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1. INTRODUCTION

Lucas [2] defined the fundamental and the primordial functions U,(p, q)

and V,(p, gq), respectively, by the second-order recurrence relation

W+2 = an+1 - qwn (7’L 20)9

n

where
{Wn} = {U,} 4if Wy, =0, W, = 1, and
(1.1)
W,y = {V,} if Wy =2, Wy =p
Let X be a matrix defined by
a a
¥ = 11 12 | (1.2)
A1 9y

Taking
tr. X =p and det. X = g

X _ L oyn - L y-n
et = 3 =X and e PR
Barakat [1] obtained summation formulas for

o ©

1 1 1
ZOF Un(p’ CZ): 20-717 Vn (p’ Cl)’ and nz:m_ Un+1(p’ q)'
ne . n= .

=0
Walton [7] extended Barakat's results by using the sine and cosine func-—
tions of the matrix X to obtain various other summation formulas for the
functions U,(p, g) and Vu(ps q). Further, using the relation between {U,}s
{V,,}, and the Chebychev polynomials {S5,} and {r,} of the first and second

kinds, respectively, he obtained the following summation formulas:
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4 o n
Eg% (- {lzzi%$_gﬂe = -gin (cos 0) sinh (sin 0)

fi (—l)”(;in+ﬁﬁg!+ 1o = cos (cos 6) sinh (sin 6)

n=0

(1.3)
____TEZST——~— = cos (cos 6) cosh (sin 0)

(-1)" cos (2n + 1)6
& (n+ D)

= gin (cos 0) cosh (sin 0)

The question—Can the summation formulas for U, and V, and identities
in (1.3) be further extended?—then naturally arises. The object of this
paper is to obtain these extensions, if they exist, by using generalized

circular functions.

2. GENERALIZED CIRCULAR FUNCTIONS

Polya and Mikusinski [3] appear to be among the first few mathemati-
cians who studied the generalized circular functions defined as follows.
For any positive integer r,

_ o (_1) trn+j .
Mp,j(t) —-;g%—z;ﬁ—i—zsj—, Jg=0,1, ..., » -1

and
rn+J

Ny ;(£) = E (m+g),, g=0,1, ..., r~ 1.

The notation and some of the results used here are according to [4]. Note

that

M, (&) =e", M, (¥) =cos ¢, M, (¢) = sin ¢,

]

v, () = et, N, ,(¥) = cosh ¢, N, (%) sinh t.

Following Barakat [l] and Walton [7], we define generalized trigono-

metric and hyperbolic functions of any square matrix X by

]

i (_1)71 Xrn+j

Mr'j(X) n=0 (rn + 4)!

s g=0,1, ..., » -1, and
(2.1)

N (X =i_—XT_i_ 7 = 0 1, r -1
r,j ) (m+j)!’ J_ s 3 eeey .

n=0
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3. SUMMATION FORMULAS FOR THE FUNDAMENTAL FUNCTION

We use the following Lemmas.

Lemma 1: Let X be the matrix defined in (1.2), and U,(p, ¢) the fundamen-

tal functions defined by (l1.1). Then
X" =U,Xx - qUu,_.I,
where I is the 2 x 2 unit matrix.

This lemma is proved by Barakat [1].

Lemma 2: If f(¢) is a polynomial of degree S N - 1, and if A,
are the N distinct eigenvalues of X, then
N X - )\7/.[
F@ =2 0 I ||
=1 1<gsnw 7 J
J#i
This is Sylvester's matrix interpolation formula (see [6]).

Lemma 3: (a) The following identities are proved in [3]:

(3.1)

cs Mg

(3.2)

Ma,o (-’.U + y) = Mg,o (.’L’)M3,0 (y) - Ms’]_ (x)M3’2 (y) - Ma’z (x)Mg,l (y)s

My, (@ +Y)

My, @My 4 () + My, @My o @) = My, @My, @)

My, (@ +y) =My, )My, @) + My, @My, () + My, @, ().

(b) W, ; (&) = wi/M, ; ), where w = *"*/".

The proof is straightforward and thus omitted (for notation, see [41).

