all of the elements
of 0 are mapped into set B and set B in second canonical form is also mapped
into set B. Thus, provided we have lexicographic ordering, the positive in-
tegers n map into B, under f. If we split set 0 into sets A whose elements
use lu; in their representations and ¢ = {C,}, where (, does not use lu, in
its representation, then

B, L0, and B, ——5,,
and since the images differ by 1,
(3.2) Bz, +1=2Cysn>0.

The general lexicographic theorm should not be difficult.

Theorem 3.1

The Zeckendorf representation of the positive integers in terms of the
generalized Fibonacci numbers {u,} is a lexicographic ordering.

Proof: Let M and N be positive integers which have Zeckendorf represen-
tations

n n
M= Mu; and N =Y Nu;.
J=1 J=1

Compare the higher-ordered terms from highest to lowest. If M; = N; for all
Jg >m, and M, > N,, then we prove that ¥ > N. It suffices to let M = Myuy,
and M, > N, + 1.

N < N* = k“zj-l + kuzj-a +ku2j_5 4 e + ku3 + (k - l)ul = ”2,7' -1

or

]

N < N*

|A

kuzj + kuzj_z + o+ ku, = Upjpr = L.
Thus M > M* > * > N, so that ¥ > IV, proving Theorem 3.1.

This shows that, if two numbers ¥ and N in Zeckendorf form are compared,
then the one with the larger coefficient in the first place that they differ,
coming down from the higher side, is larger. Now, what need be said about
the second canonical form? If both M and N are in the second canonical form,
and they differ in the jth place, whereas their smallest nonzero coefficient
occurs in a position smaller than the jth place, then the original test suf-
fices. If they both differ in the smallest position, then again the one with
the larger coefficient there is larger, as their second canonical extensions
are identical.

Theorem 3.2

The representation of positive integers in the second canonical form us-
ing generalized Fibonacci numbers {u,} is a lexicographic ordering.
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Under transformation f, using the second canonical form, if ¥ =N + 1,
then " -

M——NM', and N—1D',
such that M'" > N'+k - 1. For example,
uy = 1-Leu, =k, 2 = 2u;Lw2u, = %, and 2k > k + k - 1,

taking ¥ = 2 and NV = 1.

We now return to sets 4 and ¢ which made up set 0 and with set B covered
the positive integers. Sets 4, B, and C can be characterized as the positive

integers written, in natural order, in the form

Ay = 0quy + QouU, + Oglig + "+ + Qply, 0y # 0, k,

—~
w
(V8]

~
Sy

B

!

= Oy, + Qaly + *c + o u,, o, # 0,
C, = Qguy + Oyl + *°° + Quuy, 03 # 0, o, € {0, 1, 2, 3, ..., k}.

For the numbers B,, we can write:

Theorem 3.3

n

Bg 4y - By, =k + 1, and if m # By,
By, - B, = k.

Also, it was proved by Molly 0Olds [18] that

Theorem 3.4

4. The Tribonacci Numbers

The Tribonacci numbers {T,} are
Ty =0, Ty =1, Ty =1, Typs = Tyey + Tuyy + Tps n > 0.

The Tribonacci numbers are complete with respect to the positive integers,
and the positive integers again have a unique Zeckendorf representation in
terms of Tribonacci numbers (see [8]). That is, a positive integer N has a
unique representation in the form

(4.1) N =o0a,T, + 0,0y + -+ + 0Ty,
where a; € {0, 1}, a;o; _j0;_, = O.

Now, consider the numbers 4,, B,, and C, listed in Table 4.1. Here, be~
cause we want completeness in the array, we take 4, as the smallest positive
integer not yet used, and we define A, as the number of C;'s less than 4,,
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and ¢, as the number of Ci's less than B,. Then, we compute B, and C, as
(4.2) By = 24, = Ay,
(4.3) Cn = 2B, - ¢,.

We write the Tribonacci recurrence relation:

(4.4) n+ A4, +By=Ch.
TABLE 4.1
n An By C,
1 1 2 4
2 3 6 11
3 5 9 17
4 7 13 24
5 8 15 28
6 10 19 35
7 12 22 41
8 14 26 48
9 16 30 55
10 18 33 61

Now, A = {4,} is the set of positive integers whose Zeckendorf represen-
tation has smallest term Ty, where k = 2 mod 3; B = {B,} contains those pos-
itive integers using smallest term Ty, where k = 3 mod 3; and C = {C,} has
smallest term T, where X = 1 mod 3, k > 3. We have suppressed T; = 1 in the
above; thus, every positive integer belongs to 4, B, or C by completeness,
where 4, B, and C are disjoint.

