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1. INTRODUCTION

Pell polynomials P,(x) and Pell-Lucas Polynomials @,(x) are defined in [3]
by the recurrence relation and initial conditions

(x) = 22P,, | () + B, () P,(x) = 0, P, (x)

P> 1 (1.1)

Qpyp @) = 22Q,,, @) + @, ) Q@) =2, ¢, @ = 2x. (1.2)

Properties of these polynomials are also set out in [3]. Among these, the
most important for our current purposes are the following:

and

P, (x) = o - 8% (1.3)
and § o -8 Binet forms

q, (x) =a” + g" (1.4)
where

o =x+VxZ + 1, B=zx-Vzz + 1 (1.5)
are the roots of the characteristic equation

A2 - 2zA - 1=0 (1.6)
of the recurrences (1.1) and (1.2), so that:

o+ B =2z, a-B=2/2+1, of=-1; (1.7)
and P, @B, (@) - Pi(x) = (-1)"%, Simson's (1.8)

Q0 @@, (@) - @) = (1)1 a@? + 1); ( Formlas (1.9)

P,@ +P,_(x) =9,x); (1.10)

Q@) + @, (@ = 4@ + 1)B, (x); (1.11)

P, (2)Q,(x) =P, (x). (1.12)

When = 1, P,(1) = P, and @,(1) = @, reduce to the Pell numbers and the
"Pell-Lucas" numbers, respectively. On the other hand, * =% leads to P,(53) =
F, and @,(%) = L,, the Fibonacci and Lucas numbers, respectively.

Analogous results to some of those obtained below occur in [2], which pro-
vided the stimulus for this article.
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2. INVERSE TANGENT AND COTANGENT FORMULAS

Calculation using (1.3) yields
Pypir1@P,, (@) - P, (©)P,, , ., (x) = 2% (n=20). (2.1)
Substituting for P,,,,;(x) from (1.1) and rearranging, we obtain

Py (@) /22)Py, 5 (®) = 1

Pon @ = (Pppypr @) /22) + Py, (@)’ 2-2)
which can be expressed trigonometrically as
cot™'P, (z) = cot™'(P,,  (x)/2x) + cot™'P, . (x). (2.3)
Summing, we derive
zn:ocot_l(Pzwrl(ac)/Zx) = 12‘- - cot™'P, (%), (2.4)
r=

since cot™0 = m/2. Setting x = 1 and letting n + ®, we have a result about
Pell numbers P, :

T cot™ (P, /2) = 3 (2.5)

while putting x =% leads to the known summation formula involving Fibonacci
numbers F,:

p);OCOt_IF“H -7 (2.6)
Next,
' P, (x)-P (x)
b (. S -1 1 _ -1 2r 2r -2
can (Pz,,_z(x)> - tan (PZ,,(x)) = tan <1 ¥ 7, (x)PzP_z(x)>' (2.7)

= tan'l(———igi———>
Pyp_1 (@)

Consequently, summation of (2.7) produces

using (1.1) and (1.8) and simplifying.

tan™* (22/P,,_, (%)) = 5 - tan ' (1/P, (@) (2.8)
1

M=

r

since P (x) = 0 and tan x is undefined for x = m/2.
Alternatively, (2.8) is a direct consequence of (2.4).

As above, the special cases * =%, £ = 1 reduce (2.8) to information about
the Fibonacci numbers and the Pell numbers, respectively.

In particular, when x

0 _ ) 1
Y tan 1[ ] =
r=1 Fzr—l
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L%, (2.8) leads to the limiting summation
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which, 1like (2.6), 1is a slight variation of the D. H. Lehmer summation result
for Fibonacci numbers (given in [2] as Theorem 5).

When * = 1 in (2.8), we obtain another form of (2.5) for Pell numbers.

Furthermore, using (1.9) and (1.11), one may obtain

4(x® + P (x)
(g m) e ) e o L
2p-2 2r Q;r_l(x) + 4@+ 1) -1

Unfortunately, the right-hand side does not simplify any further as we should
have desired, by comparison with (2.7). However, if we choose & = % [so that
P,() =F,, Q,.(%) = L,], then the equation reduces to

tan'1<L 1 > + tan'l(zl—>= tan'l(F 1 >
2p -2 2p 2r -1

-1 1 _1< 1 )
= tan - tan from (2.7),
(FZI‘—Z) FZr

both of which are given in [2] (as Theorems 3 and 4), in a slightly varied form.

Proceeding to the limiting summation in the first of these equations (with
r replaced by » + 1) produces the result for Lucas numbers given in [2] as

Theorem 6, namely

L ) =1 tan™'2 = tan'l<Z3—:—l>.
o 2 2

lﬂg:_:ltan“l([l
Furthermore, for Pell-Lucas polynomials,
Q,_, @ Q, @) Q) @0, , @) - QL)
tan_l(fézzgg_> - tanle@::;C£§> = tan-l<Qr(x)(Qr+l($) +-Qr_1(m))> (2.9)

It

by (1.9), (1.11), and (1.12).

Hence,

~ tan”! ——(_l)r_l> = tan”? At W tan™? ) (2.10)
rz;l o Pn@ /) o d () Dpyr (@) '

N P, (x)
- tan <?T1(T>>

by (1.3), (l.4), and (1.5), since 1 + 2o = avl + x2 and 1 + xB = -BV1 + x2.

