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1. INTRODUCTION

In Chapter 3 of his second notebook [l, p. 165], Ramanujan defined numbers
a(n, k) such that a(2, 0) = 1 and for n 2 2,

an +1, k) = (n - DDan, k -1) + 2n -1 - kK)a(n, k). (1.1)

He defined a(n, k) = 0 when k < 0 or k > n - 2. The numbers were used in the
following way: Fix g > 1/e and for real % define & > 0 by the relation

x% = qh,

Then it can be shown [1, pp. 164-165] that

- Eev G

where || is sufficiently small, 4, = (1 + log @)%,
n-2
4y = T aln, k)1 + log )'¥k-27, 5> 2.
k=0

The values of a(n, k) for 2 < n < 7 are given in the following table.

Table 1

k 0 1 2 3 4 5
N

2 1

3 3 1

4 15 10 2

5 105 105 40 6

6 945 1260 700 196 24

7 | 10395 | 17325 | 12600 | 5068 | 1148 | 120

The purpose of this paper is to show how a(n, k) can be expressed in terms
of Stirling numbers of the first kind and associated Stirling numbers of the
second kind. We prove in §2 that

a(n, n - 2)

n-2)! = (-D)"s(n -1, 1),
D" - 2)s(n - 1, 1) + (-1)*"Y2s(n - 1, 2),

a(n, n - 3)

and in general, for k = 2,
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k-1
a(n, n - k) = ¥ (-1)""'7IP, (m)s(n - 1, ®),
t=1 ’

where P ,(n) is a polynomial in # of degree k - 1 - ¢ and s(n ~ 1, ¢) is the
Stirling number of the first kind. A recurrence formula for the coefficients
of Py, +(n) is derived and the values of Py, (n) for 2 < k < 6 are computed (see
Table 2). In §3 we show that

a(n, 0)

b(2n -2, n-1), aln, 1) =b2n - 3, n - 2),
and, for k > 1,

n-k+1
g% @y (n, r)(z?z; E ;)?2!!(r - P2y - 3, » - 2),

a(n, k)

r

where the Qk(n, r) are rational numbers,

n!t =

1.3 «ee m if n is odd,
(1.2)

2.4 o+ n if n is even,
and b(n, k) is the associated Stirling number of the second kind. A recurrence
formula for &,(n, r) is worked out and the values of & (n, r) for k = 2 and
k = 3 are given. In §4 we prove an identity for the Stirling numbers of the
first kind. This identity, interesting in its own right, is used in the proof

of Theorem 2.1.
2. STIRLING NUMBERS OF THE FIRST KIND
Throughout the paper we use the notation
(@), =x(@x-1) -+« (x - n+ 1).

The Stirling number of the first kind, s(n, k), can be defined by means of

(x), = fi sn, k)xk. (2.1)

k=0

These numbers are well known and have been extensively studied; a table of
values for 1 € n < 15 can be found in [2, p. 310]. In particular,

s, 1) = (<"t - 1!.

By (1.1) and the fact that a(n, k) = 0 for k > n - 2, we have

If

a(n, n - 2) n-2Dan -1, n-3)=@m®-2)la(2, 0) = (n - 2)!,
and therefore

(-1)Y*s(n - 1, 1).

aln, n — 2)

Theorem 2.1: For k = 2,

k-1
a(n, n - k) = L B """k -1, 1),
t=1
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where Pk,t(”) is a polynomial in »n of degree k - 1 - t. The coefficient of
nk-1-tig t1/(k - t - 1)!. If we write

k-1-t . k-1-t .
Pr,o(m) = ¥ ct, - 1); = ¥ di(& Hn - 2);,
i=o0 i=0
then, for k > 2, d,(1, 0) = 0, d;(¢t, 0) = (k - l)ck_l(t -1, 0) for ¢t > 1, and
. k-1-4 m-tf1 m=-t+1 . .
Gt D = L ETHZ)TT eaalm - D)+ & - Deg_ylms D)
m=t
for t > 1, 5> 0.
Proof: We showed above that the theorem is true for a(n, n - 2); assume it is
true for a(n, n - (k - 1)), so we can write

k-2
a(n, n = (k= 1)) = L Py o " "s(n - 1, m), (2.2)
m=1

k=2-m k-2-m
Pk-l,m(n) = .20 ck_]_(ms j) (7’! - l)J = ']ZO dk_]_(m’ j)(n - Z)J- (2-3)
i= -
By (1.1), we have the recurrence

an, n-%k)=m-2Dan -1, n-1-%)+ n-=-3+Kan-1, n-k%).

(2.4)
We define the formal power series
4@ = 3 aC =5
[3%Y _ngkan’n— (n - 2)!
n-1
and sum on both sides of (2.4), after multiplying by ?ZEZ—ETT, to obtain
@ xn—l
Ax(@) = @@ + L (n =3+ Kal -1, n - Kyg=—yy-
n=k °
Therefore,
L@ == ¥ -2+ 0atm, n- k- D) (2.5)
k(@) =74 R a(n, n G -DT" .
Comparing coefficients of "~ ! in (2.5), we have
n-1 _ 1
a(n, n - k) = 3 %g—:—%%% a(r, r - (k - 1))
r=k-1 :
n-1
- 2)!
-1 T B e, v - k- ). (2.6)
r=k-1 °

We now substitute into (2.6) the formula for a(r, r - (k - 1)) given by (2.2)
and (2.3). Then (2.6) becomes, after some manipulation,
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k-2 k=-2-m n-2 n-r
s - %) = R s L g (n - 2)!.(—1)
a(n, n ) ’2;1 jZB (-1)"""d, _(m J)r=§;+1 Y s(r, m)
k-2 k-

2-m n-r
+E-DT T (D", ) Z = DICEDT" s, my. 2.7
m=1 §=0 (r - NH!

