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I. INTRODUCTION

This paper continues the work initiated in the author's joint paper [1]
with A. Qadir, in which the authors found the particular solution of the dif-
ference equation (F?> - F - G, = nk, using two methods, that is, the usual
operator method and the method of expansions, eventually establishing an iden-
tity involving the Fibonacci numbers F, defined recursively by F,=F, = 1 and

F = F

ey T E,, n 21,

the Lucas numbers L, given by L, = 2, L, = 1, and

=1L + L,, n=20,

n+2 n+1

and the Sterling numbers of the second kind.
In this paper, the author uses the same two methods to solve a more gen-
eral difference equation, namely,

(B2 + Op - 2E + (1 - xp - M2)Y'6, = nk,

getting an identity involving the Sterling numbers of the second kind, the mth
convolved Fibonacci numbers, Ff(p, q), where

1

= X Fl(p,
(1 - px - qe?)" i=0

and the generalized Lucas numbers, where

L,.,®s @ =pL, (s @ +qL, (0> q@> Lyps q) =2, L, (p, q) =p.

The plan for this work is as follows. First, in II we find the particu-
lar solution of the above-mentioned difference equation by the usual operator
method. Then, in III we find the particular solution of the same equation by
the method of expansions. Finally, in IV we compare the coefficients of sim-
ilar powers of n and those of A, which finally results in the aforesaid iden-
tities.
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IT. PARTICULAR SOLUTION BY THE METHOD OF OPERATORS

From [1] it is known that

z (‘1)r<§>(r)35(i, rynk-t

nk éi
E-a 7= /5 (1 = g)7*?

k <—1>”(§><r>!3(i, rynk-t

>

i=0 r=0 (1 - a)rtl

Where S(Z, r) are the Sterling numbers of the second kind, the shift
operator E is defined as

Ef(n) = f(n + 1)
and the difference operator A is defined as
Af(n) = f(n+ 1) - f(n) = (& - 1f(n).
That is, A = F - 1.

Therefore,

k

i)(r)!S(i, rynk-1

nk ko k (—1)”(
E - 1+ ra) 2; z

i=0 r=o0 PRARPELS!

Also,

nk
(E -1+ a)(E -1+ Ab)

(—1)”+t<§)(k ; i)(r)!(t)!S(i, r)S(s, t)nk-t-s

3D

+r+t +1l7¢t+1
AZFrEEaTHLY

Letting ¢ = 4 + g implies min(g) = 0, max(2) = k, so that

nk
E-1+x)E -1+ 2xb)

Lok e GO () (KD Dt @ise, nsa - 4, pnkt

=2 2 XX s

Z=0 r=0 &=0 t=0 >\2+P+tal+rbl+t

I

Putting j = r + ¢, we have min(j) 0 and max(j) = k. Now, recall that

(G20 = ()
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and change % to Z,, ¢ to Z,, r to j,, and j to Jj,, to get

nk
(B -1+ ) -1+ 2Ab)

jz 2 it"'l . . . . . . k-1
COPILN )0, =, 86, =4y d, = J, T
t

2,20 4,=0 §,=0 4,=0 A2+dagltiipltds =g,
where 7, = k, 27 = 0 = j,.
Using induction on m, it can be proved that

nk
E-1+2)"E -1+ )"

(2.1)

2m

, 7
D7 11 < f+l><Jt>!s<It, I, )nk=ian
1 ¢

t=

2320 7,20 §, =0 Jpy=0 A2MH Jan oM Tamoap M Tom
m .
where 72, ., =K, 15 =0 = jo, T, = 3, (-1)"J.,
i=1
I, =i, - 1,., and J, =4, - J,_, for every t > 0.
Let G(n, m, k) be the particular solution of the difference equation
{E2 + Op - DE+ (1 - p - V)G, = nk,

and let a, b be the roots of x? = px + g.

Noting that the left-hand side of (2.1) is symmetric in a, b, we inter-
change ¢ and b in (2.1) and add the resulting equation to (2.1). Using the

fact that a + b = p and ab = -g, we get, after a little manipulation,
G(n, m, k) . (2.2)
28 B (A RYEY ) k-2
(~1)“*" . (TSI JL)L [
D> A R
2 2,=0 Zpn=0 =0 Gyn=0 >\2m+'jz'r‘ (—Q)MLTZ"’

where Ly = Ls(p, q)-

Interchanging a, b in (2.1) and subtracting the resulting equation from
(2.1) and dividing both sides by a - b, we also have

