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The function p (n) is defined as the number of partitions of the integer
7n into exactly m nonzero positive integers where the order is irrelevant. A
general method for-determining a formula for pm(n) for small wvalues of m is
given. The formulas are simpler in form than any previously given.

1. INTRODUCTION

If p,(n) is the number of partitions of the integer n into exactly m posi-
tive integers and if p;(n) is the number of partitions into at most m parts
and p(m) is the usual partition function, then there are some simple known re-
lationships between them.

It

pm(n) - p,(n - m p,_,(n - 1)
pr(n) = p,(n +m
p@m) = p, (2m)

The first recurrence relationship can be solved sequentially starting with
m = 2 to determine the exact solution for small wvalues of m. The method is

given in Section 2. The procedure is to determine the complementary function
and the particular solution to satisfy the m initial conditions p,(n) = 0 for
0 <n<m- 1 starting with p,(#) = 1. This leads to the following forms.
2
n n- + 3
p,(n) = [2!1!] py(n) = [ 3121 ]
n® + 3n% + {9 (-1)" - In} + 32
p, ) = 4131
_[»n* + 10n® + 10n® - 75n - 45n(=1)" + 905
ps () = 5141
[h5+zzgn“+126§n3—112§n2—1599én+112§(~1)”(n2+9n)+1066§n cos 3%E4-19224
pe (M) I 6151 '
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

HISTORICAL NOTE

Exact determinations of p, (n) for small m have been given in a variety of
forms by many writers. See Dickson's History of the Theory of Numbers, Vol.
2, and The Royal Society Mathematical Tables, Vol. 4, by H. Gupta and others
for extensive details of previous work together with references. De Morgan
(1843) gives formulas for py(n) and p,(n) which are equivalent to the above
forms (see Dickson, p. 115). 1In Gupta (p. xvi), formulas are quoted in the
form below, where p(n, m) = pm(n + m).

p(ns l) = ].
_l( _3_> 1 1y
p(n, 2) =5\n+5)+ 7D
p(n, 3) =-%§(n2 + 6n +-%?) +-é(_1)” +-é(a§ + o)
1 1 .
pln, 4) = 1_44(”3“5”“ 7 +_l';2> +%<ﬂ+ 5) (-1 + (a7 - 02" ?)
93
! - N -3n
LT
where Q3 = exp Z%ﬂ is a cube root of unity.

This development is essentially due to J.W. L. Glaisher (1908) (see Gupta and
Dickson, p. 117). Glaisher obtained complete results to m = 10 and the re-
sults are given to m = 12 in Gupta, but the formulas obtained are very com-—

plicated.
Further results are given in Gupta, but all the exact formulas given for

small m are more complicated than those given here.

SECTION 2
Write the recurrence equation in the form
pm(n + m) - pm(n) = pm_l(n +m - 1).
The solution of this equation is composed of two parts.
1. The complementary function given by the solution of
p,(n+m - p (n) =0.
This simply gives the form
a,al + a,0p + o+ auon,
where the g; are constants and the o; are the mth roots of unity where o; = 1

(say) .
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

2. The particular solution is determined apart from the arbitrary con-
stant which is included in (1) by the solution of the equation

Am{p, )} =p,_ ,n+m~- 1),
where A(m) is an operator such that
Am{p, (M)} =p (n+m - p, (n).
Thus we can write formally
p,, (n) = Z%ZS{pm—l(n +m - 1D},

1 .
where ——— is the inverse operator to A(m).

A(m)

. . 1
To Determine the Action of-ZC%I

2.1 Let p(n) be any polynomial function in » with constant coefficients.
Then
B_mD B m°D? B_m°D®
1 1 2 4 6
W{p(”)}=<ﬁ+Bl+ ot T T e +"'>{p(”)}’

where the B are the Bernoulli numbers and the right-hand side is finite as
p(n) is a polynomial. This is a well-known result.

n
2.2 Coansider A(m) — , where o™ # 1
a” -1

_ QM ogn _ o
a™ -1
N
——l——{a”} = —2%  when a™ # 1
A (m) o -

7o n
2.3 Consider A(m) {—7;—}, where o = 1

_(n+ m)o.t ™ - no” - on
m
1 7 na 't m
= = 1.
A(m){d } po when o

2.4 Let f(n) and g(n) be any functions of ; then
Am{f(m)gn)} = fn + mg(n + m) - f(n)g(n)

= fn +mgn +m - fgn +m) + f(n)grn + m)
- f(n)g(n)

