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PROBLEMS PROPOSED IN THIS ISSUE
ﬁ:égl Proposed by Paul S. Bruckman, Fair Oaks, CA
For any positive integer #, define the function F, on C as follows:
Folx) = (@" = D (x), (1
where g is the operator
g(x) = =% - 2. (2)

(Thus, Fy(x) ={(x? - 2)}2- 2}2 - 2 - 2 = x® - 8x° + 20z* - 162 - x + 2). Find
all 2" zeros of F,.

H-398 Proposed by Ambati Jaya Krishna, Freshman, Johns Hopkins University

Let
=[5 i:lli:i.g. 1-n 1—2n> z
a+b+e+d+e—<);(2n_l39 7
and
a2+b2+c2+d2+ez=4—5}:n"‘,
512 &

a, b, ¢, d, e €RR. What are the values of a, b, ¢, d, and e if e is to attain
its maximum value?

H-399 Proposed by M. Wachtel, Zurich, Switzerland

L -1
The twin sequences: —115—’;—— = 0, 14, 260, 4674, 83880,
L5+6n -1
and —%—— = 5, 99, 1785, 32039,

are representable by infinitely many identities, partitioned into several groups
of similar structure:
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ADVANCED PROBLEMS AND SOLUTIONS

Liven, =1 . . Lsyen ~ 1 . .
> = identical to: 5 = identical to:
Group 1
SF spen — 1 5F 1pen — 1
5, 3L _346n 2 3Ly 46n 2
UL yusen - LD yo46n = 1
5, 61L_q,¢, 2 610 5,6, + 2
105F-23+6n - 105F 1 946n — 1
Sy 1103L_y4,¢, + 7 1103L_y 444, + 2
1990 35460 1990 55460 = 1
S, 19801L_,,,., + 3 19801L_, 5,6, + 5
S, .e -

Groups II and III (in addition, there are more groups):

Logyen =1 Lyyen = 1
II. Sl L-1+Gn 2 L3+6n 2
lSF-11+6n - 15F-7+sn 1
Sy 23L_746n 2 23L_ 3460 t 3
S, . N
5F-2+Gn + 1 5F2+6n +1
III. Sl 2L-1+6n - 2 2L3+GTL - 2
1L_1146, + 1 TL_ 546, + 1
Sy, 28L_546n - 2 24L_346pn - - 2

Find the construction rules for S, for each group.
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ADVANCED PROBLEMS AND SOLUTIONS

SOLUTIONS
Sum Formula!

H-373 Proposed by Andreas N. Philippou, University of Patras, Greece
(Vol. 22, no. 3, August 1984)

For any fixed integers kK 2 0 and r > 2, set

f(k) _ (721+-°'+”k+1f"1),n>0_
n+l, r Nys cevs Mg D My s sees My, =1

nyt2n,+ o tn=n

Show that

€3 I S WYC) ) S
fast, e _E:O fz+1,1 favr-t,por 2 # 20

n

Solution by C. Georghiou, University of Patras, Greece

Note that the definition of fﬁfa ,
tive real number r. Define also ’

()
f;z+1=6ﬂ,0’ n>0,

where 6, , is the Kronecker symbol. Then we show that

n
D IR A n>0,

n+g-1,r-8"

f k)

n+l,r goo0 k+lss

for any fixed positive integer kX and any fixed nonnegative real number r.

can be extended to include every posi-

(*)

We use generating functions. For fixed k and r, let Fy ,.(x) be the gener-

©

ating function of the sequence {f,7; ,},.o,- Then

Fp @ = (1 -x-a®- ... -zhH"

Indeed, for some neighborhood of x = 0, we have

- - (-1

(1-z=-22=-e -k " =% (n)(—l)"(x a2 4 e+ k)
n=0

- 53 (r +n - 1) (nl + 7, +e-0 + nk)xn1+2n2+---+knk

n=0 n Ry, + et =n ﬂl, 7’12, veesy Mg

_i Z (n1+n2+...+nk+r_1)
n=0 nytn, k=N Ny + n, 4 oo + nk

» (”1 +n, teee + nk)xn1+2nz+---+knk
Mys Nys eens Ny

Ny +ny, +eeet+ny +r - 1)

w0 n1+2ﬂ2+"'+knk=n< Plys Mys eees Mgy P = 1
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ADVANCED PROBLEMS AND SOLUTIONS

Equation (#) follows from
Fk’r(x) = Fk’s(x)Fk’r_s(x).
Note also that the restriction for » 2 0 can be relaxed to r any real number.

Also solved by P. Bruckman.

