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INTRODUCTION

In one of his papers [3] Bernstein investigated the F(») function. This
function was derived from a special kind of numbers which could well be de-
fined as 3-dimensional Fibonacci numbers. The original Fibonacci numbers
should then be called 2-dimensional Fibonacci numbers. The present paper
deals with n-dimensional Fibonacci numbers in a sense to be explained in the
sequel. In a later paper [4] Bernstein derived an interesting identity that
was based on 3-dimensional Fibonacci numbers. Also Carlitz in his paper [5]
deals with this subject.

If we remember that the original Fibonacci numbers are generated by the

formula [n]
2 .
ORI (G NI N R
then the function

F(n)

> (")
i=0 v
can be regarded as a generalization of the first, and the author thought that

Fo) = ¥ (-1)i(” j“), k=1,2, ...,

=0

could serve as a k - l-dimensional generalization of the original Fibonacci
numbers, but, regretfully, this consideration led nowhere. From the fact
that the Fibonacci numbers are derived from the periodic expansion by the
Euclidean algorithm of V5, there is opened a new horizon for the wanted gen-
eralization. -

In a previous paper [1], the author had followed the ideas of Perron [9]
and of Bernstein [4] and stated a general Algorithm that leads to an n-dimen-
sional generalization of Fibonacci numbers.

In this paper, the author is introducing the GEA (Generalized Euclidean
Algorithm) to investigate the various properties and applications of her k-
dimensional Fibonacci numbers. It first turns out that these k-dimensional
Fibonacci numbers are most useful for a good approximation of algebraic ir-
rationals by rational integers. Further, the author proceeded to investigate
higher—degree Diophantine equations and to state identities of a larger mag-
nitude than those investigated before, in an explicit and simple form.
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS
1. THE GEA

Let  be the irrational

{w =D "+ 1;n22, DEN; 2@ = (2PW), ..., P w)),
(1.1)

<a(”)> s <b(v)> sequences of the form z™, v = 0, 1,

The GEA of the fixed vector a‘®) is the sequence <a“”> obtained by the recur-
rency formula

{a(”+1) = (a(lv) - bg»u))'l(agy) - b(zv), cees a,su_)l - b(nv_)l, 1)
(1.2)

B =a§-v)(D); =1, «..,m=-1;0=0, 1, ... a§u)*b(1y)'

7

The GEA of a‘® is called purely periodic if there exists a number m such that

{a(o) = a™; m is called the length of

the primitive period (1.3)
The following formulas were proved in [2]. Let
n-1
A(sv+n) _ Z b;v)A_(gv+]<); v =0, 1,
k=0
AEJ) = 87; 87 the Kronecker delta, (1.4)
i, g =0,1, ..., m-1; 8=0,1, ..., n-1; :
b%» = agn(D); k=0,1, ..., n - 1; agn = b?) = 1;
AS” are called the matricians of GEA; then the three formulas hold:
1 -
A(Ov) AE;H ) A((;Hn D
+n-1)
49 A(lv+l) (: n
v(in-1)
= (-1) (1.5)
(v) (w+1) (w+n-1)
An—l An-l st An—l
n-1
Z a}({v)A(Su+k)
a®=k0 5 =0,1, ...; 8=0, ..., n - 1. (1.6)
K ) ,(v+ k)
Z a; Ay
k=0
v n-1
i a®, - . a7
k=1 k=0

Perron proved the following theorem which, under the conditions of the GEA
(D 2 1), becomes
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7n-DIMENSTONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS
Theorem 1

The GEA is convergent in the sense that

lim A?)
©) o vr="0
s >

lim 4

V>

I, ey m =1 (1.8)

Aéw: Agn is called the vth convergent of GEA.
In [1], the author proved
Theorem 2

If the GEA of q(® is purely periodic with m= length of the primitive pe-
riod, then
m-1 n-1
(k) _ m) ,(m+ k)
Ma,2, = Za; 4y s
k=0 k=0 (1.9)

is a unit in Qw).

