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ON A CONVOLUTION PRODUCT FOR THE TRANSFORM WHICH MAPS
DERIVATIVES INTO DIFFERENCES
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INTRODUCTION

In [1] we defined a linear transform with the property that derivatives
are mapped into differences in the following way:

. R W AW
Fo), i.e., vy —igo(i>f D (0). (1)

VF@} = ,) = <d" % (z)
dx™

Its inverse E transform considered in [2] is defined by:

co A’L 0 +we
E(e,) = f(x) = ‘_‘ =T xt, i.e., flx) =¢e° E___ xt, (2)
=0 i=o®
where Ae, = e,,, - e,, Ae, = A(*"?e,) (k =0, 1, ...).

The linear two-dimensional R transform and its inverse, the I transform,
with the property that the partial derivatives are mapped into partial dif-

ferences are defined in [3] by:
.am+n oty
—_ flxs ¥)|,.0 (3)
y=0

R{f(x, N} = (@, ,)

dxmyy "
2 oie AmAnto 0 .
LG = P ) = 3 % — = (%)
=0 j=0

where

. . . k. k-1
Amim,n = Tm+1i,n ~ Tm,ns Anﬂ/m,n = A, (0 7/,,,,,1),

Buim n = T ops1 = Tmnos Dalp o = B, (072, ) (K =0, 1, ...).

In this paper, we give an extension of the results obtained in [1], [2],
and [3]. Having the transform at hand, we proceed to determine a convolution
for F and I transforms. Also, we will apply this product to solve some dis-
crete equations by establishing analogies between these equations and corre-
sponding continuous equations. At the end of this paper, we will show the
practical use of the described transform for obtaining some combinatorial
identities. We use the notation introduced in [1].

334



1982] ON A CONVOLUTION PRODUCT FOR THE TRANSFORM WHICH MAPS 335
DERIVATIVES INTO DIFFERENCES

1. A CONVOLUTION PRODUCT FOR F AND I TRANSFORMS

Let C”(R) be the set of real functions having continuous derivatives of
all orders. Furthermore, let Sy C C%(R) be the set where f € Sy if and only
if there exist comstants a, ¥ > 0 such that |f%X0)| < oMk, for every k e W,
and let S, be the set of all real sequences where (v,) € 5, if and only if
there exist comstants B, § > 0 and |Akv,| < BNk for every k € .

DEFINITION 1: Let (v,), (w,) € S,. The convolution product of sequences (v,)
and (w,) is given by
n 1 . , .
v, * W, = 3 E(_l)’l'ﬂ(’;%)(?)ujwi_j. (5

i=0 j=0 J

It is easy to see that the convolution product can be defined by

vk ow, = 3 ﬁi (Z) <?)AjvoAimjwon (6)

=
i=o =0 J

if (u,), (), W, € S,, then the following properties of convelution
product can readily be established:

(a) e * v, = cv, {c constant),
(b) U, * v, =V, % U,

() U, * W, tw,) = Uy, * Vg + Uy % Wy,

(@ MNu, v, = é% (?)Aiun ¥ Ak"ivn.
iz
THEOREM 1: (a) If f(x) € Sy, then Vf e S,,
(b) 1f (e,) € 8,, then Ele,) € S¢,
(¢) If (un)s Wp) € Sy, then (uy, * v,) € 5y
PROOF: (a) By (1), we conclude that
[6F0o| = [F® 0)] < amF,
and we have that Vf e &,.
(b) By (2), we conclude that
lr @ oy| = |ake,| < WK,

and we have that E{e,) € See
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(c¢) Since (u,), (v,) £ 8,, it follows that there exist B,, B,, Ny,
N, > 0 such that
[Afug| < BVE  and  |A*v,| < BLNE.
Using (6), we conclude that
Ak(un * Un)ln=o < BB, Wy + NyF,

which means that u, *v, given by (5) or (6) belongs to §,.

THEOREM 2: Let (v,), (w,) € S,. The relation
E(w, *w,) =E@W,EW,) @))
is satisfied if and only if vV, * w, is defined by (6).

PROOF: 1f (7) is satisfied, then we will have

i
=3 <§>A‘7voAl"‘7w0,

i
A (W, *wy,) )
n=0 J=0

and hence follows (6). Conversely, if (6) is satisfied, then (7) will follow
by elementary series manipulations.

Let Vf = (v,) and Vg = (u,). Then by (7) we easily conclude that

V{f(x)g(x)} - iéo jgio (_l)n_i <7’Z)(,77/) iVi-gs

(8)
ice., Vif@g@)t = (u, * v,).

Now we consider an extension of the result obtained for Vand E transforms
to two-dimensional R and I transforms defined by (3) and (4). Theorems for R
and I transforms are proved analogously and we omit the proofs here.

Let C*(R?) be the set of real functions having continuous partial deriv-
atives of all orders with respect to both variables. Also, let S% C C*(R?)
be the set where f ¢ Sﬁ if and only if there exist constants o,M, N > 0 such
that

Z)7,'+;/' .
—— f(0, 0)| < aM*N7,
dx* oy’
and 53 be the set of real sequences where (U, ,) € S2 if and only if there
exist constants B, P, ¢ and [A;Aivo’ol < BP%QJ for every i, j € N,.