Bounds of Joy

H-374 Proposed by Charles R. Wall, Trident Technical College, Charleston, SC
(Vol. 22, no. 3, August 1984)

If o*(n) is the sum of the unitary divisors of 7, then
o*(n) = II (1 +p®),
peln
where p¢ is the highest power of the prime p that divides n. The ratio o*(n)/n
increases as new primes are introduced as factors of n, but decreases as old

prime factors appear more often. As N increases, is o*(N!)/N! bounded or un-
bounded?

Solution by the proposer.
The primes between N/2 and N divide N! exactly once, and those not exceed-

ing N/2 divide N! more than once. By considering special cases for N (mod 4),
it is easy to show by telescoping products that

N+ 2

+ 1 I + 2)/(2k + 1) < ’__________ < 1.
N/zgszv(p )/p <N/2<2k+1<1v(2k )/ (2K ) [N/2] +1 5
if ¥ > 6. Also

Na+pe)< M Q+p2=1T0U-p"/A-p?

péln p prime p

P<N/2
(2)/z(4) = 15/ < 1.52.

Therefore,
o*(W1)/m! < (1.52)(1.5) = 2.28

if ¥ > 6. The cases 1 < N < 5 are easily checked, so o*(¥!)/N! < 2.28 for all
N. (Actually, the best bound is 2, achieved for N = 3.)

Also solved by P. Bruckman who remarked that o(N!)/N! is unbounded.

Conjectures No More

H-375 Proposed by Piero Filipponi, Rome, Italy
(Vol. 22, no. 3, August 1984)

Conjecture 1

If Ff, =0 (mod k) and k # 5", then k = 0 (mod 12).

Conjecture 2

Let m > 1 be odd. Then, F
5 divides m.
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ADVANCED PROBLEMS AND SOLUTIONS

Conjecture 3

Let p > 5 be a prime such that p[F,,, then F , # 0 (mod 12m).

Conjecture 4
If L, = 0 (mod k), then k = 0 (mod 6) for k > 1.

Solution by Lawrence Somer, Washington, D.C.

In answering the conjectures, we will make use of several definitions and
known results. The rank of apparition of k in {F,}, denoted by a(k), is the
least positive integer m such that k[Fm. The prime p is a primitive divisor of
F, if p{Fn, but Z’IE% for 1 € m < n. The following theorem will be the main
result we will use and is given by D. Jarden as Theorem A in his paper "Divi-
sibility of Fibonacci and Lucas Numbers by Their Subscripts' [2, pp. 68-75].

Theorem 1: Let py, py> ..., p, be the distinct primes dividing k, where k > 1.
Then k|Fk if and only if

[alp)s alp,)s «..» alpy)]]ks
where [a, b, ...] denotes the least common multiple of a, b, «.. .
We will also need the following propositions.

Proposition 1: Let m 2 3. Then F, |F

., if and only if m|n.

Proposition 2: Let

be the canonical factorization of Xk into prime powers. Let r, be the highest
power of p, dividing Fy,, for 1 < Z < m. Then

= LCM ppaxr-ral,
atk) = 1O {ap,)p} I
Proposition 3: If p is a prime and p # 2 or 5, then the prime factors of a(p)
are less than p.

Proposition L: 1fn # 1, 2, 6, or 12, then F, has a primitive prime divisor.

Proposition 1 is well known. Propositions 2 and 3 are given by Jarden in
[2, p. 68]. Proposition 4 is proved by Carmichael [1, p. 61].

Conjecture 1: FALSE. There is an infinite number of counterexamples. By Theo-
rem F in Jarden's paper [2, p. 72], if lek, then 12]k or S[ko Thus, in any
counterexample to Conjecture l, 5 must divide k. Let n 2 2. Let the divisors
of 5" that are unequal to 5 be denoted by p;, p;s ..., p, - Since Fg =5, such
prime divisors exist by Proposition 4. Let

m

k = Sl’n E P;i, (1)

T=1
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where », > n and at least one of the ¢;'s 2 1. It follows from Theorem 1 and
Propositions 1, 2, and 4 that k is a counterexample to Conjecture 1. Clearly,
there is an infinite number of such counterexamples. In particular, by a table
of the factorizations of Fibonacci numbers given by Jarden [2, pp. 36-59], the
only primitive prime divisor of F,. is 3001 and the only primitive prime divi-
sor of F,,. is 158414167964045700001. Then, by (D,

k, = 5713001%} (2)

and

k, = 5723001°% 158414167964045700001% (3)

are each counterexamples to Conjecture 1, where
ry 22,8, 21,7r,23, s, 20, and ¢, 2 1.

