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1. INTRODUCTION

It is well known that every real number admits an essentially unique expansion
as a continued fraction in the form

where the a; are positive integers (except for a,,which may be negative or 0).

Many mathematicians have been interested in the length of such expres-
sions; in particular, if x = p/q is rational, the expansion terminates with a,
as the last partial quotient, and it is not difficult to show that

n = 0(log q).

See, for example, [l4]. This type of result is of particular interest because
continued fractions are closely linked to Euclid's algorithm to compute the
greatest common divisor.

Another question that has received attention is how the a; are related to
x, in particular, by equating probabilities with Lebesgue measure, we can con-
sider the a; = a;(x) to be random variables, and ask:

1. How are the a; (x) distributed? What are the means and variances of
these distributions?
2. Are the a;(x) independent, or '"almost'" independent? What does the

distribution of a;(x) look like as % =+ «?

We could also restate these questions in terms of iteration of an appro-
priate function. For example, if

1 1 _ |1
x = T and g(x) = ™ LWJ’

then it is easy to see that

1

gx) =

a2+a3 + e

so that g(x) may be viewed as a "shift" operator. Here |x] is the greatest
integer function.

This so-called 'metric theory" of continued fractions has been studied
extensively by Kuzmin [16], Lévy [17], Khintchine [12], and others.
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We can ask similar questions of other algorithms for expressing real num—
bers. Engel's series

1
1
a,a a,a,a,

@ =14
a 2
was investigated thoroughly by Erdos, Rényi, and Szusz [7], and later by Rényi

[21] and Deheuvels [5].
Cantor's product

x=(1+al—l)(1+aiz)(1 +a1—3)

was investigated by Rényi [22].
There are also results for Sylvester's series [7] and other expansions of
Cantor. For a summary of some of these results, see [9].
The subject of this paper is an expansion that has not received much
attention; it is of the form
1 1 + 1
a1 @G, 31,04

P (l)

and is due to Pierce [19], who briefly examined its properties. Remez [20]
attributes the expansion to M. V. Ostrogradskij and proves some elementary re-—
sults. There are some metric theory results in [24], but they do not overlap
with our results. We call an expansion of the form (1) a Pierce expansion, and
in this paper we will demonstrate a connection between these expansions and
Stirling numbers of the first kind. We obtain some new identities for Stirling
numbers, and give a new derivation of a series for 7(3). We discuss the dis-
tribution of the a; = a;(x), and the behavior of the related function

flx) =1l mod x =1 - x|[l/x],

where by a mod b we mean a - bla/b].
We also obtain some results on the lengths of finite Pierce expansions.

2. ELEMENTARY CONSIDERATIONS

In this section, we sketch some of the simple properties of Pierce expansions.
The proofs are easy and all details are not given.
Any real number x € (0, 1] can be written uniquely in the form

.’E=L— 1 +___1___... (2)
Ay @G1a; a;A,0,

where the a; form a strictly increasing sequence of positive integers, and the
expansion may or may not terminate. If the expansion does terminate with

(_1)n+l

alaz s Ay

as the last term, we impose the additional restriction

a,, <a, - 1.
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This is to ensure uniqueness, since we could write 1/k as

11
k-1~ (k- Dk’

We will sometimes abbreviate the expansion (2) as

z = {ay, a,, ag, ...}

where appropriate.
Given a real number x, we can obtain the terms of the Pierce expansion
using the following algorithm:

[Pierce expansion algorithm]: Given a real number x € (0, 1], this algorithm
produces the sequence of a; such that x = {al, a,s R

P1. [Initialize]. Set x, «x, set 7 <« L.

P2. [lterate]. Set a; « [l/xi_l]; set ¥, « 1 -ax, .

P3. [All done?]. 1If x; = 0, stop. Otherwise set ¢ « 7 + 1 and return to P2.

If we run this algorithm on the rational number x = p/q, it is easy to see
that in step P2 we sill replace p by g mod p; this is less than p, and so even-
tually x; =0 and the algorithm terminates. On the other hand, if the algorithm
terminates, we have

z=A{a,, a,, ..., a,}

and so x must be rational.

(This argument provides simple irrationality proofs for some numbers of
interest. For example, using the Taylor series for e%*, sin x, and cos X, we
find:

-1/a

1 -e = {a, 2a, 3a, 4a, ...},
sin(l/a) = {a, 6a®, 20a%, 42a%, ...},
cos(l/a) = {1, 2a%, 12a%, 30a?, ...}.