DEFINITION 2: Let (Wm n)s (Wm n) € 53. The convolution product of the se-
quences (v, ,) and (W, ,) is given by
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It is easy to see that the convolution product can be defined by

Vm, n * W, n =i§0 sz:o PELO i (?)(;)(;)(3>AZA(;UO, OA‘:'n—pAi—qwo, 0° (9)

q=0
THEOREM 3: (a) If flx, y) e SJ%, then R{f(z, y)} € 53,
(b) If (i,,,) € S2, then I(im ») € S3,

() If (Zmn)s> (Tman) € 55, then (Lpm, o * Py, ) € Si.

THEOREM 4: Let (iy ,)s (7, ,) € S.. The relation
IGmon * Pyn) = I(@m, ) I (@n, n) (10)

is satisfied if and only if ip,, * P is defined by (9).

m, n

Let R{f(x, y)} = (rp, ») and Rf(x, y) = (sm,n), Then by (10) we easily
conclude that

R{fCx, yIglxs Yt = @p,n * 8y, ) (11)

2. SOME APPLICATIONS

2.1 Difference Equations

In this section, we will give some applications of the V, F and its in-
verse transform in solving some difference and partial difference equatiomns.

From (8) and (11), using the orthogonality relation of the binomial coef-
ficients, we obtain the following relations:

dr@
V{xk ot } = n® APy, )

and .

i+g .

R{xkyk EIRARLC D A I A
dxtayd L

These relations show that the V and R transform maps linear differential
equations with polynomial coefficients to linear difference equations with
polynomial coefficients, too. The above correspondence may provide a useful
method for solving difference equations with polynomial coefficients because
the resulting differential equation is often easier to solve.

2.1.1. By an application of the V transform we conclude that the difference
equation which corresponds to the following differential equation
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(alm2 + bx + ey + (azxz + b+ ey’ + (a3x2 + ng + 03)y =0 (12)
is given by
eV, + (byn = 20, + v, + {ank - 1) + (b, - 2b)In + ¢, - c, + ¢,)v,
+n(ay, - 2a;)(n = 1) + by =~ by, + bylv,
+nn - Dia, - a, +aziv,_, = 0. (13)

Equation (13) is a second~order difference equation in one of the follow-
ing three cases:

1. by =0, ¢, =c, = 0;

2. ay =az,a, =2a;, b, +b; =b,;

3. ex 0, ay +az = a,.

Notice that Equation (12) contains some differential equations of special
functions as Legendre's, Laguerre's, Chebyshev's, Hermite's, etc. For exam-
ple, by an application of V and F transforms to Laguerre and Bessel differ-
ential equations and their solutions, we find that the solutions of differ-
ence equations

n+ Dv,e1 + m=-3n- v, + 2w, ; =0
and

®* - m*)w, - n(n - Vv, ; +nm - Do, , =0

are given by

and

n - k m .,
v = 3 (2) 152 [ cos(mt + E)oinre az.
6 o

2.1.2. By an application of the V transform to the equation

e+ Dy' + e® = 20e?® (a € R) (14)
we get the equation
n
e

Since a particular solution of (14), given by
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belongs to Sf, we have that a particular solution of (15) is given by
Un = En(a + 1),
where F,(a + 1) are Euler's polynomials.

2.1.3. By an application of the V transform to the equation

y" - y' =2sinx, y(0) =2, y'(0) =0 (16)
we get the equation
Vpo = Wapy + 20, = 2720 sin(n 7, g = 2, v, = 2. (17)

Since the solution of (16), given by
y =e® + cosx - sinx

belongs to Sy, we have that the solution of (17) is given by

v, = 2" + 2"2 cos(n %) - o2 sin( %).

:C:xo)
+a ARy

Eyen) = f@) = & @ = @)
k=0 :

2.1.4. The transforms V, and E,, defined by

7, {f ()}

W) = (ﬂ &= ~%f ()
dxn

and

have analogous properties to the V and EF transforms.

By an application of the E; transform to

[l

N'v, + a, A" Mo, + e v aw, =e, (ag €R, i =1, 2, ..., m) (18)

we get the equation

y ™ (x) + aly(m_l)(x) + o0e + ay(x) = flx), (19)

where f(x) = E(ey,).

In paper [4] (see also [5]), Cauchy obtained that the general solution of
Equation (19) is given by

y =3 Res<§§—;— e”) + Y Res(—ge—(z:—)/ e'z’ff(t)dt):

where f(z) is an arbitrary regular function whose zeros do not coincide with
zeros of the polynomial g(z) =3z" + alzm'l +++¢+ q,. The summation is taken
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over all the singularities of the function

f(z) zzx
gz °©

s

i.e., over all the zeros of the polynomial g(z).

Since y(x) € Sy, then by an application of the V; transform and using the
convolution product, i.e., using (8), we have that the solution of linear
difference equations (18) is given by

n-1
v, = ZRes %(1 + 2)" + ERes((l + z)* 1 Z(l + z)_kfk>.
k=0

Notice that B. Tortolini [6] (see also [5]) obtained this result in an-
other way.