We write a second canonical form‘by rewriting each 4, by replacing T, by
T,; replacing Ty = 2 in each B, by T,+7T,; and leaving the numbers C, alone.

Note that, instead of saying "4, has smallest term T,,,,," we could say
"4, has 3m + 1 leading zeros."
Theorem 4.1

Each 4, has k = 1 mod 3 leading zeros in the Zeckendorf representation
and can be written so that

4, =T, + 0,7, + 0,7, + -+ + 0,T,, where a; € {0, 1}.
Each B, has kK = 2 mod 3 leading zeros and can be written as

B, =T, +a,T, + -+ + 0yT,, where a; € {0, 1}.

n



202 LEXICOGRAPHIC ORDERING AND FIBONACCI REPRESENTATIONS [Aug.

Each C, has k = 0 mod 3 leading zeros, kK > 3, and can also be written

Cp=7T, +aTg + -+ + a,T,, where a; € {0, 1}.
Proof: Let T,,,, have a nonzero coefficient. Replace T, ,, by
T3m+1 +T3m +T3m-l =TZ«lm+l +T3m +T3(m—l)+2'

Continue until the right member ultimately lands in slot 2. The similar re-

placement for Tsm in B, and Typey In C»n will establish the forms given above.

Theorem 4.2
The Zeckendorf representation of the positive integers in terms of the
Tribonacci numbers {T,} is a lexicographic ordering. The representation in

the second canonical form is also a lexicographic ordering.

Proof: Write ¥ and N in their Zeckendorf representations,

n n
M=) M;T, and N =Y N;T;.
j=2 j=2

If Mj = N; for all j >m and M, > N,, then ¥, = 1 and Ny = 0, and we prove
that M > N. We let M* and N* be the truncated parts of the numbers M and V.
Then

u*

M,T, + M,Ty + +=+ + MyTyp > Ty,

N* =N,T, + N,T, + +«+ + N, T, .

Since N;N;_.N;_, = 0, N* is as large as possible when both Nw-1 and Nm-2 are
nonzero. Either m = 3k or m = 3k + 1 or m = 3k - 1. We use three summation

formulas given by Waddill and Sacks [9].

If m = 3k, then

k
w* S.IEZ(Tsi-l +Ty;.5) =Ty =Ty - 1< T, <M.
i1

1]

If m=3k + 1,

k
N < 3Ty + Tyyly) = Tagey = 1< T < M,

i=1

Ifm=3k -1,

m* < 2:(23i-2 + Typo3) =Ty =Ty_y - 1 < T, <M
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Thus in all three cases, M* > I* so that ¥ > N, and the Zeckendorf represen-
tation is a lexicographic ordering. The same summation identities would show
that the second canonical form is also lexicographic.

Next, let f be the transformation that increases the subscripts by one
for integers written in the second canonical form, and f* the similar trans-
formation for the Zeckendorf form. Now, the numbers in set 4 are ordered,
and since we have lexicographic ordering for the second canonical form,

f f f i
n——=A,, Ay—=A, s Bp—A4p , C,—4A,

Since we have lexicographic ordering for the Zeckendorf form,

4,8, B,—Lwc,, L a, .
But each 4, is one less than B,, and each A is one less than C,, so that
(4.5) Ay, + 1 =8By, and Az +1=20C,.
(4.5) reminds one of a,, + 1 = b, from Wythoff's game [3], [4]. Note that
{C,} clearly maps into {4,} because they were of the form whose least term

had subscript X = 2 mod 3, so that an upward shift of one yields k = 3 mod 3
and, hence, Agw

Comments: Under f, A, maps to 44 , and under f*, 4, maps to Bn. If 4n
is in second canonical form, then 4, + 1 = 4, + T, is also in second canoni-
cal form. Thus, using the Zeckendorf and then the second form for 4,,

ok
A, +T7,—-B, +T, =B, + 1,
Ay + Ty—Lety + 1, =4, + 2,

so that 44, + 1 = B,. Clearly B, + 1 is an A; since the B,'s have T, as the
lowest nonzero Tribonacci number, but B, + 1 has Tz. Thus,

(4.6) Ay +1=B, and B, +1=4,.,

“n

so that

We also have shown that there are 4, of the 4;'s less than B,.
Under f, B, maps to Ag. s and under f*, B, maps to (,. Therefore,
ABq +l=Cn,

which shows that there are B, of the 4;'s less than C,. Also, C, + 1 is an
A; since each (, can be written with the least summand T, . Therefore,

C, + 1 =14z .1

n
and

4.7) Az +1 =0, and c, + 1= ABH+1
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give us
Ap y1-Ag, = 2.
Next, we look at C, and C, + 1.
C,L=4,  and  C, +1=C,+ T—1-4 A, + 1.