Since the expansions do not terminate, these functions take irrational values
for any positive integer a.)

Now choose x uniformly from (0, 1], and let Pr[X = c] be the probability
that the random variable X equals ¢ (thinking of probability as Lebesgue meas—
ure). Let

z={a, a,, ...}
be the Pierce expansion of x. Then

Theorem 1:

1

Prla;, = by a, = b,s ..., a, =b,] = LG, F D)

b.b

172

Proof: Let b;, ..., b, be chosen. Now it is easy to see that the numbers whose
expansions begin {bl, bys «-es b,} form a half-open interval whose endpoints
are the two numbers
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xl = {bl’ bzs LREICIE ) bn—l’ bn}
and

z, = 1{b

) b

13 bys wees by 15 by + 1},
(The first point is included, but the second is not.) The measure of this in-
terval is just

1
- b,(b, + 1)

[.’L‘l - .’L‘2| = blbz

and the result follows.

Theorem 2:
g+
=l TE T D

(Compare this with the result in [7] for Engel's series.)

Pria = k]a

n+1

Proof: To prove this, we show it is true for all x that have Pierce expansions
that begin {bl, bos eess b,_1, J} where the b; are specified constants. Then

Prigysr = klay = bys vvvs Gy_y = by_1s @, = g1
Pria, = b

Pr[a1 = bl, cees @, = bn_l, a, = Jl

n -

1o sees Gy = b, s ay =4 a,,, = K]

bib, o+ by 1 dG + 1)

= __d*1
bb,---b,_ Jk(k + 1)  k(k+ 1)
Now this conditional probability is the SAME for any specified prefix b,, ...,
b,_,; hence, it is equal to
Jg+1
kk + 1)

if the b; are left unspecified. In particular, the conditional probability in
this theorem shows that the a; = a;{(x), considered as a sequence of random
variables, form a homogeneous Markov chain.

]

Tk + Ny

Theorem 3:
Pria, = k]

where [ﬁ} is a Stirling number of the first kind. See, e.g., [14] or [11].

Proof: By Theorem 1, we can compute the measure of the set of x whose Pierce ex-
pansions begin with a specified prefix. Let us fix a, = Kk, and sum over all
possible prefixes, i.e., all strictly increasing sequences of positive integers
of length n whose largest element is k.

~ ~ 1
Pria, = k1 = E: a,a, +o a, kk + 1)

1<, 7 i
a, <+ <a, <k (continued)
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i 1.1 B e
aci, 2, e KK D) g oy o DY R+ D
Al =n-1 |Bl=&-n
1
- __ 1B
(k + 1)!Bc{1,2,2., k-1}
|B[=k—n

and the proof is now complete if we observe that the sum over the product of
elements of B is in fact the coefficient of x” in the polynomial

x(@ + D@ +2) -+« (x+k-1)

which is just [E], a Stirling number of the first kind.
(Some brief comments about the notation: in the proof above, 4 and B are
sets. IA[ is the cardinality of A. The sum is over all subsets with specified

cardinality, and II4 means the product of all elements in 4.)

We get two interesting corollaries: using a theorem of Jordan [11] we can
estimate the distribution of the a,. We have

£]- =B e

and so we get

_ . _(log k + )" 1
Prig, =kl ~ 2 + D = D1

where n is fixed and kK > © and Yy is Euler's constant. Compare this with the
similar result of Békéssy [2] for Engel's series. More detailed asymptotic
results can be obtained by using the results of Moser and Wyman [18].

Also, we observe that the events a, =1, a, = 2, ... are all disjoint and
exhaust the space of events. Therefore,

k
kio%—)—! - b )

which is another derivation of the formula due to Jordan [l1l, p. 165].
In the next section, we derive some results on series involving Stirling
numbers.
3. IDENTITIES ON STIRLING NUMBERS
Theorem 4:
]
n

J-J!

=z(n + 1)

J=1
where (k) is Riemann's zeta function.

Proof: This is a result due to Jordan [l1, pp. 164, 194, 339].
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Theorem 5:

K L [x .
kgj—(?['fﬂjl_ﬁ=l_zz=::ﬁg[—fjm=%g[] forn=>1, j=>1.