2m-1

7
I ( ;:1>(Jt)!S(It, I )Fr op

2m-]

k K Ck k
PIED DD MDY =0 (2.3)

- . . +
1170 25,320 J1=0 g, ,=0 (_q)"’ Tonm

where Fy; = Fo(p, q)-.
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3. PARTICULAR SOLUTION BY THE METHOD OF EXPANSIONS

A Particular Solution of G(n, m, k) is given by

nk nk

(E-1+2)"E - 1+ )" (b+ A" (A + AB)"

Gn, my k) =

That is,

nk
G(n, my, k) = , (3.1)
(A% + dph - A2g)"

where a, b are the roots of x* = px + q. Since a + b = p, ab = -q, (3.1) be-

comes
k _1\m. k
Gn, my, k) G = D

(42 + dph - A2Q)" )\qu"’{l - p(%) - ‘?(_AX>2}m
q q

CD_ 3 mrep, cz)<§7>1' nk

)\qum =0

where F;kp, g) are the mth convolved Fibonacci numbers.

Therefore, )
x Fl'(p, @)b*

m k .
Gn, m, k) =L 3 Sk, §) - nP,
i=0

)\qumi=0 )\’Lq‘u
where S(k, j) are the Sterling numbers of the second kind and
nD = um-1) ... n-g+ 1), for all j =1, 9 = 1.

Therefore,
-D"F'p, q) ()P sk, jHn? ")

m+i>\2m+i

k k
Gony, my k) = 2 2

i=0 F=0 q
k(DD D ENp, sk, HnY D
= Z Z_ m+iy2m+1
1=0 j=1 q A
s 07 T e, sk, G+ nt
—7.'=0 Jj=0 qm+i_)\2m+7,'

Now, change J to kK - 2 - j in order to reverse the order of summation of
j. Then, putting ¢ + J = & implies that min(2) = 0, max(2) = k, so that
. - + 7 P .
(—l)m(i)!<k g i)Fim(p, @Sk, k = 4 + i)ntk-4

k
G(n, my, k) = Z
. =0 2=0

= m+7,')\2m+i

q
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U NG, st k - 0+ skt

k k
2 23 —
= =0 t= m+z)\2m+1,

q

where Sf‘l are the Sterling numbers of the first kind.

Let us once again reverse the order of summation of ¢ by changing ¢ to
k - % - t. We then let 2 + ¢ = r so that min(r) = 0 and max(r) = k. Then

eox & Coman(FT AT

=0 2=0r=0 qm+iA2m+i

Fl(p, )5k, k - & + 1)8K- k"

Now, replace % by kK — £ in order to reverse the summation of %. Next, note
that
Sk, L+ %) =04if 8>k - 7 and S,_, = 0 if 2 < k - .

Also, from [2], we have

zk: (2 : 1)5(7(’ L DS, - (f,)s(,,,i)
L=k~

Hence, writing %,, for » and j,, for ¢, we obtain

O @ (S )Gam) 185Gy o
G, m ) = ¥ 3 = : . 3.2)

Lon=0 Jpn=0 qm+‘72m }\2m+~72m

4. THE DERIVATION OF THE IDENTITY

Equating the coefficients of similar powers of 7n from (2.2) and (3.2),
and dividing both sides of the resulting equation by the common factor

()

we have
PR ) E
—1)72n !
RS (% | CATEICANP AT
7L L X L = (4.1)
1120 ip,=0 F1=0 j, =0 A2 2m (=g m+ Tom

(1>(Jm)( )suﬁm,jm)q;

Jom=0 qm+e7'2m>\2m+j2m

mo - pam
where F}h1 = F}m (ps ).

Finally, equating the coefficients of similar powers of A in (4.1), we
obtain
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2m-1

n (lzzl>(Jt)!("l)prl Sy I )Ly, 4o,

K K k K -1 -
L X X ¥ 4.2)

0 %5,.1=0 ;=0 g, _,=0 qTmel

m

= 207, )5 (T Jon)Ey,

Equating (2.3) and (4.2) gives the identities we wanted to derive.

REFERENCES

1. H. N. Malik & A. Qadir. '"Solution of Pseudo-Periodic Difference Equa-
tions." In A Collection of Manuscripts Related to the Fibonacci Sequence:
18th Anniversary Volume, ed. by V. E. Hoggatt, Jr., & Marjorie Bicknell-
Johnson. Santa Clara, Calif.: The Fibonacci Association, 1980, pp. 179-
186.

2. J. Riordan. Combinatorial Identities. New York: Wiley, 1968, p. 204.

40606

1983] 265