(continued)
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

=g +mom{f} + FEAM{gn)}

Fg®m) = grmdatn + mpam £} + i fremam gon

A( ) {f(n)A(m){g(n)}} = fm)gn) - A(l—m{g(n + m)A(M){f(n)}}

Put A(m){g(n)} =

gmn) - {o”} = if a” 4 1
o - 1
A( ){f(n)oc’”r fn) - o A(l) o Am{f ()}
m am - 1 m \gm -1
_fma” __a”

1 n
- 56 {a A(m){f(n)}}.

am_l um_

Thus, if f(n) is a polynomial in #, then this is a reduction formula that can
be successively applied to determine the left-hand side. From which it fol-
lows that if a™ # 1 and f(n) is a polynomial of degree p, we have

1 ;. o’ am ot
Z?ET{@ fm)} = Gv+(am ) A(m)) {f(m)}

a™ - 1
n m m 2
o _ o A+< o >A2—---
o™ -1 am -1 o™ - 1
of o™ \'.p
+ (-1 <————> ATHFm) .
a™ - 1

2.5 Consider A(mM{f(n)o"}, where o™ = 1.

1]

AM{fEa} = f(n + ma™t™ - f(n)a”

at(fn +m) - f(n))

= o"Am){f(n)}
1 n
f()an = Xe) {oc A(m){f(n)}}-
Put AM{f()} = p®) .

—s{ap ()} = o f(n) = a”Agh){p(n)} if " = 1.

A(m
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

Thus, if p(n) is a polynomial and o™ = 1, we have

1 1 B,mD B m°D?
z};ﬁ{&”p(n)} = o =t By + 57— t—y {p)}.

. . . 1 .
This determines the action of —— in all cases. Thus, for

A(m)
p,(n+m -p (n) =p ,(n+m-=1),

we have that

. 1
p, (n) = aal +aa; + o0+ Ao + ZTEY{pW-l(n +m- 1)},

where the a; are constants and the a; are the mth roots of unity with o, =1.
We have the m conditions p, (1) = 0 for 0 < n <m-1 for the determination of
the m constants.

Thus, the pm(n) can be determined sequentially for values of m starting
with m = 2.

Now, pl(n) =1,

pz(n +2) -p,(n) p,(n+1) =1

1
_ n _1\n
p,(n) = a, (D" + a,(-1) +—A(2){l}
=a;, +a,-1)" +%
Now, p,(0) = a;, +a, =0
1
pz(l) = a, -a2+7=0
1 !
al = _Z, a2 = Z
N S R L
p,(0) = -7+ (D" + 3

Now p,(n) is an integer for all positive integral n. Now

max{—‘% + %(—l)”} =0, for n = 2 (say).

Thus, we can write p,(n) = [ﬂJ.

2
m=3
1 1 ” n+ 2

p,(n+3) -p,(n) =p,(n + 2) = -Z-+-Z(—1) +—

~ -1 + 2/3Y -1 -3 n o1,
pa(n) =a t a2<———7?———> + a3<-~77——‘) - Ti‘f«g(—l)

+ (n+2)* (n+2)
12 4
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

o 5
This gives g, = -3 a4, = a; = ;%'
w7 1 o8 -1+ 43\ 8(-1 - i3\
pa(m) =73 ~ 75 ~ gD F (T3 T\ T2

=

|

2 1 21T "
-1 +-7§<16 cos< : > -7 - 9(-1) ).

But p,(n) is an integer for all »n, and so as

3]

max 16<cos<—2%1> ~ 7 - 9(—1)”) = 18, for n = 3 (say,
[n? 18] [n? + 3
we have py;(n) = [T§'+'7§} = [_ﬁizﬁ»}_

m =4

3
p,(n) = a; +a,(-D" + a; ()" + a,(-1)" + (n+3)° In

14z 288
( 1+ z’@)”
(n+3> (m+3) 1 _ naE=n" 8, 2
S YTyt PR Y
(:m;tj;év_ 1>
(:L_:j?ﬁy 2
4~§% 2 _
(L -3
\ 2

which can be reduced to

N (2%3 + 6n% - 9 + 9n(-1)" - 6>

p,(n) = a, +a,(-1)" +ay (D))" + a,(-1)" 268

1 2nm . 2nm
+<§Z< 6 cos 5 + 2/5 sin 3 ).