From (1.9) the formula follows, in virtue of (1.7),

m-1 (x v n-1
(n a,ﬁ_ﬁ) = TP, a1, 2, (1.10)
k=0

2. A PERIODIC GEA

In this section, we construct a periodic GEA, with length of primitive
period m = 1. The fixed vector a(®) must be chosen accordingly, and this may
look complicated at first. We prove

Theorem 3

The GEA of the fixed vector

0) _ (4, O © )
) = l,az,...,as,...

Cl( (Cl 3 an—l

0 S
ag)=§

(n -s-1+ i)ws—?Di (2.1)
=0

7

K 1, ..., n -1

is purely periodic and the length of its primitive period m = 1.

Proof: We shall first need the formula

i(”'371+">=(”>,s=1,...,n-1. (2.2)
i=o ‘ N
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

This is proved by induction. The proof is left to the reader. We have, from

(2.1), the following components of a(® which we shall use later:

-1
0 - .0 n-1l-4,4
al’=w+ (n- DD; a7, = S ow De. (2.
=0
Since w" - D" = 1, we also have
n-1 .
T WDt = w - D). (2.
i=0
The vectors béu) (=1, ..., » - 1; v =0, 1, ...) cobtained from agﬂ(w)
the defining rule (1.2) are called their corresponding companion vectors.
shall calculate the companion vector B® of q(® and have
HO _ f:(n—s—1+i)Ds—iDi=Dsi(n-s— 1+i>
g E 7 “~ 7 ’
=0 =0
so that, by (2.2),
0 .
b(s)=<”>Dé,s=1, 2, v mo- 1. 2.
s
Thus,
0) _ n n 2 n n-1
p® - ((1)17, (2>D R (n _1>D >
We shall now calculate the vector a¢*’. From (1.2), it follows that
1 0 ,(0)y - 0 (0) 0 (o)
a® = (@@ - PPy 1@ - By, L, ai}l - b,y 1). (2.
From (2.3), (2.4), and (2.5), we obtain:
a?)—~b$)==w + (n - 1)D - (?)D =w - D,
. (2.
dO = - py-l :’S: 1 it = (O
n-1 N K n-1"°
=0
We can prove the relation
0)y -
(@@ - B - POyt 2 gD s =2, Lo, - 1 (2.
Since the proof is elementary, we leave it to the reader.
From (2.6), it follows that
1y _ 0) (0) (0 (@ ~ L0
{a =ay s Ay s eees Qpl,s Qyly) =, o

a® = a0 v =1, 2,

This proves Theorem 3.

3)

4)

by
We

5)

6)

8)

9
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

3. EXPLICIT MATRICIANS 4°+™

We shall proceed to find an explicit formula for the "zero-degree matri-
cians" A(O”+”) , v =20, 1, ..., and shall make use, for this purpose, of the
defining formula (1.4), and the fact that the GEA is purely periodic with
length of the primitive period m = 1. Taking into account (2.5) and (2.9),
we have

n-1
AT (M0t w0, (3.)

§=0

We shall now make use of Euler's generating function. We have

= (D) g N S )
YA et = 2% 4 3 ATt + Y A"
=0

=1 i=n

it nf (D) N\ pp(Z+ 1) NM\p2 ,(2+2) . .. < n >n-1 11+n-1>
Prne (A" # (a0 (oG e (TG

© . . N _ o) . . _ oo ’n . 2 . 2
1+ any APa? + o lEo(T)DA%H)“m + 272 P (7)p2af P

i=0 1=0

URTEITED DY (R LA i S

M\ 2, -2 n > -1\ 5 400, ;
2>D x + + (n_—l D x)Z Az

]
—
+

—
8
3
+
—~
— 3
\b/
8
B
o
+
—

_ (()’Z)D‘rn-l + (Z)szn-z boeee 4 <n7;l 1>D”‘1x) = 3 4lPe,

[1 _ <xn + Zgi(z)pk;xn—k>ili§014(oi)xi -1 _ kgl(Z)Dkxn—k,

= t=0\k=0
. e [noliy kn-k
- -1 T -
wA(D + ADx? 4 + A(O” gt 4 EnA x* = x”tzo kz()(k)D * ’
Fon - .
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