By (1.5), o> 0 and B < 0 for all real x. Furthermore,a > 1 for x > 0 and
0<a<1 for £ <0. In addition, |[B] <1 for = > 0 and |B| > 1 for z < 0.
From these considerations, (1.3), and (2.10), we have

tan"Y(l/a), for x> 0

© -1 (_1)1”'—1) -
P‘é’ltan (—_—Pzr @) (2.11)
tan"*(1/B), for x < 0.
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An argument similar to that used in deriving (2.10) shows that

n r q, (x) Q ., (@)
-1f (-1) _ - 1 _ _ n+l
rzz:ltan <?—;(—m—)—) = tan 1(——~—Qo(x)> tan 1<_——Qn(x) > (2.12)
N @, (@) - @,,, @) N P, (x)
- (Qn@c) ¥ xQn+l<x>> T <Pn+1<x>>'

Letting n + », we have another derivation of (2.11). Special manifestations of
(2.9), (2.10), (2.11), and (2.12) are derived when * =% and x = 1, yielding
information about the Fibonacci and Lucas numbers, and the Pell and Pell-Lucas
numbers, respectively.

For example, if x =%, then (2.11) with (1.5) yields the known result
S ) EDTT -1, _ Y5 -1
lﬁz=:1t.em { 7, =5 tan”"2 = tan 7 ,

which should be compared with the similar result for Lucas numbers preceding
(2.9).

If x=% in (2.9), then, with r replaced by n + 1, Theorem 3 (first part)
of [1] results.

When x =% in (2.12), we obtain Theorem 4 of [1].

Following the method used for (2.7), with appeal to (1.8) and (1.10), and
then summing, we ascertain that

ke er (=) m 1
Y (-1)’"'1tan'1<————> =7+ (—l)"'ltan'l(—P——()—). (2.13)
r=1 P2 (x) an+1 F
2r
Summing to infinity gives
© q,, @ -
b (—l)r'ltan'l<——> = —, provided P (x) + .
2 4 2n+1
r=1 P, . (x)

When & = %, it follows that, for Fibonacci and Lucas numbers,

o L
£ e 20) -
r=1 F2
2r
When £ = 1, it follows that, for Pell and Pell-Lucas numbers,

00 Q
1y lean-l £>= T
El( ) an <P2 4

2r

3. GENERALIZATIONS

Results (2.10) and (2.12) can be generalized as indicated below. Firstly,
however, some extensions and generalizations of previous formulas must be es-
tablished. Using the Binet forms (1.3) and (l.4), we may, with due diligence,
demonstrate the validity of the following:
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2 _ (2k-1)p 2
Bios 1y k- &P 1y k- @) = P (@) = (=D)F P 1) 3.1)

2
Q(r+ 1) (2k - 1)(‘7“)Q(r- 1) (2k - 1)(‘”) - Qr(zk—- 1)(“’)

(LT D@2 + P2 (@) (3.2)
Poak-1) @By 1y k- &) + Byl or- 1T = oy 1 @) Py 5 ()5 (3.3)
@ iak- @8y 1y 2k- 1@ + Qi 1) 21 1@}

= 4@ + )P, 0, @)Py_, @). (3.4)

The odd factor 2k- 1 is necessary to ensure the vanishing of certain terms
that arise in the course of the algebraic manipulations. Of course, (3.1) and
(3.2) are extensions of the Simson's formulas (1.8) and (1.9), respectively,
when k = 1 (P;(x) = 1).

Now, consider

tan'l<———Q(P— D) k- 1)(-'”)) - tan'1<—————-———————QP(2k- 1)(“’) > (3.5)
&2k - 1) (@) Qrs 1) 2k - 1% ’

. _1< ps 1) k- 1T Cno 1y (2 - 18) — Qr?(zk— 1) )
an
Qr(zk— 1)(.70){Q(T+ 1) (2k - 1)(.7:) + Q(r— 1) (2k - 1)(x)}

((—1YP-1>@k-1>-4(x2 + P (@)
tan”

) by (3.2), (3.4)
4(x? + 1)Ponik- 1) @) Py ()

~1)(r-1)(2k-1)
.
Py 2k - 1))

Put ¥ = 1 in (3.5) and we obtain (2.9).

If we sum (3.5), as before, we have

n (-1)r-1 (2k - l)sz— 1(x)
rz=:1tan-1< Pop 2k - 1)(x) ) (3.6)
= tan‘l( @ @ >_ tan'l( @z~ 1) @ )
@aic- 1) Bn+ 1) 2k - 1 @)
Recourse to (3.1) and (3.3) will likewise reveal that
(-1)rek-hp . (x)
tan'1< Por(2k-1) @) ) 3.7)

_1<P(r— 1)(2k—1)(x)> . _1( Ppik-1)®)
= tan"}|————"—"+—) - tan"Y{=———"-—7<).
Priak-1)(®) Pir+ 1) 2k - 1 )

Therefore, since P, (x) =0,

En: ) _1<(_1)r(2k-1)P2k_1(.’L‘)> . _1( Pn(zk_l)(x) > (3.8)
an = -=tan e .
r=1 Por(ak-1) @) Pin+ 1)(2k-1)(x)
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Putting k¥ = 1 in (3.6) and (3.8) leads us back to (2.10) and (2.12), respec-
tively. Some advantage accrues in (3.7) if r is replaced by » + 1. Summation
then leaves an additional (nonvanishing) term

< Py, (@) >

= tan” \ 5

Pk - 1)(‘70)

on the right-hand side. If we put K = 1 in (3.7) and replace r by r + 1, then
x =1 gives us

P, P, NP+
tan_l<P ) - tan"1<P 1> = tan_l(i—ll——i>, (3.7a)

r+1 r+ 2 2r+ 2

while x = % gives Theorem 3 (second part) in [1].

In conclusion, we notice, using the results needed for (2.11), that

tan"l(1/0%-1), for x> 0

(_1)1'(21(— l)P2k— 1($)
) = - (3.9)

Popiak-1)&)

b tan'l(
r=1

tan"t(1/8%*" 1), for x < 0.
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