4l A,

Since ¢, + 1 is A;,,, the one is 7, in C, + 1. We conclude that

This gives all the recurrent differences for the 4 sequence.
We now turn to the B sequence.
f*
1 = (Aaﬁl - AC%) ~——>(BQ+1 - qu) = 2,
ok
2= (A.4n+1 - ‘4‘4,1) * (BAH+1 - By, ) =4,
=3
L+ 1=2= (4, ~A4;)1~@, -B;)=1+2=3.
We look first at
.
c

w4 and Cp + 1=—4; 4

because C,, + 1 is an 45 so 1 in it is T,. Thus

- . r* - -
AC,,+1 _Ac% +7, ——»BCWJrl = Bcn + Ty =By, + 2,
and
E@ﬁl - ch = 2.

Now, in second canonical form, 4, has T; but no T,, but 4, + | has T, and
Ty, or, 4, + 1 =4, +T,.

aptea, Lop,
f il
Ay + 1 =4y + Ty——4, +7,-L-B, + 7T, =B, +4,
f f* _
Ay +1-Les, LB =B, + 4.
Thus,

By 41 = By, = 4.

n

Next, let B, =R, +T, =R, + T, + T, be in second canonical form.

~ 7%
B,——Ag =R} + Ty +T,—FR!'+ 7T, +T,,
o*
B, +1=R, +7, + 7, LRl +7, +7, Z-pr 47, +71,,

2 ok
B, + 1-4=4, . .8

— n
B,+1 BV,+1"Rn+T5+T3'

Therefore,
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BEVL+1 "BB,‘ = ([R] +Ts +T3) - (R +T, +7T3) =Ty - T, = 3.
Finally, for the third difference of B numbers,
3
¢, ~Les, s, ,
£ o%
- ] J
c, +1=20, +T1———»A0n +T2‘_'Bcn + T3,

%

c, +1——u4, LB

Co+1 C.¥1°

Therefore,
BCH+1 - Bcn = T3 = 2.

Lastly, the three differences of consecutive (C;'s are found by using the
above differences of 4;'s and B;'s and (4.4).

Goe1 = Cyp = Uy + 1+ Ay 40 + By 41) - (Ap + Ay, + By,)
= (A, +1-4,) + (AAn+1 - AAn) + (BA,,+1 - BAn)
=1 +2+4=7.

Csar = Cp, = B + 1 =By) + (A 4y - 4p,) + (B 4y - Bs,)
=1+2+3=6.

Cowr = Ce, = Cn + 1 =Co) + 44y —4g ) + B4y - Bg)

=1+1+2-=4.

We summarize all the possible differences of successive members of the 4,
B, and C sequences as:

Theorem 4.3
Ay 1 - Ay, =2, Ag 4y - A =2, Acn+1 - Acn =1;
BA,,+1 - By, =4, BB’1+l - Bs,l = 3, Bc,l+1 - BC,, = 2;
Cpov1 = Ca, =17 Gs41 — Cs, =6 G4 = Cc, = 4.

Returning to (4.6), we know that there are 4, of the 4;'s less than B,.
Then, B, is n plus the number of A;'s less than B,, plus the number of C's
less than B,, or,

B, =n+A4, + ¢,.
Then
Cy = 2B, - ¢, =2B, — (B, - n -4,) =B, +4, +n,

a consistency proof that the C,'s are properly defined by the array of Table
4.1.
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Theorem 4.4
The number of C;'s less than 4, is
A, = 24, ~ B,.

Proof: We show that 24, - B, increments by 1 if and only if n = B,,, and
zero otherwise, applying Theorem 4.3:

2(44’1_,_1 - AAW) - (BA,[+1 - BAﬂ) =2(2) -4 =0,
2(45 4y ~Ap) = By, - Bg ) =2(2) -3 =1,
204, 4, —Ac,) = B4y - Bg) =2(1) - 2=0.