For x sufficiently small. Thus, since ASJ = .. = A%%'U = 0, we have
S (D) ST
)1 -
$ 4P -w}j(}j(k)p " )
i=n t=0\k=0

o . . o0 n-1 t
ZA(;+z)xn+1 - xnz ( (Z)Dkxn-k> ,
i=0

t=0\ k=0
o .. o n-1 t
£ - 5 () o
=0 t=0 \ k=0

and comparing coefficients of powers x” on both sides of (3.2), we obtain
y]_ + yz + o+ yn -1 yk 1
A?+n)= 2 ﬁ] <<Z)Dk) M (3.3)
ny1+(n_l)y2+"'+2yn—1+yn=v yl’ yZ’ L ) yn k=0

or

n-1
y, vy, + 0ty 2 Jy;
g9 In 4 J+1l -1 Y
A7 = E , ( ’ )D*’” ()" (3.4)
n-1 B P k=0
Fins e, mot Y10 Far e
v =20, 1,
Formula (3.4) looks very complicated. A%rkn)can also be calculated by the
recurrency relation (l1.4). It is conjectured that it is easier to do so by

formula (3.4), and would be a challenging computer prohlem.

4. MATRICIANS OF DEGREE- ¢, s =1, 2, ..., n - 1

In this section, we shall express "s-degree matricians,"”
AV s =1, oo, n -1,

by means of zero-degree matricians. .This is not an easy task. Now we shall
prove a very important theorem.

Theorem 4

The s-degree matricians are expressed through the zero-degree matricians
by means of the relation

s
PASRE I o <Z>Dk,4($)+”'s+k_l>, v=0,1, ...x (4.1)
k=0 s=1, .., n - 1.

Proof: From formula (1.6) it follows that

n-1 o n=1
IS DIV S DAY AR DA SN (R B (4.2)
k=0 k=0 »=0, 1, ... .
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

A o) . . . .
Or, writing a,; for a;’, © = 0, ..., n - 1, and substituting their values.from

(2.1), we obtain

Sfn— s =1+ 1\ s-i kS (wrk) | A (w+k)
Z ( i >w p* kzakAo = ;Z:oakAs . (4.3)

=0 =

We shall now compare coefficients of w" ' on both sides of (4.3). The power
of w"™! appears, on the right side only in

Gy =W+ DT 4+ DY

and its coefficients is
Avtn- b (4.4)

So the whole problem is to find the coefficient of w"~ ! on the left side, and

this is the problem. We shall start with the first power of w in ag, which
is w® (in the left side). Now in

n-1

(n+ k)
2 @,
k=0

we have to look for those a;'s which have the powers wt”

. .. v+n-s-1
Ay oo (flrst term, coefficient = A% nos v

S_l; this appears in

An-s (second term, coefficient = (T)[m%**”'s))

a third term, coefficient = 3>D2A@**"—8+1)
n-s+1 I, 2 0

A, 1 ((l+-s)th term, coefficient = <2)DsAgr+n-1v.

Thus, we have obtained the partial sum of coefficients of w1 in the left
side.