Lemma 4: We have

=2 i) J =0, 2,
Ma,j(x) - Ma,j<—x) = )
2g,y ()5 J =1
2N6,j(x)’ j =0, 2,
Ma,j(x) + Ma,j(_x) = .
-20¢ () J =1l
Proof: n g
oy = = EDTETTT L e -0, 1
M, 5 (x) = M, (=) —WEO Gt 1 [l - (D 1, g > 1,

_ o (_l)nx3n+j o q\n+d
=& G prit T DT
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= 2(=Drettd
————-——‘—-_, = O’ 2
nlfg Gn + ! > Y

|
f—

i ‘2(_1)nx3n+j i
R TN e d T
n=0,2,... (3n + J)!

6n+3+j

22(6n+3+g)" J =

o x6n+g

2 —
L (on + ) !

[-211; i=0,2

6,3+J °

6,3° j=1

The other formula can be similarly proved.
Theorem 1: The following formulas hold for {Un s q)}.
n
(_l) U3n
n=0 (371)!
2
= =S, /DN, (8/2) - My, /DN, §/2) + Uy, /DN, (6/2)}

(_l)nU3n+1
(3n + 1!

(3.3)

>
n=0

= 2, , GIDN,, (812 = My, GIDN,, 6/2) + M, /D5 (6/2))

(3.4)

= (-l)”U3n+2
X Gir ol (3.5)

n=0

—%{Mg’o (/DN , (8/2) = My, (pID)N, (8/2) + M, , (/2,5 (8/2)}

n
= (=D Usn—l

1
,Z:o Gyl - sgthlae () =AM, Op)) (3.6)
o, (1)U, .

nZ (3n+l)' = G_C,{MMs,l (A1) =AMy (W)} (3.7)
- (1)U,

Z 3n+ 32)+'1 = (S_IQ’{)‘lM&Z (A1) = MMy, (A} (3.8)
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Here p = tr. X, g = det. X, where X is the matrix defined in (1.2) and
Ais A, are its eigenvalues. Further § = Vp2 - 4q.

Proof: We prove (3.4) and (3.7). The proofs of the others are simi-
lar. Since A;, A, are the eigenvalues of X, they satisfy its characteris-
tic equation A?> - pA + g = 0. Therefore,

p+6
2 3

A+ A, =D, AA, =g, and A, =
Now, using (3.2), we have

My, (X) = TI—%TZ—{ (X = MDM,, (A) - (X = ADM,, (3,)1,
i.e.,
M3,1 (X) = %{[M3’1 (>\1) - Mg,]_ (Xz)}X - [>\1M3,1 (>\1) - >\2M3’1 (>\2)]I}- (3-9)
Using Lemma 3, we get

M, (A - M, (A,) = M3,1<p ;— 6) _ Ma,l(_L;__@_)

My, (p/2) M3, (8/2) = My, (=6/2)]

+ My, (p/2) My, (8/2) = My, (=6/2)]
- M, (P/2)[M,, (8/2) = My, (=6/2)].
Now, using Lemma 4, we get
My (A) = My, (Ay) (3.10)
= M, o (p/2)Ng, (8/2) = 2M, \ (p/2)Ng 4 (8/2) + 2M, , (p/2)Ng 5 (8/2).
Substituting (3.10) in (3.9), we get
My, X) = %{[Mg,o P/, (8/2) = My, (p/2)Wg 5 (8/2) (3.11)

M, GIDTes (/21X - H0uMsy O) = Aol 0211}

Now, by (3.1) and (2.1), we have

> Ly

M 0 = LGy DT X - qu, Il (3.12)

3n+1

Equating the coefficients of X and I in (3.11) and (3.12), we get (3.4)
and (3.7).
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Starting with M3 0(X) and M, ,(X) and following a similar procedure,
we obtain (3.3), (3.6), and (3.5) and (3.8).

Remark 1: The right-hand sides of (3.6)-(3.8) are expressible in terms of

p and §; however, the formulas become messy and serve no better purpose.

L, SUMMATION FORMULAS FOR THE CHEBYCHEV POLYNOMIALS

Theorem 2: The following summation formulas hold for {S,(x)} and {T,(x)}.