Note well that {4,}, {B»}, and {C,} are sets whose disjoint union is the set
of positive integers. From (4.7), we see that

Ay +1 =0, =4, ., -1,
AEﬂ < Cn < ABW,+1
From A; 4, — A; = 1, there are no C;'s between those two Ax's. From (4.6),
we see that
A, +1 =B, =4 , -1,

A, <B, <A

Thus, 24, - B, counts the number of Cj's less than 4,.

Theorem 4.4 shows that B, is properly defined in the array of Table 4.1.
We know from earlier work that (B, - 4, - n) counts the number of C;'s less
than B, and agrees with the definition of (, in the array. Since each B, and
C, is followed by some 4, the choice of 4, as the first positive integer not
yvet used guarantees that the sets in the array cover the positive integers.

Nota bene: 1If (24, - B,) counts the number of C;'s less than 4,, it also
counts the number of B;'s less than n. Further, (B, - 4, - n) counts the num-
ber of C;'s less than B,; it also counts the number of B;'s less than 4,, and
the number of 4;'s less than n. These follow immediately from the lexico-
graphic ordering by moving backward. Summarizing:

Theorem 4.5
(a) (2n - 1 - 4,) counts the number of C;'s less than n;

(b) (24, - B,) counts the number of B;'s less than n;

(C) (B, - 4, - n) counts the number of Aj's less than n.

Next, we make application of a theorem of Moser and Lamdek [11];
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Theorem (Leo Moser and J. Lamdek, 1954)

Let f(n) be a nondecreasing function of noﬁnegative integers defined on
the positive integers,

(A) F(n) = f(n) + n, G(n) = f*(n) + n,

where f*(n) is the number of positive integers x satisfying 0 < f(x) < n.
Then, F(n) and G(n) are complementary sequences. Conversely, every two in-
creasing complementary sequences F(n) and G(n) decompose into form (A), with
f(n) nondecreasing.

Let f*(n) =B, - A, - n; then

G(n) B, - 4, and F(n) =4, +n =0C, - By,

since C, =B, + 4, + n. Thus, (B, - 4,) and (C,, - B,) are complementary se-
quences.

Let f*(n) 24, - By,; then

Gn) = 24, -B, +n=0, - 2B, +4, = (C,, - By) - (B, - 4,)
and
Fn) =B, +n=0C, -4, = (C,, —=By) + (B, = 4,).

Thus, G(n) = (¢, - B,) - (B, - 4,) and F(n) = (C,, - B,) + (B, - 4,) are com—
plementary sets.

Let f*(n) = 2n - 1 - A,; then
Gn) =3nm-1-4, and F(n) =C, + n.

Thus, F(n) and G(n) are complementary sets. We have just proved:

Theorem 4.6

The three sequences {4,}, {Bn}, and {C.} are such that their disjoint
union is the set of positive integers. That is, they form a triple of com-
plementary sequences. Further, their differences (Bn - A,) and (C,, - B,) form
a pair of complementary sequences, and the sum and differences of this pair
of complementary sequences form another pair of complementary sequences:

<, -4, and (¢, - 2B, +4, =24, - B, +n).

5. The »r-nacci Numbers

The r-nacci numbers {R,} are given by [14]

R, =0,R, =1,R =29"2,5=2,3, ..., r+1,
and

(5.1) Rywp = Rn+1ﬂ—1 + R + ot Ry
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The Fibonacci numbers {F,} are the case » = 2, while the Tribonacci numbers
{T,} have r = 3, and the Quadranacci numbers {Qn} have r = 4,

We have the sequence of identities

Fo +F, +Fg+ " +F,, =Fy,,1 - 1,
(5.2) r = 2:
F,+F g +F, + " +F,, .1 =F,, ., — L.
(T, +T4) + (Ts +Tg) + «o0 + (T, +T3,) =Ty, = 1
(5.3) r=3: Ty +T,) + (Tg +T,) + «o0 + (Ty, +T5,,1) =Tg,,., - 1
T, + (T, +T5) + (T +Tg) + o+ (T i1+ T3,00) = Tapps— 1.
(@, + @5 +@,) + (@, +&, +8g) + -
T @y T @yy1 Q) =@y - 1s
@; +@, +Q5) + (@, +dg +8g) + -+
+ @upoy F @y, T @) = @y, - 1
(5.4) r» =04