7 _ 9 _ o _ L

Whence a; ~ 788’ a, = 788° a, =a, = 6
L R U
P, = ~5gg * SRR SO e

N (2n3 + 6m? - 9n + In(-1)" - 6)
288

+ ?Jj sin ;EE>«

+<§4(—6 cos 3

54

Now following the previous technique, since pq(n) is an integer for all #n, we
have, for n = 4 (say):

/ . \ -
n n Lwn 6 | 2V3 2w\ _ 77
ma‘{(—é‘é( D “(“) T el Tmg s Ty Y gy sin WS_") 288"
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

n® + 3n? + %(9n(—l)” - 9n) + 32
Py () = 144

It is clear from the above form for p,(n) which contains cos 2%1 and sin E%E

that we need to convert formula 2.4 to a form which encompasses this type in

order to proceed to determine pm(n) for m 2 5 exactly. The resulting formu-

las are in themselves interesting. If o = 1, then
2
o = cos(gél> + 7 sin(z%1> and o = cos(“i?ﬂ> + 7 sin(zéﬁﬂ),

0<k<s-1.
We have from 2.4 that

1 n - a” _ o _ng__ : 2 _ .. { T
A(m){u = o™ - IG> <Qm - 1>A ’ <um - l) ‘ >{f}’ et

Then it can be shown that

kmm
COSeCT+l(

p [ad
‘E%%T{COS(Zi?ﬂ>fT”)} =Ig;)—————:::441——sin(égXZn——m4~rm)— %?)(—A)r{f(n)},

Z

where f(n) is a polynomial of degree p and w®=1 but a"#1 and 1 S k <eg-1,
k # 0. The proof is easy but lengthy.
Similarly,

kmm
D cosec”+1<-~

Aéw){Sin(2§?W>fK”)} = -2, = ) cos(%;(Zn—-m4~rm) - %;)(~A)P{f(n)},

r=0

2r+l

m=5

Thus returning to ps(m) it can be shown using the previous formulas that

1 1 (n* 3 2 1 9 + 4)(-1)* | 45(-1)° -1)"
JR— = —f—— - el + .
A(S){pq(n"" 4y} 288<10 + 1 +n 7an + = > e

9 (=" i1 -3) =D+ 1 2nm
togg T2t 37 + 32 18 ¢°% 73
R A T YOS ) qin(Znﬂ> oL Cos(zm
B\ 5 sin 73 54 ° 3 54 3 )"
Using
A (ine1 - ¢ iy (= ->=_L.n_ﬂ_ nn
32(1 (-1 ) + (=) (-1 + 7) Telsin 5 cos —
(continued)
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

1 L ~1)"
= 78~§<7f—0 + nd + n? - 7%7@ - i<—4—)~(2n + 5)) +li6<sin 22-71 - cos n_ﬂ)

J;-cos Znm ¢§ si zﬂﬂ
27 3 27 St TR

ps(n) = C.F. + P.S., where the complementary function is

4 2knm .. 2knw
3 aglcos c— + 1 sin To—),
k=0

which by modifying the constants q; can clearly be written in the form

C0+C’l cosglszﬂ+6’2 (:c>sé7;—ﬂ+,5'1 sin-z—gﬂ+32 sinism.

The method is clearly general.

n =20
_ 2395 ‘
Cy +C, +0C, = 17,280 = Po (539
n=1
27 i .27 LT - Lm.—
Co + 0y cos 5+ Lpmcos 5+ 5 sin 5=+ 5, sin g = -75555 = B,
n =2
- om o i 2o __lo6l
Co + Cyrmcos = + Cp cos 7+ 5, sin o+ 5,.-sin == = - 15755 = B,
n=73
T 2T . m ) 27 - _io__ﬁl_—
Cy+Cp=cos 5 + C, €08 5=+ 5y -sin g + 5, sin 5~ = -q5 555 = Bs
no=4
27 ™ R 2m . T _1l6_l._—
Co + €y cos T+ Cp.mcos 3+ Sye=sin =5 + 5. =sin 5 = ~ 75555 = Fu

Thus if we add the equations we have immediately

-1849

1 _ o -1849
Co =3By + B + 82 +Bs +80) = 15585 x5

0

As we are concerned with the mth roots of unity this form will be quite gen-
eral for (. The solution is

~ 6912

Ly = m =, and S5; =85, = 0.
N Sy .3 2 _ - 1y {_;Lwc:ii&jﬁf)
py(ny = 2880(,L + 10m3 + 10n 757 - 45n(-1)") + 788 A
R nﬂ‘) 1 nm Y3 . 2mm 1849
+ }\/\,Sm 5 cos 5 53 cos 3 77 sin —-—3 17,780 = 5
+____ﬂ£2 s 2nm 6912 o5 ﬁr_z"r_r\}
17.286 x 5 © 5 17,280 x 5 © 5

J
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

Again we have that the part within braces is purely trigonometric and has a
maximum value given by »n = 5 (say), which is 905/2880.