Proof: The proof of the first equality is just formula (3) above. To verify
the second, we use induction on j, holding »n fixed. It is easy to verify the
case j = 1. Now assume true for j; we show the identity holds for j + 1. We
have

o L IR

[j}
n .
Now subtract ?3—:7137-fr0m both sides to get:

. K _ i
B TRy

7]

- <(J +11>' 2 G+ D D' G DT

- 1 O 1 2 rd [i}

- (Geor )+ (geor (1) -+ or

=.__.l__z g+ 7. J 1404 >___L;7i:|__
G+ D! ([ 7 ] [i - 1] [i] G+ D!

-g+or 2l i)

where we have used telescoping cancellation and the well-known identity on
Stirling numbers

1-F19-10)
JU [ i-1])
This completes the proof of Theorem 5. This is apparently a new identity on
Stirling numbers.

Michael Luby made the following clever observation (personal communica-
tion): It is possible to prove Theorem 5 without the use of induction, by in-

terpreting the left and right sides combinatorially, in terms of the a,. The
left side, in fact, is just

Pria, 2 Jl
while the right side can be shown to be
Pri(a, > J) or (a; < j and a, > J) or (a;, a, <J and az = J) *--].
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Theorem 6:
q
PRI e IORSIOR SR SR RN

where H(k) is the kt" harmonic number,

- L
H(k)—l+7+ + 7.

[Zfb] 3 [ﬁ] LA |

k§1H(k) &+ D1

Proof:

]

_tnd =y Ll _tnl
ZRF DTS 7 " 7L &+ D

Zc(z+1>,

where we have used Theorems 4 and 5.
The author would like to express his thanks to Richard Fateman and the
Vaxima version of the MACSYMA computer algebra system—an early version of

Theorem 6 was suggested by experimentation with Vaxima!

Theorem 7:

- 1
D AN T
Proof: See [11, p. 339].

We can now give a new derivation of a formula for r£(3) due to Briggs et
al. [3]. Noting that

[7;] = Hk - 1)(k - 1)

we get

k
(@ = 5 (1+3) (] o % Hk - 1)
L

K=1 k + 1! =2 g2

or, adding z: to both sides, we get

_ o Hk
2e(3) kz=:1 k2

Many similar formulas can be given; for example, by appealing to Theorem 6, we
can obtain

= H(k) (H(k - 1) = 1) _
)2y ACED)) =20

See also [4], [10], [13], and [23].
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Theorem 8:

]

ZH(Z(‘FI)m:n'FI

Proof:

I
Ertes v = £ 5

n
+
™
I
™

1+ 2: )3 [J] =n+1

=1 =1 (J + 1)'

In the next section, we use these identities on Stirling numbers to derive
estimates for the expected value and variance of quantities connected with a,.

L4, EXPECTED VALUES AND VARIANCES
We will use E[X] and Var[X] for the expected value and variance of the

random variable X.
We are interested in how the a, are distributed. However, the a, are dis-

tributed such that E[aq,] = « for every n. It is reasonable to expect that the
quantity log a, rather than a, gives more information.
Theorem 9:

(a) E[H(an)] =C(2) +c@3) + - +1(n+1)

(b) E[log a,] =n+1-v+ 027"

-]

(2) Elf@n)] = T BRIy = L@ + @) + o + o0+ D)

Proof:

using Theorem 6.
(b) To prove part (b) we use the famous estimate
H(k) = log k + vy + 0(%),
and therefore, using Theorems 6 and 7,

ElH@)] - v + O(E[aln])
z(2) + z(3) ++--+z(n+1) -y +0(hn+ 1) - 1).

Ellog a,l
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Now it is easily shown that

£(2) +2(3) + - + T(k) =k + 6(275) (4)
and

c(k) =1+ 6(27%);

so, by substitution, we obtain the desired result.

Similar techniques allow us to calculate the variance.
Theorem 10:

(a) Var[H(a,)] =n + 0(1)

(b) Var[log a,] =n + 0(1)
-]

n

& n & (&G -1 1
DI R sy El( D B J—z) e+ D1

k= Jg=1

Proof: We find first that [k}

(a) E[H(an)?]