Q + (@ +Q5 + Q) + (@ + Qg + @) + -+
* @i Quper F Quni2) = Qunes — L

@+ @+ @ + Qg +Qy) + (@ + Qg + @) + 7
* @uner * Qunez ¥ Qunes) = Qungsy — 1

Note that R, is never used on the left. Generalizing to the r-nacci num-
bers, we make groups of (r - 1) terms, writing » equations:

(R, + By + »++ + Ry) + (Buyp + =5+ + B,.) + +
. + Brorypaz T ooer + Bpp) = Bppgq = 1,

By + Ry + **" +Rpoyq) + (Bpyyg + 000 +Ryq) + 00

+ Borypses T 700 F Bypyr) = Bpyp = 1
(5.5) R, + (B, + *+* + R, ,) + (Boypy + **° +Rypyp) + 70
+ Baeovypsn T 00+ Bipin) = Eipyy = 1,

R, + Ry + (Rg + »-+ + B 0) 4+ (Rpys + =70 + Ryppy) + 000

+ BEgroypes ¥ 700 F Brprg) = By — 1
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(5.5)—continued

Ry + Ry + o+ + R, g+ (Bpyy + =o+ + Rpp) + (Bopyp + ooe + Ryppn) + oo

+ (er+1 oot er+uul)) = er+r - L
Notice that the proof of Egqs. (5.5) is very simple. In any of the equa-
tions, add 1 = R, to the left, and observe that

R +R, +R,+++ +R, =R,,, fori=1,2, ..., r - 1,

and that R;,; can be added to the next group of (» - 1) consecutive terms to
get R;,,.,»which canbe added to the next group of (r - 1) consecutive terms.
Repeat until reaching R, ;.

The r-nacci numbers, which are the generalized Fibonacci polynomials of
[13] evaluated at x = k = 1, again give a unique Zeckendorf representation
for each positive integer U,

(5.6) N = 0,R, + a,Ry + " + 0xRy,

where a; € {0, 1}, and 0;0;_10;_, «v. O _n,; = O.

Now let 4, = {a;,,} be the set of positive integers whose unique Zecken-
dorf representation has smallest term Ry, k> 2 (we have suppressed R;), where
k=Z4Zimodr, 2 =2, 3, ..., »+ 1. Thus, every positive integer belongs to

one of the sets A; by completeness, where the sets 4; are disjoint.

Theorem 5.1

Each a;, , can be written so that

a =R,;+OC7"+1R1:+1+OL7"+ZB7:+2+"'+O€pRp,

i, 7
where a; € {0, 1} and 2 = 2, 3, ..., r + 1.

Proof: Let N = a;,, have R,,y; as the smallest term used in its unique
Zeckendorf representation. Write K,,,; as

Rupyior T Bppyign t 000 Ropti-pe

Then rewrite R as

(m=-1)r+i

Rim-1yrsi-1 T Bnotyrsri-o T 700 F Bnoyyraions

and continue replacing the smallest term used until the smallest term ob-

tained is R;, which is one of Ez’ Ra’ .s RP+1.
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Theorem 5.2

The Zeckendorf representation of the positive integers in terms of the
r-nacci numbers {R,} is a lexicographic ordering.

Proof: Write ¥ and NV in their Zeckendorf representations,

n n
M=) M;R; and N =) NRj,
j=2 j=2

where M;, N; € {0, 1}. 1If M; =N; for all j > m and M, > Ny, then M, = 1 and
N, = 0, and we prove that ¥ > N. Let M* and V* be the truncated parts of the
numbers ¥ and N. Then

M*

M,R, + MRy + <+ + MR >R

m?

n* R

m=-1"tm-1-°

N,Ry + NyRy + +=+ + N
Since N;N;-1 ... N;_p+1 = 0, N* is as large as possible when N,_1, Np_5, s
N,_p+1 are nonzero. Then m = rk + ¢ for some 7 = 1, 2, ..., r. But Egs. (5.5)
show that N* at its largest is R, - 1, so that N* < R, < M*, and thus ¥ > N,
so that the Zeckendorf representation is a lexicographic ordering.