A(v+n-s—l)+ ] DA(U+n_S)+ S DZA(v+n—s+1)+ R s DsA(é)+n—1).
0 1 0 2 ¢ s

Now the next power of g, on the left side is w®™! with coefficient

n-s-1+1_ _(n-s
CRRERR LR G
To obtain w” !, w® ' must be multiplied by n - g, so we must start with the

first term of a, .4 the second term of a,_g41s ..., etc. Compared with the
previous sum, s has to be replaced by s - 1. The sum will then be multiplied

1

by <n I S)D, and the number of summands will be smaller by one. We then ob-

tain the partial sum:
Nn-s (w+n- s-1 (v+n-s+1) s=1\ _, (v+tn-s+2) L -1\ s-1,(v+n-1)
( 1 )D[%o +-< 1 )DAO +-< 9 )D 4, + + (s—l D™ A, .
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n~-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

Proceeding in this way, we obtained the partial sums

(S %)

creceoued@ly 5 (e o u) +
oo a0 28z 4 ) *
-0 s d (53N 6 i) +

arer-o-wndy 01 3N L)
v

Ot - —uraly QA

0

T
: +Am +s v:f‘:w:QAm Imvnm

. y.a

nm+m -u+a)

-+

(€ +s ::+3

) *

(¢ 26)(r 45 -u)

4 evomndtaay o) 1) +
v

na(;

'y QA

(1-u+a)'s

o
(1 y:fcwmQA

0
(1 -ura)?

a -:+Sv~

1-¢ A
S-fisw QAA ;m.v s -u

(-usay)ls QA zlfaﬁ-m A

(z+s I:I:wn

0 1
Q+:um+3< QAN |mv? +8 -

(

Y (ORI
wumv?: |m4sv — -wQAﬂ wmmmvf
2 o )e s -u) *

(220

-8
AN 1:+3S «mQAm m

()
Q |:+35 |mQAN |m

z
Z

0
(z-u+at »mQAH

W)
)+

(e 2e)e e

N+mv:+3v~m

L)
Moo e
[RIRE
)

NV

0 0 4
:+w1=+5v QAN :mxﬂ +8 ;:v +

) *
W)

ro-nra?e0( £0)(o L) * o oo e)o L)
E) +

0 4 1 0
:+m.=+5§QAmv G.faquv (1-8-u+a)

0
(s v:+:vTQAm. - Ev +

4

J

[Nov.
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

Thus the general term in the sum of coefficients of w”~ ! on the left side of
(4.3) which contains DkA%”*”_S'l+k)as a constant factor has the form, adding
up in (4.5) the column with this factor,

Kfn -5 =14 4\[s - 2\ .k (vtn-s-k+k)
ZO< ; )(k _ i)D 4, . (4.6)

The following formula is well known:

B0 D ()

=0

g. Now, since in

which becomes formula (2.2) for k

S y . o
a =_Z (H 87: l+1)ws—zD1’

the exponent of D sums from 7 = 0 to ¢ = g, we have, finally,
(v+n-1) _ S n k(v+n-1-g+k)
A =y <k>D 4¢
k=0

which is formula (4.1) and proves Theorem 4. From formula (4.1), we have the
single cases

AP e g B (T paY (4.8)
and

(v+n-1) _ (v+n)

ArrD oy, (4.9)

(4.9) is a very surprising relation and will be applied in the next section.
Similarly,

APTTD A g (oGP ()00, e (4.10)

5. APPROXIMATION OF IRRATIONALS BY RATIONALS

We shall investigate especially the case D = 1, but produce first formu-
las for any value of D. We obtain from (4.8) and (1.6),

. (v+n-1) (v+n-2) (v+n-1)
o~ %i% A . 4, + nDAy
G = ( D sim (v+n-1) ’
. v+n- +® -
Lim 4 4o
Av+n—b

0

- = 1im —,

w+ (n 1)D = nD + U}E‘4v+n_l)
0

A?+n—b A?+n—b
w=D+4 lin ——— =D + lim —————. (5.1)
vre (v+n-1) Vo (v+n)
A, VAN
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

For D = 1, » =2, and from (3.4) and (5.1) we obtain the approximation for-

mula
Z ¥, + Y, + o oy, nﬁlbyk“
k=0
E(n—i)yi+1=vx 2=0, ..., n-1 yl’ yz’ s Yy

Yy, ty, + o0 +y, n[_llbka

Z(n-i)yi+1=v+l,i=0,...,n—1 91’ yz’ e Yy

bk=(z>,k=0,...,n—l;b0=l.