2.1.5. By an application of the V transform to the following recurrence re-
lations for Laguerre and Gegenbauer polynomials

m+ DY@ - @-2m-0a-DI @ + o+ DL @) =0
o m + D6 - 2m+ @26 @) + (m + 20 - 1D, @) =0
we get that particular solutions of equations
o m+ Dvpyq,, —(@n+oa-1Dv, , +m+)v, ,, +n,,; =0
m+ Do, , +m +20-v, _, , -2m+)w, , , =0

are given, respectively, by

wmin (m, n)
van = o CD(REN)(E) @>-b
and e
B 1 [m/2] i2m_2iF( + _ 'l/ ” 1
Un,m = ) iz=:0 (-1) ”,ZL-! s C \m - 27:) (OL > -5 o # 0>.

2.1.6. By an application of the I transform to the equation
Ar%+1,n+ Brm,n+l+ C¢-4-Br,,=0 (4, B, C € R) (20)
we get the equation
Af, + Bf; + Cf = 0. (21)

Since the general solution of Equation (21), given by

f=e N rBr - Ay), A #0; f=e"Pyvsr@), A=0,B¢%0,
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where f is an arbitrary function, belongs to Sﬁ, we have, by application of
the R transform and the convolution product, i.e., using (11), that the gen-
eral solution of (20) is given by

n = (-8 B B (1) () () wiey w0 aro0

B
|

LAY,

3
]

- B’"é(—l)%i@)am” (4 #0,4=0)

r =(1-%)"am (4 =0,B %0

my,n

where in all cases a, is an arbitrary sequence. Compare this with the solu-
tions given by Ke&kié [7].

2.1.7. By an application of the I transform to the equation

- +1 5
Pm+l,n+1 - 3rm+1,n - 4Pm,n+1 + 12Pm,n - 2m+n ’ (22)
we get the equation
f;y - 2f, = 3f, +6f = 2e°1Y, (23)

Since the general solution of Equation (23), given by
Flx, y) = (al@) + b))’ 2 + "7,

where a(x) and b(y) are arbitrary functiomns, belongs to Sﬁ, we have, by an
application of the R transform, that the general solution of (22) is given by
r = (a, + b,) * 4"3" + 2"*7,

m, n

where a, and b, are arbitrary sequences.

2.2 Combinatorial Identities

Now we will show that the described transform is very useful for obtain-
ing some combinatorial identities.

Applying the V transform to both sides of relations
k
T i@ = LT (@)
=0
and
7

iZi:o(—l)i <k>L‘i (@) = %!i’

where Lg(x) are Laguerre polynomials defined by
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B = ¥ eni(i el

ey’ - glgr’

we can easily obtain the following combinatorial identities:

x min(n, ©) . min(n, k)
T AV AT YT AAYE S T
LY (EING) - X e (DR
=0 4=0 Jg=0
%x min(n, ) .
TN AVERAWE] 7n
- i+ =
X o)) - (k)
=0 i=0
Similarly, by application of the R transform to the relations
k Ik .
and 120
k ; _
2 () @is_ @ =8+ y,

where H; (x) are Hermite polynomials defined by

1i/2] (-1 i1

A TIE -2

Hi (x) =

we have the following combinatorial identities:

min(n, k)

(G (mrr ) - ()

minf,k)[kz:T_i] in(n)( m ) ) [k /2] _(;1_):7_(”1 +n>

i=0 i=0 4‘7"(7'! T/\k -1 - 24 iTo 4jj! k - 2J
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LETTER TO THE EDITOR

A NOTE ON THE GEOMETRY OF THE GREAT PYRAMID

The information in James M. Suttenfield, Jr., '"A New Series," The Fibo-
nacetl Quarterly 16, no. 4 (August 1978):335-343, may be misleading to those
who have never studied the geometry of the Great Pyramid.

Mr. Suttenfield apparently used information in recent literature to sug-
gest geometry for the Great Pyramid which is different from well-known theo-
ries. Mr. Suttenfield's dimensions yield an angle between a face plane and
the base plane:

R = arctan L = 50°59'58.9" (¢ = golden number)
/4

An error analysis using eight sets of angle data from W.M. F. Petrie, The
Pyramids and Temples of Gizeh (Longon: Field & Tauer, 1883), yields an aver-
age of his mean angles of 51°50'03.25". Considering his uncertainties, the
standard deviation (10) about the mean is *02'59.155". A more narrow window
of #01'29.375" can be found by taking the averages of his minimum and maximum
angles due to the uncertainties.

The theory that the perimeter of the pyramid divided by twice its verti-
cal height is the value of T gives an angle of 51°51'14.3" which is just in-
side the upper limit of the more narrow range of uncertainty. The theory
that the slant height divided by one-half the basewidth gives the golden num-
ber yields an angle of 51°49'38.25", and this is just short of the average
mean angle from Petrie's data. Mr. Suttenfield's theory yields an angle that
is short of the mean by 50'04.35", and this is far outside the range of un-
certainties in the survey data.

Elmer D. Robinson
JHU Applied Physics Laboratory
Laurel, MD 20180