6. The Rising Diagonals of Pascal's Triangle

The numbers u(n; p, 1) of Harris and Styles [15] lie on the rising diag-
onals of Pascal's triangle with characteristic equation

zP*t - xP -1 = 0.
We define u(n; p, 1) = u,, where n > 0 and p > 0 are integers, by
[n/(p+1)]

n - 1ip

(6.1) u, = u(m; p, 1) ;

>, n>1, u(0; p, 1) =1,

=0

where [x] is the greatest integer function, and (k) is a binomial coeffi-
cient. We note that, if p =1,

un - 13 1, 1) =F,,

and if p = 0,

Also,
u0=ul=u2=-..=up=1’ up+l=2.
We write Pascal's triangle in left-justified form. Then u(n; p, 1) is the

sum of the term in the leftmost column and nth row (the top row is the zero-
th row) and the terms obtained by starting at this term and moving p units up
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and one unit right throughout the array. We also have

(6.2) Uy = Uy ) + Uy pog

with the useful identity, for any given value of p,

n
(6.3) Dot = Uppey - L
=0

Now, each positive integer N has a unique Zeckendorf representation in terms
of {u(n; p, 1)} for each given p, as developed by Mohanty [16]:

(6.4) N = Zalu(i; P 1)5
i=p

with ag =1 and a; = 1 or 0, p <7 < g. Here, s is the largest integer such
that F; is involved in the sum, and u; = u, = *** = u,_; = 1 are not used in
any sum. If q;a;,; = 0 for all < >p and g =1, 2, ..., p - 1, then we have
the unique Zeckendorf representation using the least number of terms. If
a; +azy; 21 for all 2 >p and j =1, 2, ..., p - 1, then we have a third
form, which also is a unique representation.

The results of Mohanty can be restated. Let A; be the set of positive
integers whose unique Zeckendorf representation in terms of u(n; p, 1) has
smallest term u,, n > p, where n = ¢ mod (p + 1), ¢ =0, 1, 2, ..., p. Then
every positive integer belongs to one of the sets 4;, where the sets 4; are
disjoint. Further, every element in set 4; can be rewritten uniquely so that
the smallest term used is up4+y, ¢ =0, 1, 2, ..., p, by replacing the small-
est term repeatedly, as,

Uy = Upy T Uz 1 p TUxy T Uy poo T U 5po2

Uy T Un_(p+1) + Un_2(p+1) T F Upyg

We write a second canonical form by replacing up = 1 by u,_., = 1 whenever it
occurs, but notice that only set 4Ap is affected.

We can establish the identity

n
(6.5) Zu(p+l)k+i = Up+nn+ivr — 1
k=1
for each integer ©, 0 < © < p, by mathematical induction. For each value of
p, when n = 1, we have, by (6.2):
Up+l) -1+1 = U(p+1) ‘1+i+1 ~ Up = U(p+1) -1+i+1 ~
If (6.5) holds for all integers n < ¢, then

t+1 t
Z“(p+1)k+i = Z“(p+1)k+i T U+ @+ +4
k=1 k=1
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= (Upsyeeier = 1) Ui peprirn — 1
Up+iye+(p+1)+i+l — 1

= Upt1)(e+1)4i41 — Lo

the form of (6.5) when n = ¢ + 1, so that (6.5) holds for all integers n by
mathematical induction.

We are now ready for our main theorem.

Theorem 6.1
The Zeckendorf representation of the positive integers in terms of
{u(n; p, D}

is a lexicographic ordering. The representation in second canonical form is
also a lexicographic ordering.

Proof: Write ¥ and N in their Zeckendorf representation using the least
number of terms,

n 1
M =2Miui and N =ZN7;ui,
i=p i=p

where M;, N; € {0, 1} and MiMi+j =0forallZ>pand jg=1, 2, ..., p - 1.
If M; =N; for all Z >m and M, > N, then M, = 1 and N, = 0, and we prove
that M > N. Let M* and N* be the truncated parts of the numbers M and V.

Then

% = e
M* = Mpup + My g1y, + + Mphy > Uy,
N%& = Npup + NpyqUipyy + 700 + Ny gl
Since N;N;,; =0 for j =1, 2, ..., p = 1, N* is as large as possible when
N,., is nonzero, but then N,_, = Ny_.3 = -+ =N,_, = 0. The next largest
possible u; used is u,_,_,, then Up.pp-1s €LC. Now, we can represent (m — 1)
as

m-1=(@+ Lk + 1,
where 0 < 2 < p. By (6.5), for any value of (m - 1), we always have
[(m-1-2)/(p+ D]
v < 2: Up+ik+s = Un = L < M¥.
k=1

Thus, M > N, and the Zeckendorf representation is a lexicographic ordering.