. _[x" +10n® + 1012 - 75 = 450 (-1)" + 905
- Ps(m) _[ 2880 ]

It would appear from previous work that we have to determine a solution to
a set of linear equations each time we determine p, (7). But this is not the
case as the constants (C; and S; can be determined explicitly in terms of the
B, as follows.

We have for the Complementary function

m-1 ; 2knm
Lae’ T
k=0

and for the Complete Solution, we have

n=20 a, +a, ta, + - +a,_, = B, (say)
i}l | 4T . 20m=1)m
= m tm e T m _
n 1 a, + a,e + a,e + +a,_ e = B,
; 2m= D ; 2m-Lam L2(m=1)(m=1)m
n=m-1 a, +ae T+ a,e m + ot +a,_,e" n = Bn-1
i ;2r2m c2r(m-1)m tamr
Now L + e ™ + et M 4 «vv 4 o° m = ——————— =0, as r is an integer
< m 7:"2'?1
e ™M -1
Thus, if we add,
By + By + =0 + Byoy
a ==
0 m

To determine a,, we can essentially do the same thing. Multiply equation (2)
. 2m . 4T . 2(0m-1)m

by € “™, (3) by e ™, ..., (m) by € 7 . Thus, the coefficients in the

a, column are all one. Then add the equations by columns again and we have

_i2m _1:__(_&1)'"
= m e m
ma, =B, + Be + + B, € .
In general,
_igkj _iz(m—l)kn
ma, = B, +pe "+ 4B, e m
Thus, we have the form
1" 2k ;2Am=DKT\ | 2knn
- - 2 2knm
m 2By +Bie T+ e+ B e " e’ Mo
k=0

This is the Complementary function but not in an explicit real form, but the
terms can be grouped to give the real form.
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A GENERAL METHOD FOR DETERMINING A CLOSED- FORMULA

If m is odd > 3,

_ 1 Zm—l Zmr ka
_E(BO + 8, + s+ Bm—l) +Ek§08k{cos<7_7)+

(m ~ Dnn _ (m ~ l)kv>}

m m

+ cos(

If m is even > 4, there is a root (-1) in the form, and we have

1 ~1H)"
= (B, A B ) F (B = By By - e - By
2 TS nm 2kmY\ , ... (m = 2)nm _ (m - 2)krr}
mgoek{cos(—,r o) R e e

Or finally, by regrouping, we have for m odd 2 3:

1
= 771“(60 + e+ Boy)
m-1
2 ; 2(m - 1 2
+—r%k2;l<60 + B, cos ﬂn{?ﬂ + 0+ B, _, cos (m - )kTT)cos ?ﬂkﬂ
m=-1
2 & . 2km . 2(m - kn\ . 2nkm
+Ek;1<81 51n7+-"+8m_1 sin - sin pranl
For m even 2 4,
1 (_1)?2 B 4 e - 6 )
=E(BO+...+B”’_1)+ o- B, - B o1
m-2
2 2 2(m - 1)km 2nkm
+%k§;1<60 + B, cos—fﬂi+ <.+ + B, _, cos —(—7—)_>COST
m-2 ) 2
2 & . 2km . 2(m - Dkm . 2nkm
+E;§1<Bl sln—Tﬂ—+ e+ By sin ————— sin ——.

Thus, returning to ps(n)’ we have that the particular solution is

L 3 2
1 <n5 L 45n* | 380m® _ 225n% 159%”)

2880 x 30 2 3 2
2 cos 2nm
3(¢-1D" _ L( nmoL o m) 3
+ 8 o 288<n2 + 9% - 39) 37 cos + sin 5 + 81

i 21 2m
6912 g T oain Doy — ~—'——2n—6>.
+ ~__—“17,280 ” 10( cosec = sin 5(Zn 6)>+(coseg 5 sin % ( )
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA
The Complementary function is

2%£—+ C, cos é%E + (3 cos é%£—+ S, sin gﬂl+ S, sin éﬁﬂ.

Cy + Cy cos 6 5

The coefficients C, are

3 1
oo L e 4800 o 2196w
7 T86,400° Y1 T Y2 7 86,400° Y3 86,400

10662
5, =0, 5, = —m—
V3 x 86,400

Thus pe(n) is the sum of the two forms. Again the maximum value of the pure-
ly trigonometric part—that is, the part that does not contain any algebraic
powers of »n, is given when » = 6 and is 19,224/86,400. Hence,

pe (1)
{n54—22én”4—126§n3—-ll?%nz 15990+ 1120(=1)" (n? + 9n) + 10662n cos 220+ 19224

3
6!5!
The method can of course be continued; I simply state the result for p, ).
Q¢6+-42n54-560n“+~196On3—-8725%n2-45,325n——(-1)” * 23625(n” + 14n)

+ 22,4007 cosec i sin<%(2n—~7)+-l,029,154)

3

p7(n) =
716!