Let £ = cos § and y = sin 6. Then

(-1)"s,, (@)

G0 (4-1)
= é[Ma,o @M 3 (¥) + My, (X)Mg,5 (y) - M3, (®)Me,1 ()]

- (—1)"5’3"+1(x)

,;0 (3n + 1)! (4.2)

= Sy, @My @) + My @My ) + My, @ s ()]

e (F1)"5;,,, @)

,Z:O (3n + 2)! (4.3)
= Sty g @Mes () + My @Hey @) + My @5 @)

® (—1)”T3n ()

o (44

n

=M, (@)Mg, o (y) + M3,1 (X)Mg,2 (y) + MU3,5 (X)Me,u (y)

0

— (_l)nT3n+1(x)
:é:o Gn + 1)1 (4.5)

=-M, ((@)Mg, (y) + M3, (Mg o (¥) + M3, (X)W, , (¥)

o (-1)'T4, ., @)
Gn + )1 (4.6)

n=0

=_M3,o(x)Me,z ) - M3,1 (x)Me,u () + Ma,z (x)Ms, @) -

0
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Proof: If p = 2x = 2 cos 6 and q =1, thenU,(p, q) are the Chebychev
polynomials S, (x) of the first kind; i.e.,

where

with

We prove (4.2) and (4.5) as follows. Now,

- (- 1) U3n+1 < -n" San+1( ) _ 2: (-1)"sin (3n + 1)6
Z_: Gn + 1)t 2 (Bn o+ 1) = (3n+l)' sin 0

1 © (_1)71 ei(3n+1)6 _ e—i(3n+1)e]‘
sin 6 /=, (3n + 1)! [ 27

_ 2/L S].ln 5 Z (37,(1 -]l-)l)'[(eie)fin-f-l _ (e~i9)3n+l]
1 . .
= oM (€70 - My, (@)1,
Hence, .
o (D705, 1 .
ZQW%—.=2—7:?/-[M3’1 (.’L‘+7:y) —M3’1 (x - Ly)]. (4.7)
e !
By Lemma 3,

My (@ + Ty) = My, (x = 1y) = My (@) [My; (By) - My, (-iy)]
+ My () [My o (Zy) - M0 (-2y) ]

- My, (@) [My, (Ty) - My, =iyl 1,
so that by Lemma 4,

My, (@ + 2y) - M,y (= 1Y) (4.8)
= 2M, , (@, (iy) - My, @©N 5 () + 2y, (@)W, (Zy).

Further, by Lemma 3(b),

v, . Gy = Ne’k(w3/2y), where w = e2"/6 , k=0, 1, ..., 5

wk/ZM (wy)

71+k 6n+k

—7 -1
- 2% (6n+k)' ’
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so that
Ny 1 (y) = 0 /2M o (). (4.9)

15/2

Note that w3/2 = ¢, w%?2 = —¢, and w = 7. Hence, substituting (4.9)

in (4.8), we get
My (x + 1y) - My o (x - 2y) (4.10)
= 20[M (@M g, () + M, (@M @) + M, @M, )]

Substituting (4.10) in (4.7), we get (4.2). It is easy to see that (4.1)
and (4.3) can be similarly obtained.
Noting that
V,(2x, 1) = 27,(x) = 2 cos 6,

and using similar techniques, we obtain (4.4)-(4.6).

Remark 2: Since 5y (z) = <= %e’

give summation formulas for

and T,(x) = cos 7B, (3.13)-(3.18) also

© 1V as . © _1\n .
2: (-1)"sin (37 + J)6 and 2: (-1)Y" cos (3n + J)O i=o0,1, 2.
n=0

3n + NH! 3n + 7! ?

n=0

For example, from (3.14) we get

i (~1)" sin (3n + 1)0

0 Bn + D! =M, ,(cos 6)M; ,(sin 6)

n

+ M y(cos B)M¢ ;(sin O) + M, ,(cos 6)/ s(sin 6).

Remark 3: Shannon and Horadam [5] studied the third-order recurrence re-

lation
S, =PS,., +@5,_, +RS,,_s (n>24), S5, =20,

where they write

{S»} = {J,} when S, =0, S, =1, and S; = P,

{5,} = {Kn} when S, =1, S, = 0, and S; = @,
and

{8,} = {L,} when S; = 0, 5, = 0, and S, = R.

Following Barakat, and using the matrix exponential function, they then
obtained formulas for
oan

3
n=o”! n=0""* n=0n!
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in terms of eigenvalues of the matrix

11 12 13
21 22 23
Qg1 Ggp, Qg3

Using matrix circular functions and their extensions and following similar
techniques could be a matter of discussion for an additional paper on the

derivation of the higher-order formulas for {J.}, {X,}, and {L,}.

Remark 4: A question naturally arises as to whether Theorems I and 2 can be
extended further. This encounters some difficulties, due to the peculiar
behavior of Mr,j(x) and N, ;(x) for higher values of r. This will be the

topic of discussion in our next paper.
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