The approximations are not very close, and we would have to continue a few
steps further to get a closer approximation. Formula (4.9), surprisingly
simple as it is, does not yield any news. It enables us to calculate w™ ! by
means of the powers wy, k =1, ..., n - 2.

We have approximately, expanding V2 = (1 + I)I/m by the binomial series,
V2~ 14t
n

According to our approximation formula (5.1) with D=1,

Ay
\/Z_= ~ 1 + m;
0
(n+1) (1) ny (2) n n) _ n )y _ (1) _
ag = AP+ (1)AY s (, 7 )4 - (,” A = Al =,
since ,4(071) = A(OO) + Agl) R (n " 1)/1(0”-1) = A(oo) =1, V2=~1+ %, as should

be.

6. DIOPHANTINE EQUATIONS

We 'shall construct two types of Diophantine equations of degree n in n
unknowns and state their explicit solutions, which are infinite in number.
We have from (1.5)

(v+n) (v+n+1) (v+n+2) (w+n+n-1)
‘40 Ao Ay e 4y
(v+n) w+n+1) (v+n+2) w+n+n-1)
A A 4 4 (n-1)v
= (-1 , 6.1)

(w+n) (w+n-1) w+n+2) (w+nt+n-1)
An—l An-l n-1 n-1

v =20, 1,

Substituting in (6.1) the values of A(St) from (4.1) we obtain, after simple

Yow rearrangements,
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n~DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

A?+n) A$+n+1) A?+n+ﬂ._.A?+n+n—D
A?+n—1) A$+n) A?+n+1)“. é;+n+n—m
A?+n—b A?+”'l) A?+n) Ag+n+n—$
......................................... = (- e (6.3)
Agv+3) A(Ov+4) A(0u+5) . A(Ov+n+2)
A?+2) A?+3) A?+A) . A?+n+m
A?+1) A?+2) A$+3) . A?+n)
We introduce the notations
Xy 0= A2 k=0, 2, i, (6.3)
A(:+k) _ A((;,)-kk—n)_._ blA(:+k_n+l)+ bZA(é;+k+2—‘n)+ e 4 bn—lA(0U+k_1)
n\ (6.4)
By = ()0 k=0, 1, cooym-1,0=1, 2,

We introduce these notations in (6.2) and then make the following manipula-
tions in this determinant.

From the first row we subtract the b; multiple of the first row from be-
low, then the b, multiple of the second row from below, ., then the bith
multiple of the kth row from below, Xk =1, ..., n - 1.

Then (6.2) takes the form, in virtue of (6.4),

n-1
Xv,n - kzlkau,k Xu,l X'{),Z Xv,n—l
A%v-&-n-l) Agv+n) A(Ov+n+ 1) ) A(g;+n+n—2)
ApFn=D YA T U A N CD S LN ()
1
A?+Z) A$+3) A$+A) .A?+n+)
Xv,l Xv,z Xv,3 . Xv,n

We further subtract from the second row the b, multipleof the first row from
below, the b; multiple of the second row from below, ., the by multiple of
the (k - 1)th row from below; the determinant (6.5) then takes the form (k =
2, s mo— 2):
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

n-1
Xy = 2 bk, i X1 Xu, 2 X, 5 R S
k=1
no2 n-2
E D DL S S DY ST S TP S S T OIF R CUMIPICS P S
k=1 k=1 (6 6)
Vu 1 Xv.z Xu 3 XU.A Xu n
= (-1)n-Lw

Continuing this process by another step, the third row of determinant (6.6)
will have the form

n-3 n-3 n-3
Xﬁ,n-z - galbk+sz,k Xﬁ,n—l - 3: bk+2Xv,k+1 Xv,n - g: bk+2Xv,k+2
- =1 =1