Note that the same proof can be used in the second canonical form because
only the smallest term in the Zeckendorf representation is changed.
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7. Applications to the Generalized Fibonacci Numbers wu(n; 2, 1)

Let us concentrate now on the sequence u(n-1; 2, 1) = u,, where we take
p = 2 in Section 6. We write

(7.1) u, =1, u, =2, uy =3, and u,,; = u

Theorem 7.1

Each positive integer N enjoys a unique Zeckendorf representation in the
form

k
¥ ==§: Qgthgs 00y = 05 050;,, =0,
i=1
where a; € {0, 1}.

Each positive integer N can be put into one of three sets 4, B, or C ac-
cording to the smallest u; used in the unique Zeckendorf representation of
N, by whether kX = 1 mod 3 for A, Kk = 2 mod 3 for B, or Kk = 3 mod 3 for C.
Let 4 = {4x}, B = {By}, and C = {Cn} be the listing of the elements of 4, B,
and C in natural order. Note that we can rewrite each unique Zeckendorf rep-
resentation by changing only the smallest term used to make a new form where
the smallest term appearing is u;, Uy, or usz. If the smallest term appearing
is u;, we replace the smallest term repeatedly:

Up = Ugy = Ugpoy T Ugpog T Ugpoy T Ugpoy Uz =
Ugm-1 T Ugpoy 000 F U,
Up = Ugpyr = Ugp T Ugpog = Ugy + U g U, 5 =
= u,

m +u3m-3 + oo +ul’

Up = Ugppy = Ugper T Ugpo1r = Ugpey T Ugpon + Ugyoy
= Ugpyr T Ugpop + 000+ Uy

We can summarize as

Theorem 7.2
Each member of set A has a representation in the form
Ay =1+ 0pUy + QgUy + +ov + Quty, 0y € {0, 1}
each member of set B has a representation in the form
By = 2 4 Ogty + Oty + +=+ + Oplhy, 0y € {0, 1};
and each member of set C has a representation in the form
c

a = 3 4 ouy + agus + 7t F Omlms 0p € {0, 1},
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There are some instant results:

(7.2) B, - 1=4;,

Now, let # = {H,} = 4 U C, where the elements of H are listed in natural
order. We write the second canonical representation for sets A4,B, and (', by
replacing u#; = 1 by uy = 1 in the representation of 4, but leaving B, and C,
represented as in Theorem 7.2. Let f be the transformation that advances by
one the subscripts of each of the summands u, for each representation that is
in gecond canonical form. Let f* be the transformation that advances the
subscripts by one of each summand u, used in the Zeckendorf representation
of IV.

Theorem 7.3

~ % o~k
v Leg Loy Zip Lo

£x
J

%
Proof: 1t is clear that 4, Bn ——0C, by the Ilexicographic ordering
theorem (Theorem 6.1). Consider the sequence 1, 2, 3, ..., H,; then, since
H and B are complementary sets, we have

H, =n + (number of B;'s less than H,).

Thus, by Theorem 6.1,

(number of B;'s less than #,) (number of 4;'s less than n)
=C, - B, - n.

Here we have assumed the equivalence of the definitions of 4,,5,, and C, and
the following (see [171):

A, = smallest positive integer not yet used,
By, =4, + n,
C, =By, + Hy.

We now consider the sequence 1, 2, 3, ..., B,; then

B, = n + (number of H;'s less than B,).
From j = B, - n = 4, and Theorem 6.1, we conclude
(7.3 H, +1=2B8B,,

but we also get that
A, = (number of A;'s less than C,)
from Theorem 6.1. From 1, 2, ..., C,, then

C, = n + (number of Aj's less than (C,) + (number of Bj's less than ()
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=n + A, + (number of B;'s less than C,),

or
(number of Bj's less than C,) =C, - 4, +n) =C, - B, =H,.

We therefore conclude from C,, - 1 = B; that

(7.4) By +1=¢,.

From Theorem 6.1,
(number of B;'s less than C,) = (number of 4;'s less than B,) = H,.

Therefore, since B, - 1 = Aj, we conclude

(7.5) Ay + 1 =8,.

From (7.5) and (7.3), we conclude

(7.6) Hy =44

e -
We would normally have that A, —>— B, and A,—++B, - 1= Hy =Ag . Also,
B, £L~¢, = H, . But, C,

set H. TFrom Theorem 6.1, A, — HAn =B, - 1= AHZ and B,

£
M

A; for some j, so that set IV under f goes into

Hp, = Cn, and

7

C,—2 Hai. Now, H, = Ap as B and H are complementary, and these are the

only elements left.