We now provide another infinite class of counterexamples to Conjecture 1.
Suppose that k is a counterexample to Conjecture 1. Let q;, q,> ... q4 be
distinct primes such that qi] k and g, is a primitive divisor of Fj, , where
1<72<d and kilk. By Proposition 4, such qi's exist. Then, by Theorem 1,

d
k' = kqr (%)

i=1 "t

is also a counterexample to Conjecture 1, where at least one of the n;'s 2 I.
One can show that all counterexamples to Conjecture 1 are of the forms given
in (1) or (4). Since k]Fk, it follows by (4) and Propositions 1 and 4 that F,
is also a counterexample to Conjecture 1. Let F(n) denote F,, F(F(n)) = F(n)
denote E}n and so on. Then by (2), (3), and Proposition 4,

F™(5713001°%1) (5)
and
F®)(5723001°2 158414167964045700001%2) (6)

are each explicit counterexamples to Conjecture 1, where
r, 22, r,22, 821, s, =0, t, =1,

and either it is the case that r > 2 and s; > 0 or it is the case that s; > 1
and r 2 1.

Conjecture 2: TRUE. Suppose that Conjecture 2 were false. Then m > 1 and all
the prime factors of m are greater than 5. Let p be the smallest prime factor
of m. By Theorem 1, a(p)ilZm. By Proposition 3, each prime factor of a(p) is
less than p. It thus follows that a(p) is relatively prime to m and hence,
a(p)|12. However, F; = F, = 1 and the only prime divisors of F,, F,, Fg, or
F,, are 2 or 3. We thus have a contradiction and the result follows.

Conjecture 3: This does not make sense as stated.

Conjecture 4: TRUE, by Theorem F in Jarden's paper [2, p. 72]. Theorem F fur-
ther states that if L, = 0 (mod k), then 4* k.
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Also solved by P. Bruckman and L. Dresel.

New Construction

H-376 Proposed by H. Klauser, Zurich, Switzerland
(Vol. 22, no. 4, November 1984)

Let (a, b, ¢, d) be a quadruple of integers with the property that
(@® + %+ e +4d% =o.
Clearly, at least one integer must be negative.
Examples: (3, 4, 5, 6), (9, 10, -1, -12)
Find a construction rule so that:

1. out of two given quadruples a new quadruple arises;
2. out of the given quadruple a new quadruple arises.

Solution by Paul Bruckman, Fair Oaks, CA
We let S denote the set of all quadruples (a, b, ¢, d) € Z" such that
a® + b2+ +d¥=0. (1)
Lemma 1: Given (a, b, ¢, d) € S, (a', b's ¢', d') € S, let

al@D? + b2 + cle? +dwd"?,

p =
g = a’a' + b%b' + c*e’ + d°d’. (2)
Also, let
a” =pa -qa', b" =pb - gb', ¢" =pc - ge', d" =pd - qd’. (3)
Then (a", ", ", d") € S. (4)

Proof: (a™?® + (B"M? + (e™?® + (dM?
=pi@® + b+ +d% - g {@n? + BN+ @+ @3}
- 3p2q(a®a’ + b2b' + c?c! + d*d")
+ 3pg{a(a)? + b2 + c(e? + d(d")?*}
=p®+0-¢°+0-3p’qg-q+3pg°-p = 0.
This shows that (a”, b", e", d") € S given by (2) and (3) may be constructed

from the given quadruples (a, b, ¢y d €8 and (a', b', ¢', d') € S, solving
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Part 1 of the problem.

Example: If (a, b, ¢, d) = (3, 4, 5, -6), (a’s b', c', d') = (-1, 9, 10, -12),

then p = -37, q = =47, (a", b", ", d") = (-158, 275, 285, -342).

Lemma 2: Given (a, b, ¢, d) € S, let

r = ab? + be? + ed? + da?, s = a®b + b%e + 2d + d%a.

Also, let

A=vb-sc, B=rc-gsd, C=vrd- sa, D=ra- sbh.
Then

(4, B, C, D) € S.

Proof: A% + B® +¢® + D8

(r® - s (@® + b +c% +dY)
- 3r2s(b%c + ¢%d + d%*a + a’b)
+ 3rs?(be? + ed? + da® + ab?)

(r® - 83)«0 - 3r?s+ s + 3rs?-r = 0.

(5)

(6)
(7

Thus, (4, B, C, D) € S given by (5) and (6) may be constructed from the given

quadruple (a, b, ¢, d) € S, solving Part 2 of the problem.

Example: If (a, b, ¢, d) = (3, 4, 5, -6), then r = 274, s = 74, (4, B, C, D) =

(726, 1814, -1866, 526).

Also solved by the proposer.
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