Having determined the explicit form for p (n), it is time for some general
remarks. Looking at the method of preduction, we can see that the leading
terms are purely algebraic and that this property of the formulas will con-

tinue under the operator The leading nonalgebraic power of #n or, more

_1
BGmy * )
precisely, its coefficient increases when (-1) is a root of the operator Z?ET’
as we see from formula 2.5.

That is for all even powers of m. Thus for m = 7 we have that the first
four powers are purely algebraic, that is, for ne, no, n“, and n®. TFor n = 8

we have that n7, ne, ns, and »n* will be, but not no.

. N . . m+ 1
The pattern is quite clear, and we can see that the first 2 powers

are purely algebraic in p, (n). We can go further than this and say that
p,(n) contains a purely algebraic part which is a polynomial in n of degree
(m - 1) with rational coefficients as the Bernoulli numbers B; are rational.
Let this polynomial of degree (m - 1) be denoted by g,(n) (say) and the trig-
onometric or nonpoclynomial part by ¢,(n). Thus

b, (m) = g, (n) v t,(n),

where the polynomials qm(n) naturally satisfy
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

q9,n) - q,(n -m =gq,  (n-1).

From the forms so far determined, we have
1 1
7, = 577 - 3)

)

o=

1
9,00 = 7" - 1
1 3 2 1 1
q,(n) = 4!3!(n +3n° - ben - 63)

qgs(n) = gng(n“ + 10n% + 10m? - 757 - 61%%)

1 5

qe(0) = gysy(n® + 225m" + 126507 - 1120n? - 15990 - 7567)

m+ 1
2
agree with gﬂ(n), an examination of the general form of these leading terms

where the constant term is just the value of C,. As the first [ ] terms

is required.

3. A SERIES EXPANSION FOR g, (%)

The general form for the leading terms of ¢, (n) are given in [1], where I
also consider the problem of determining an upper bound for pm(n) for arbi-
trary m and »n, together with some numerical examples. For the sake of com-
pleteness, I simply quote the expansion of g (7) given in that paper.

n"t 1 Cﬂz - 3m> -2

() = T T T T min = I\ 4 -1
L _é.sma +_Z5_m2 _fm
. 1 9 9 9 =3
m.’(m—3)!\ 42 . 21
1 mS = 3Lm® + 20m* - 833 4+ 2p?
nm-k
* mt(m - 4)! 43 . 31
<ms - 142m7 + 6618m° — 10755 m® + 553em"*
1 102t + et~ 1)
+ — nm—S
m!(m - 5)! 4% e 4

2

where the first [ﬂ—i—l] terms in the expansion of p (n) are algebraic and
+ .
agree with the terms above if [ﬁli—il 2 50r m=>2 9. The polynomials can be
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A GENERAL METHOD FOR DETERMINING A CLOSED FORMULA

generated by means of a computer program where the summations are effected
using the Bernoulli polynomials. This expansion, although of some interest,
is of little use for calculating p,(n) unless n is large compared with m.
J. W. L. Glaisher gives an expansion for ¢, (n) based on the "waves" of J. J.
Sylvester (see Gupta [3]).

Looking at the action of the operator 1/A(m) in formulas 2.2 and 2.3, it
is easy to see the form of the leading term in %¢,(n), the nonpolynomial part

f . We h
o pm(n) e have Etiﬂ
(_l)m+nn 2
tn () = m m = 2
2" = | !
5 =]

4. CONCLUSION

for m =2 4.

The method not only yields closed formulas for small values of but also
illustrates the general structure of p_ (n). The method is perfectly general
but clearly, as the formulas are calculated recurvisely, the computations be-
come increasingly lengthy. The method can also be used to determine closed
formulas for partitioning into an arbitrary small set of integers. The re-
currence relationship is

P*(®ys Pps oo Dps M) = PX(Pys Pps weves D3 7 = D) = P¥(Pys Pos evvs Ppoys 1)
where p*(p,, Pys ---5 P, #) means the number of partitions of » into at most
parts p,, Pys --.5 P, Or, equivalently, the number of solutions in integers >
0 of the Diophantine equation

p1xy + pxy + -e- + ppx, = 7.

For example, the method yields

7% + 16312 + 8ln + 180
1+2+3+5-+ 3

p*(1l, 2, 3, 55 n) = [
This more general problem will be explored in a future paper.
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