From (7.5), we conclude that

(7.7) Ay + 1 =By and Ac, + 1 =Bz ,
since Han = (Cy. Since HA@ + 1 = B,,
(7.8) HAm + 1 = BHn = AH&.

Note that, if we remove all Hz, = C, from the ordered sequence H,, then
all we have left are the 4,, and these are Hy, = A, . Thus,

(7.9) AAn + 1 =BH»«.'

Putting it together, Ay +1 = By, and By + 1 = C, imply that 4, 4, = C, + 1,
since C,, + 1 = Aj always. Thus,

(7.10) Agsr - Ay = 3.

From By, + 1 = C,, one concludes that, because H and B are complementary,
By, + 1 # C;, and since no two B;'s are consecutive, Bz, + 1 =A4;. From

Ag +1=5B; and By +1=4; =4,

we have

(7.11) Ag v1— Ag, = 2.
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We consider 1, 2, 3, ..., H,. Then

n

H, = n + (number of B;'s less than H,),
and
Cn - By = n = (number of B;'s less than H,)
= (number of A4;'s less than n) = (number of Cj's less than 4,).
Therefore,
Cy, = Bg, — B, = (number of C;'s less than 4; ).
But, Hy =C,, so Hg - B, =C, - B, = H,. Therefore, we conclude that
(7.12) Cy, + 1 =45 .
No two Cj's have a difference of 2. Now, can ABn + 1 = Bj? The answer is
no, since A4, + 1 = B, and ¥ and B are complementary sequences. Then 4z +1 -
Ag, 2 1 so that Cp,+1- Cp, > 3, and (7.10) implies that Cy+1 - Cy, = 6, while

(7.11) implies that Cp 4, - C; = 4.

By considering the mappings under f*, we now conclude that:

Theorem 7.4

A, _'_1—'14.4'l = 3, Ay +1—ABn

Dn

1]
—
-
~
)

c1 ~ A, = 23
By 41~ By =4, By -Bs =2, By, -By =3;
CA +1 = CAn = 6, CB.1+1 - CBn = 3, CC,,'*‘I - CC" = 4.

Finally, we list the first few members of A4, B, C, and H in Table 7.1.

TABLE 7.1

n A, Bn  Hs Cp
1 1 2 1 3
2 4 6 3 9
3 5 8 4 12
4 7 11 5 16
5 10 15 7 22
6 13 19 9 28

Notice that we may extend the table with the recurrences:

Cn +4, =45,

o
3
+
e
3
|

_Cn’

S
+
&
I

—Bn’
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A, + 20, + B, =C
4, +C, + B, =B,

We have two corollaries to Theorem 7.4:

Corollary 7.4.1

(Number of A;'s less than n) =C, - B, -~ n = f(n),
(Number of B;'s less than n) =C, - 24, - 1 = g(n),
(Number of C;'s less than n) = 3B, - 20, = h(n).
Proof: f(1) = 0 and
flm+ 1) - Flln) =
FBn+ 1) - fBn) =
F(Cn + 1) = f(Cn) = 0.

i
—
-

i
(=]
-

Thus, f(n) increments by one only when n passes 4,, so that f(n) counts the
number of 4;'s less than n.

Next, g(l) = 0, and

glhny + 1) = gldm) =0,
g(Bm + 1) - Q(Bm) =1,
g(Cn + 1) - g, = 0.

Thus, g(n) increments by one only when »n passes B,, so that g(n) counts the
number of B;'s less than n.

Similarly, A(l) = 0, and

h(dny + 1) - h(4n) =

|
o

h(Bn + 1) = h(Bp) =

|
o
-

nc, + 1) - h(Cy) = 1.

Thus, A(n) increments by one only when n passes C,, so that h(n) counts the
number of C;'s less than n.

Corollary 7.4.2

p, m € A;
Let U,y — Uy = § > M € B;
r, meC.
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Then

10.

11.

12.

13.

14.

15.

16.

17.

18.

LEXICOGRAPHIC ORDERING AND FIBONACCI REPRESENTATIONS [Aug. 1982]

Up = (Cp = By —mp + (Cpp = 24, - 1)g + (3B, - 2C,)r + u,.
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