Xp, 1+ b1Xy, o + byX, 5 Xy, .+ blxv’3 + by X, 4

Xv,n—a + b],Xv,n—z + bzxv,n—l'

Generally we subtract from the th row in (6.2) the b; multiple of the first
row from below, then the b;,; multiple of the second row from below, ..., the
b, ., multiple of the (n- Z)th row from below (¢ = 1, ..., n - 1). The reader
can verify, that by these operations the determinant (6.2) transforms into
one containing only the unknowns X, ; (¢ = 1, ..., n), which yields the Dio-
phantine equation of degree »n in these unknowns.

7. MORE DIOPHANTINE EQUATIONS

The GEA of a® is purely periodic with length of the primitive period
m = 1. Since

n-1 . -1
0 _ n-1-m=-1)+17\ n-1-2.7 _" n-1-ins
-2 -;z;o( g v ? igow ?

we have by Theorem 2 and formula (1.10),

n-1 .
T T e L D D i A IS D I (7.1)
=0

We find the norm of (W ' + Dw" 2 + --- + D" 1)? . We have

D" - w" = -1,
n-1
D" - " = —kZ(D - ow) = ~N(D - w), (7.2)
=0
p, = e, k=0,1, ..., n- 1.
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n-DIMENSTIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

But w"~t + Dw* % 4+ -+« + DY = (D - w)~'; hence,

FL@" ™ 40w ™% 4o+ DP7HY] = (- DY, =1, 2, L (7.3)
n=2, 3,

We have

n-1 . r _ :
T a®alPr P = 4+ (” 1)0]/1%”*” + [wz + (’Z “lL 2>Dw + <” 5 l)DZJAg””)
i-0 L
+ 3 <77, - 3) 2 <n - 2) 2 <VL - l> 3| (@+3) ..

w A+ Iy D+ 2 wD® + 3 D7V 4, +

+ w4+ <1>w”‘lD + (2)w”‘2D2 +.ee + (n— 1)D"‘l:'Ai)lwn_l).

L 1 2 n-1
Denoting
n-1-k%k no- 1 k
Xy o = < - )A(:+8+R)Ds’
; s
=0
(7.4)
k=0,1, ..., n - s.
This X, ; is not the X,k from (6.4). We have from (7.1),
5 n-1
@'+ DT 4 e + DTN = 30X, wk = @Y, e a unit. (7.5)
k=0

We shall find the field equation of

n~-1

EXv,kwk.

k=0

The free member of it is the norm of eV, and since ¢V is a unit with the norm
(—l)(”‘l)“, according to (7.3), we find easily, by known methods, that

Xu,o Xv,l Xv,z s Xu,n—2 Xv,n-l
My, n-o1 Xu,0 o1 eee Xons Xy nez
mXu,n—z va,n—l XU,O cee Ky noy Xv,n—3 (n-1v
= (- (7.6)
mxXy, 2 mXy, 3 mxy, . Xv,0 Xo,1
m¥y, My, 2 mXy, 3 c Xy w1 Ko
It is not difficult to see that, in the case n = 2m+ 1 (m = 1, 2, ...), the

highest powers of the »n unknowns of the discriminant (7.6) as

n n 2yn n-lyn
Ko, 00 X, 15 MKy g5 wons M .Xv,n_l,
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

while the last unknown, X,,,-1 does not have the exponent »n, but a smaller
one. In the casen =2m (m=1, 2, ...) these m - 1 powers are the same,
but with alternating signs, viz.,

n n 2N
Xy, 05 ~MXy, s HM°X, 5,

In the case n = 2, the expanded discriminat (7.6) had the form
X2 - my? = #1,

v

and in the case m = 3, it had the form
X® 4+ my® + m?z® - 3mxyz = 1.

The first is Pell's equation.