J

= <2H(j - 1) +:71_>_1_ D [] (5)

=1 J gt

k
B ji:l <2H(J S )Z (k[+]l)'

™

where we have used the fact that

2 L 2G -1 1
J J2
and Theorem 5. Note that H(0) = 0 by definition.
On the other hand, we have already seen that

HH? =HG - D

+ 14027,

Ms

o [ 5 o 2
k=

Yk + 1 RD + Dt

and therefore,

H(k) 1 < [k S (g - _n® +3n
K+ 1 k! 2}1[7,] L @+1+o@ ) ===+ o).

I Ma

k

Hence, we find

f:ZH j j; 55 [j]

jod + 1L gt ol
The left side of this equation looks very much like the right side of equation

(5). 1In fact, it is easy to show that their difference is bounded by a con-
stant that is independent of n. We have

]

n? + 3n + 0(1).
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since
n .
p> [i] < gt
=1

Now the sum on the right side of (6) can be computed exactly:

z"":(‘H(i.— 1) +.L_2'H(j)>=§:(2f](1’.— 1) + L 20(j - 1) 2 )
i=1 J J2 Jg+1 i=1 J g2 Jg+1 Jg + 1)
-5 (222&1_:_1)_+._l_ -2
S\d@ + 1D g2 j(j+1))
=z(2) =0Q).

Thus, we conclude that
E[H(an)?] = n* + 3n + 0(1).
On the other hand, from Theorem 9, we see that
E2[H(a,)] =n®+2n+ 1 +0m2™")
and therefore,
Var[H(a,)] = n + 0(1)
which is the desired result.
(b) To prove part (b), we use the fact that

H(k) = log k + 0(1)
to get

Var[log a,] = Var[H(a,)] + O(War[1]) = n + O(1).
This completes the proof.
In a similar fashion, we can obtain theorems about the expected values of
various functions of the a,. We give some unusual examples.
Let f(x) = 1 mod x = 1 - x|1/x]. Then it is easy to see that if
X = {al’ a2’ "'}
then
f@) = {a,s a5 ...},
Let us write f(”(x) = f(f(x)), etc. Then we have
Theorem 11:

E[f™@] =50+ 1 - 1(2) = 1(3) = *++ - g(n + 1)) = 8(27"*2)

Proof: Suppose a, = k. What is the expected value of f(m(x)? If we restrict
our attention to the half-open interval that contains all numbers whose Pierce
expansions begin
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{ays a,s ovvs a,_qs kb

then it is easily seen that f(’(x) is linear on this interval. The minimum and
maximum values that f%”kx) attains are 0 and 1/(k + 1) respectively; hence the
expected value of fU)(x) on this specified interval is 1/[2(k + 1)]. But this
is independent of the choice of a;, a,, ..., a,_;; hence the expected value of
() given that a, = k is 1/[2(k + 1)]. Therefore,

7]

n

k
Elf™@] = ¥ 2(k1+ 5) (k[f]l)! ='§'< L EE+ D - H(k))m>

k=1 k=1

[ e lo]

1 00
z <,§1H<7< RIS k§lﬁ<k>m>

F L= L2) - T(3) - e = Tl + 1)),

where we have used Theorems 7 and 8.

From equation (4), this quantity is 6(27"*2

)» and the proof is complete.

It is of some interest to note that Theorem 11 is a generalization of a
result of Dirichlet [6]. He stated that

n| _ m’n?
k 12 °

Tk

k=1

We can derive this easily. From Theorem 11, we have

1 1 n
E-(2 -7 (2)) =7{/.1 mod x dx = 7n mod nx dx = 1 n mod x dx
2 0 0 n 0
1 (" 1 ("
=—fn—x[n/xjdx=n——fx[n/:cjdx,
nJo "nJo

and we get the desired result by approximating the integral with a sum.
Theorem 12:

-~ 1

k=1%%

converges for almost all x (i.e., for all but a set of measure 0). The expected
value of the sum is 1. The set of exceptions

{x

is uncountable and dense.

