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I. INTRODUCTION 

This paper continues the work initiated in the author's joint paper [1] 
with A. Qadir, in which the authors found the particular solution of the dif-
ference equation (E2 - E - l)Gn = nk, using two methods, that is, the usual 
operator method and the method of expansions, eventually establishing an iden-
tity involving the Fibonacci numbers Fn defined recursively by F1= F2 = 1 and 

Fn + 2 = Fn+1 + Fn> n ^ l > 

the Lucas numbers Ln given by L0 = 2, L± = 1, and 

,Ln+2 = Ln+1 + Ln3 n > 0, 

and the Sterling numbers of the second kind. 
In this paper, the author uses the same two methods to solve a more gen-

eral difference equation, namely, 

{E2 +-(Xp - 2)E + (I - Xp - X2q)}mGn = nk, 

getting an identity involving the Sterling numbers of the second kind, the mth 
convolved Fibonacci numbers, F™(p9 q), where 

(1 - px - qx2)m i-o 

and the generalized Lucas numbers, where 

Ln + l(P> ? ) = PLn + l(P> ? ) + VLn(P> ? ) > L 0 <P > & = 2> M ? ' ^ = P' 

The plan for this work is as follows. First, in II we find the particu-
lar solution of the above-mentioned difference equation by the usual operator 
method. Then, in III we find the particular solution of the same equation by 
the method of expansions. Finally, in IV we compare the coefficients of sim-
ilar powers of n and those of A, which finally results in the aforesaid iden-
tities . 

260 [Nov. 



ON THE SOLUTION OF [E2 + {Xp - 1)E + (1 ~ Xp - X2q)}mG = n^5 

BY EXPANSIONS AND OPERATORS 

II. PARTICULAR SOLUTION BY THE METHOD OF OPERATORS 

From [1] it is known that 

„* k i ( - l ) P ( J ) ( p ) ! 5 ( i , p )n f e - £ 

JP _ n 2—d L-J 
i-o r - o ( i - ay+1 

k k ( - l ) r ( 5 ) ( r ) ! 5 ( i , r)nk~i 

i = o r = o (x _ ay+i 

Where S(i, r) are the Sterling numbers of the second kind, the shift 
operator E is defined as 

Ef(n) = f(n + 1) 

and the difference operator A is defined as 

A/(n) = fin + 1) - fin) = (E - l)f(n). 

That is, A = E - 1. 

Therefore, / ̂  \ 

(tf - 1 + Xa) im0 rm0 xr+la 

Also, 

(E - 1 + Xa)(E - 1 + \b) 

k k k k (-DP+t(J)(fe I *)(*)•(*)!£(£, r)S(e, *)«»<-*-« 
V* \^ V^ X""* 
i-o r = o s = o t-o A 2 + r + t a r + 1 Z ? t + 1 

Letting £ = i + s implies min(£) = 0, max(£) = k, so that 

te - 1 + Aa)te ~ 1 + Afc) 

= E E E E - U A ^ - ^ — 
i = o r = o £ = o t = o X2 + r+ta1 + rb1 + t 

Putting j = v + £, we have min(j) = 0 and max(j) = k. Now, recall that 
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BY EXPANSIONS AND OPERATORS 

and change £ to i2, i to i15 p to j 1 5 and j to j 2 , to get 

(£ - 1 + Xa) (E - 1 + Xb) 

£ £ E E 
__ * * * ^ AOA i*>* ~ ^-i>!^* " **-!• h - A ^'u 

* _ = 0 i2=0 j \ = 0 j2=0 A 2 + J ' 2 a 1 + J ' 1 & 1 + J ' 2 ~ « 7 ' 1 

where i 3 = k , i 0 = 0 = j 0 . 

Using induction on m, it can be proved that 

(E - 1 + Xa)m(E - 1 + XbY 
(2 .1 ) 

( - 1 ) J - n I - )(Jt)lS(It, Jt)nk~^ 

m 
where i2/r? + 1 - k5 i0 = 0 = j 0 , :TW = £ (~l)ZJi> 

i = l 
It = it ™^t~i anc^ ^ = e7"t ~ 0t-\ ^or every t > 0. 

Let G(n, m9 k) be the particular solution of the difference equation 

{E2 + (Xp - 2)E + (1 - Xp - A2<7)}X = w*, 

and let a, Z? be the roots of x2 = px + q. 