8. IDENTITIES AND UNITS

We return to formulas (7.4) and (7.5), and have

n-1-k
n -1 - k\ (m+s+k)_s
Lo,k = Z ( a )AO D
8§=0

k=0, 1, «ooy n -1 (8.1)

n-1
W't + Dt 4.+ DY =Lz;)XhU’kwk.

We compare powers of wk (k = 0,1, ..., n-1) on both sides of (8.1) and take
into consideration that w"t = mt = (D" + 1)®*. We have, looking for the ra-
tional part of the right side, k = 0, and the value of the right side equals
Xup, 05 and by (7.4),

n-1

Yoo = X C“"1>A“”+”Ds,z;= 0, 1, .. . (8.2)
8=0 s

On the left side, we have to look for the coefficients of w”. Since the high-
est power in the expression

@W" 1+ Dwh "t 4 .. 4 DLW
is n(n - 1)p, we have the expression

n-1 n-1
Yy Y, t e T Yy wfgfn‘l)yipiglly“l -y (8.3)
- nv 2 .
n-1 “ o
E(”l‘i)yi=sn€n(n_1)v’ y]’ yz s E) y?’l
ol =1

igliyi+l=n(n_ Dv-sn, 6=0,1, ..., n-1Dv
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We want to obtain in this way the rational part of
W'+ DwtT? 4+ ... 4 T hym
At the same time

n-1
Z 7’yi+1
=1

is the sum of the exponents of the powers of Y
in every summand of

fe1 (2 =1, .e.,n - 1). Since

W't + Dt + ...+ prit
the sum of the exponents of D%t 1% (£ =0, 1,...,wmw~-1) is n - 1, and the
highest exponent in the expansion if n(n - 1)v, we have that
n-1
3(n - Dy, + 2; Y, = nm - Do,

=1

which explains the left side of (8.3). We further have

2l - Dy, + 1y, ;1 =nn - Do,
so that i=1

yl + yz R y = MV. (8-4)

n

Now, taking into account that the exponent of w under the summation sign in
(8.3) equals sn, w = m®, and D" = m - 1, formula (8.3) takes the form

nv \ -1
mé(mn ~ 1)V = X, 0
Ed y?’L

n-1

{;l(n—i)yi =gn\Y1° Yo>

n—ln_1
{ > ( )DkAOw+k%
% 0
k=0 \

s=0,1, ..., n - L)v; v=0,1, (8.5)

LY T Y2 + v+ y, =nw

(8.5) is an interesting combinatorial identity.
From (8.1), n - 1 more identities can be obtained by comparlng ‘the coef-

ficients of the powers w® < =1, ..., n - 1, on both sides of (8.1). The
identities have a somewhat complicated form; however, they will express the
coefficients of wt, ¢t =1, ..., n - 1, in the expansion of

(-wnnl + Dwn~2 Foee. Dn-l)m) s

with w" =m=D" + 1:
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nv
me(m - 1)(n—1)v—s—1Dn—t _ Xnv,t
n-1 yljyzs---’yn

- i)y, = en+t<n(n- v
i

n-1
{igliy.;hl:n(n‘l)v—(sn-ft) (8.6)

2

n
J=0

-1- .
¢ (n - 1 - t)A(glU+‘7 + t)DJ'
iz J

\ Jg=0,1, ..., m-Dov-1; t=1, ..., n - 1.

We wish to explain the appearance of the factor D"~ % under the summation sign
on the left side of (8.6). The power of D in the expantion of

@'Y+ D+ e+ DT

equals
n-1

ig:liy“l =nm - Do - (sn + t)

nn - 1D)v-sn-n+ (n-t)

nln-1v-s8-1] +n - t.
Thus, the power of D equals
(prynn=Dv-s-1 . pn=t yith D" =m - 1.

The power of w is

n-1
-y, =sn+t= (WHW = mwt,

=1

so m® is the coefficient of w?! as desired.
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