> 4L—diverges
k=1

Proof: From Theorem 7, we have
E[QL] =gn+1) - 1< 277,
an,

and it is easily seen that the variance Var[g;] is also < 2177,
n
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Then, by Chebyshev's inequality,

Pr[§~ -2t > 2‘”/“] <

n

Zl—n

9-n/2

Now, by the Borel-Cantelli lemma, with probability 1 only finitely many of the
events

L
an

- 2t=nx g/

occur, and so the series converges almost everywhere.
We also have

© 1 ©
E{E-;J= T (Ck+1) - 1) =1.
k=1%9n k=1
(See, e.g., [11, p. 340].) This proves the result on the expected value.
Now we show that the set of exceptions is uncountable. Let the real num-
ber x in the interval (0, 1) be written in base two notation,

T = e.e.e, «.n,

where each e¢; = 1 or 0. Then associate with each such x the real number whose
Pierce expansion is given by

h@) ={l+e, 3+e,, 5+e,, ceefs
Then each of these numbers %4(x) is distinct by the uniqueness of Pierce expan-
sions, and for each Z(x) we have

yLls>y d
2> 2
KTiax k<1 2k

and so the series diverges.
The proof that the set of exceptions is dense is left to the reader.

Theorem 13:

©

Z f(k)(x)
k=1
m? 1
converges for almost all x. The expected value of the sum is 1~ 3 The set
of exceptions

{x| fi f*k%x) diverges}
k=1

is uncountable and dense.

Proof: We prove only the result on the expected value, leaving the rest to the
reader.

E[élf"“(x)] - ilé(k +1 —J}‘flaw) -5 3 (1-Few - D)

ji=2 =1 J=2

(continued)
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1<1 _ ii _1/___1/_"_)

7 -1

R
]

(NI

Ms

) D

i=24({ - 1)?

utﬂs
1]
N[ =
-tﬂs
Ms
N =

1
@@ - D,

which is the desired result.

5. DISTRIBUTION OF THE a,: METHOD OF RENYI

So far we have shown that log a, has an expected value that tends to7n + 1 — 7y
as n approaches ®. We have also seen that the variance is small. In fact, it
is possible to prove much stronger results; for example, that

lim a*/" = e

N> ™
for almost all x. We will use a method employed by Rényi in his analysis of
Engel's series [21]. We start by identifying some new random variables and we
show they are independent.

Define

e, (@) = 1 if k appears in the Pierce expansion of x,
k 0 otherwise.

Then we have

1

Theorem 1h: E[g;(x)] = T+l

Proof:

)
& [n _ 1 = [k] _ k! _ 1
Elex @] =Y DT = s DT, 2 el “ G+ DT - %+ 1
since the events a; = k and a; = k are disjoint if Z # J.

Theorem 15: The random variables Ek(x) are independent.

Proof: Let

€, =06,, €, =8,, ...y €, =Gy

1

represent an assignment of 0's and 1's for the values of €;. Let b; (1SZ<K)
be such that 6z, = 1 and all other values of §; are 0. Without loss of gener-
ality, assume that §, = 1. Then the probability that the events

e =8 ,¢e =8, ..., e, =26,

simultaneously occur is just the probability that the Pierce expansion for x
begins bl, b2 ««+s by, which we have seen is equal to
1
blbz .. bk(bk + l)'
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On the other hand, we have

i . ~
Tv1 £ 8=0,
Pr[Ei = 67,] =
1 . _
7; ¥ 1 if 6’1/ =1,
Let us compute
7
IMerie; = 6;1. (7

In the numerator of (7)we have those 7 corresponding to the §; that equal
0; in the denominator we have (# + 1)!. Ry canceling in the numerator and de-
nominator, we see that the value of the product (7) is just

1
Bib, - brlbr + D’

which shows the independence of the €£;.
It is also easy to see that
1 1

Y = -
ar e k+ 1 (k+ 1)2

Now, let Uy = up(x) denote the number of terms of the sequence a, = a,(x)
that are < V. In other words, put

N

Uy = 2 €g-
K=1

Then we see immediately that

El,] = 35— = 10 Wy -1+0(3)
e A & I

and
1

1
kK+1 (k4 1)?

il 72 1
Val’[uN]=k}: )=logZV+y——6—-+O(ﬁ>,
=1

We can prove the strong law of large numbers for the random variables g, .
We need the following general form of this law [21]:

1f £, £,, ... are independent nonnegative random variables with finite
expectation £, = E[gk] and variance ¥V, = Var[f,] and if putting

and also
- N
Lo <=
N=1 A2
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then with probability 1 we have

N

2 &g

k=1
1im = 1.
I Ay

The conditions of this theorem are fulfilled for &, = g;, since

1 1

S N+1 v+ 12
V=1(log N + vy - 1)?