Noting that the left-hand side of. (2.1) is symmetric in a3 bs we inter-
change a and b in (2.1) and add the resulting equation to (2.1),. Using the 
fact that a + b = p and a£ = -q, we get, after a little manipulation, 

S(n, m, k) . (2.2) 
• 2m /H+l\ 

l k k k k t= 1 \ ^t J *•• 2m-l 

H~o i2,-o 3\-o j2n=o X2m + J^(-~q)n^T^ . - .. 

where Ls = L8(p» q). 
Interchanging a, Z? in (2.1) and subtracting the resulting equation from 

(2.1) and dividing both sides by a ~~ b, we also have 

2 / 7 1 - 1 / ^ '£+ 1 

E E E E — ——— — - 0 (2 .3) 

where _?_• = Fs(p, q). 
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3. PARTICULAR SOLUTION BY THE METHOD OF EXPANSIONS 

A Particular Solution of G(n, ms k) is given by 

nk nk 
G(n5 m, k) 

(E - 1 + Xa)m{E - 1 + Xb)m (A + Xa)m(A + Xb)m 

That is, 

G(ns m, k) = , (3.1) 
(A2 + ApA - X2qf 

where a, b are the roots of x2 = px + q. Since a + b = p, ab = -q, (3.1) be-
comes 

7, nk {-l)mnk 

G(n, m, k) = • - — (A2 

1 
X2m 

where F™(p, q) are the 777th convolved Fibonacci numbers. 

Therefore, 
(_um k F™(p, q)Ai

 k 
G(n, m, k) = ±^- £ £ S(k, j) • nU), 

X2mqm^o \ i q i j=o 

where S(k9 j) are the Sterling numbers of the second kind and 

nU) = n(n - 1) ... (n ~ j '+ 1), for all j •> 1, n(o) = 1. 

Therefore, 

• ' •• fc k (-l)mF™(p, q)U)(i)S(k, j)n(j''i} 

£(n, 777, k) = E 2 " : 

t =0 j = 0 m + i^2m + z 

k k (~l)mU)(i)Ft
m(Pi q)S(k, jV J " ~ 0 

E E i = 0 j = i ra.+ i^2m + i 

k k-i (-l)m(J + ^(i)\Fz
m(p, q)S(k, j + i)nu) 

= £ E — - ^ — ^ — • • — . 
i=0 j=0 m+z^2m+z 

Now, change J to k - % - j in order to reverse the order of summation of 
j . Then, putting i + j = £ implies that min(£) = 0, max(£) = k9 so that 

k k (-D'Wif " J + *W(p, <?)£(*, k - l + i ) n ( k ' ^ 
G(n, m, k) = £ £ 1—_J___Z _ 

i=0 £=0 m + i-^lm+i 
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k k k-t (-l)m(f)!(/C ~ \ + *)F?{p, q)S(k, k - i + i)S*-*n* 
~ 2*t I** Z-» ' ' ' ' r~~ ~ "• 
i = 0 £ = 0 t'-0 m + v^2.m + -L 

where s\~l are the Sterling numbers of the first kind. 

Let us once again reverse the order of summation of t by changing t to 
k - I - t. We then let £ + t = r so that min(r) = 0 and max(p) = k* Then 

G(n9 m, k) = X E E 
(-l)m(i)l(k ~ J + ^ ( p , q)S(k, k - £ + i)s£: k fc k (-i) w]A' • ')*'i\p> q)s{K, K - i + ^s;;"V"r 

i=0 £ = 0 2" = 0 m+i^2m+i 

Now, replace £ by & - £ in order to reverse the summation of £. Next, note 
that 

S(k, I + i) = 0 if I > k - i and ^ _ r = 0 if I < k - r. 

Also, from [2], we have 

F(A:V-* + *<--(JK.o 
Hence, writing %lm for r and j 2 m for i, we obtain 

(-l)mFm (P, ? ) ( / )(J2B)!S(i2ffl, J2n)n*-^-

Gin, m, k) = £ E — : • (3.2) 
^2 m=0 j 2 f f l - o < ?

w + « 7 2 . X 2 m + J 2 m 

4. THE DERIVATION OF THE IDENTITY 

Equating the coefficients of similar powers of n from (2.2) and (3.2), 
and dividing both sides of the resulting equation by the common factor 

Vlml '2m t 
we have 

i .E E E E _ . . (A.i) 
•*i-o **,-<> rfl-o 4 , -0 x 2 m + ^ » ( - ^ ) m + r -

E 
, ^mti2m)\(fya,m, c2m)Fi 

j 2 „ - 0 <?<" + J2 ,»x 2 m + " 7 2 ' " 

where f f = F.m (p , q). 
Jim J 2m 

Finally, equating the coefficients of similar powers of A in (4.1), we 
obtain 
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* * * * 2n"1
1ft;1)(J*)! (-1)r ,""15(J**J*)L'-".-> 

E E E E — — . (4-2) 

= 2(j2m)!5(i2m, J 2 m ) ^ . 

Equating (2.3) and (4.2) gives the identities we wanted to derive. 
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