converges by comparison with the integral

1 -1
fx(log x)2 da: = log x °
Thus we obtain

Theorem 16: For almost all x we have

1i el =1
Tt Tog N+y -1

Using Ug, = 1, we obtain

lim ql/"

> o

= e

for almost all x.
[We can easily get a similar result for iterates of f(x)=1 mod x. Since

1 (n) 1
T < =) £ ——,
L+a,,, Ay 41

we find
Lin(f P (x)) M = 2

for almost all x.]
We can use Ljapunov's condition [8] to obtain a central limit theorem for

the a,. We have

Elet] = ¢ i I
and
Ele;]
Var [z ]

is bounded. Also VVar[uk] -+ o, Hence, we find

Theorem 17:
-1 N
lim Pr[u < y} = o(y),
e L Vg W

2
where ®(y) is the normal distribution given by dly) = —l—_ln e'“/z du.
V2 o
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Now, noting that
Pr[uy; <nl =Prla, > N,

we see that an equivalent statement of Theorem 17 is
[log a, - n

Vn

1im Pr

V> ®

< y:l = d(y).

As a corollary, we get

k=ont8n [k]
lin 3 7 = 08 - 0.

]

k= en+u&

This is similar to the result

lim 3. L 0@ - o

. n!

" k=1logn+ avlogn
given in [8].

Similarly, as the conditions given by Kolmogoroff [15] for the law of the
iterated logarithm are fulfilled for the variables €15 We get

k=1logn+ BVlogn [J’L]

Theorem 18: For almost all x,

Hy — log NV
lim sup =1
N>« 2 log N+ log log log N

and 1y - log N

lim inf = -1
N>« V2 log N+ log log log N

or, stated equivalently,

log a, - n
lim sup =1

nr®  V2n-+ log log n

and log a, - n

lim inf = -1.

"7 V2n - log log n

6. SOME RESULTS ON FINITE PIERCE EXPANSIONS

In [7], Erdds et al. put E,(a, b) = n, where
a L 1 I 1

b q, q4, 9,4, 4,

(an expansion into Engel's series) and ask for a nontrivial estimation of

E,(a, b).
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We prove two results on the length of finite Pierce expansions. Unfortu-
nately, it does not seem possible to use our techniques for Engel's series.

Let us put L(p, gq) = n, where

E_ _ 1 1 bt (_1)n+1

qg a aa, a,a, *** a,

Then we have
Theorem 19: L(p, q) < 2%5.

Proof: Let us write

§-= {ay, a,s «ovs ayl

and, as in the Pierce Expansion Algorithm, put p;, = p and

c; = lale; s

Frvr =4~ %P

Without loss of generality, we may assume that a, 1. For otherwise we have

q9-p _
; {

which is a longer Pierce expansion.

Then suppose p, 2 a,. Since a,p, = g, we have a, < Vg. But the a; are’
strictly increasing, so n < Vq.

Now suppose r, < a,. Since the p, are strictly decreasing, and the a; are
strictly increasing, we see that p, - a; is a strictly decreasing sequence.
But p;, - a; 2 0 since a; = 1, and P, - Ay < 0 by hypothesis. Hence, there must
be a unique subscript k such that

1, Ays Ays wens an},

Then, since p.a. < q for all 1, we see that
1 1

a, S Vg and p < V.

k+1
By the monotonicity of these sequences, we see that k < %5 and n - k < Va. We
add these inequalities to get n < 2/5, which is the desired result.
Unfortunately, this bound is not very tight. For example,
470

743 T {1,2,3,4, 5,10, 11, 14, 17,61, 67, 123, 148, 247, 371, 743}.

This is the longest Pierce expansion with ¢ <1000. We see that m=16, but our
estimate guarantees just n < 54.

It seems 1likely that L(p, g) = O(log g); we cannot expect a much better
lower bound. For example, we have the following theorem.

Theorem 20: There exist infinitely many g with L(p, q) > Tgég%gg—a.
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Proof: The proof is constructive. Let g = nl, and set

_ 1 1 (_1)7'Z+1
p—ﬂ!(l —’2—!—4'3—!— oo +T .

Then we have

'"={19 2, 3, eeos M= 3, m - 2, 7’1},

and therefore, Z(p, q) = n - 1.

However, it is easily shown that, for »n sufficiently large,

log !

n-1> log log n!

and the desired result easily follows.
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