At this point we need the following lemma, which we prove in §4.

Lemma 2.1: We have
n 1 +1 .
51y —(n)jt}_:1 s(n + 1, t)(;) if § >0,
23 = )

2 p = 1 S m =

sm+ 1, m+ 1) if § = 0.

We now substitute the formulas of Lemma 2.1 (with % replaced by n - 2 and J
replaced by j + 1) into (2.7) and change the order of the m, ¢ summations. We
have
k-2 k-1-¢
a(, n-k) = L X d(t, - 2);(- ' s - 1, 1)
t=1 J~
+ dp(k - 1, 0)(-1)""ks(n - 1, k - 1)

k-1
=L P, mEY" s -1, t)
t=1 ’

where di(1l, 0) = 0, dy(¢, 0) = (k = e, (¢ -1, 0) for ¢ > 1 and

k-1-4d 1y\m-t+1 . .
d(ts ) = ¥ <—1>’"'t(3) (dy_0my § = 1) + (k = Deg_ymy 3))
m=t
for t 21, j > 0. It follows that Pk,t(n) has degree kK ~ 1 - ¢ and the coeffi-
cient of nk-1-t ig

dlts k= 1= 8) = —t——d, (¢, k=2 = 1)
. —— )Y
"= 1 - 5T G
Since
Py 1) = dk = 1, 0) = (k = Dey_y(k = 2, 0)

(k - 1) _,(k =2, 0) = (k- 1),

k-1-¢% 4 t!

in Pk,t(”) is x-1-DT This completes the proof

the coefficient of »n
of Theorem 2.1.

From Theorem 2.1, we have the following special cases:
e (ts §) =0 = dp(ts g) if §>k-1-1¢,
ek =2, 1) =dg(k -2, 1) = k - 2)!
cpk = 2, 0) = (k - D! + (¥ s(k, 2),
di(k - 2, 0) = k(k - 2)! + (-1)*"ts(k, 2),
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e (ts k=2 -1t) = [tk = 2) + (D@ + Ds(t + 1, 2)1/(k -2 - ),

dp(ts k=2 =1t) = [tk = 1) + (-DP(t + st + 1, 2)1/(k - 2 - t)!.
It follows that
Ppg-a) = (k= 2)in+ (k= 2)(k = 2)! + (-1)*"s(k, 2). (2.8)

We have already pointed out that
Pk,k—l(n) = (k- 1)!. (2.9)

The evidence seems to indicate that

Pp () = (”szgs),

but this has not been proved.

Since (n - 1); = (n - 2); + Jjn - 2)j_1, we have the relationship:

di(ts J) = cp(ts G) + (G + Deg(t, § + 1). (2.10)
Since J .
(n=-2); = 2 D70~ D, /et
we have #=0
L k-1-¢
cp(ts J) = (-1)¢? }:.(—l)rr!dk(t, r)/J'. (2.11)
r=j

Using (2.10) and (2.11), we can obviously write the recurrence for the coeffi-
cients Py, . (n) in several different ways.
The following values of P ,(n) have been worked out using Theorem 2.1.

Table 2
t
D 1 2 3 4 5
2 1
3 n - 2 2
n -1
4 ( 9 ) 2n - 7 6
5 (’;) (n-2)(n - 4) 6n - 32 24
n+1 n -1 n -1
6 ( 4 ) 2( 3 ) - ( 2 ) 3n2 - 297 + 61 24n - 178 | 120

3. ASSOCIATED STIRLING NUMBERS

The associated Stirling number of the second kind, b(n, k), can be defined
by means of

(e - @ - DX =kt T b(n, B)Z.
n=2k n:
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We are using the notation of Riordan [3, pp. 74-78] for these numbers. They
are also discussed in [2, pp. 221-222], where the notation 5,(n, k) is used. A
recurrence formula is

b(n + 1, k) = kb(n, k) + nb(n - 1, k = 1) (3.1)
with (0, 0) =1 and b(n, k) = 0 if n < 2k. A table of values for b(n, k),
1 <n< 18, is given in [2, p. 222]. It follows from (3.1) that

b(2n, n) = 1le3e5¢ ccce 2n-1) = (2n - 1),

with the notation of (1.2).
Since a(n, 0) = (2n - 3)an

1, 0) = (2n - 3)!!, we have
a(n, 0) =b(2n -2, n-1), n=2. (3.2)

Also,
b(2n -1, n-1)=m-b2n -2, n-1) + 2n - 2)b(2n - 3, n - 2)

= (n - 1)a(n, 0) + (2n - 2)b(2n - 3, n - 2), (3.3)
with (3, 1) = 1. Comparing (3.3) with (1.1), we have
a(n, 1) =b(2n -3, n-2), n==3. (3.4)

Let F%(x) be the formal power series

- an + 1, k)
)> (2n—k—1)!!xn

n=0

Then from (1.1) we have

1 ~ (n - Dan, k =1) ,
@ =15 L~ @ -k- DT & (3.5)

Comparing coefficients of x”-1 in (3.5), we have

n-1 - _
atn, 1) = L BEZEZRG - Dal, k- D). (3.6)
J=k+1 0t
It follows from (3.4) and (3.6) that
n=-1
aln, 2) = TG e - Db(r - 3, 7 - 2). (3.7)
r=3 o

Theorem 3.1: For k =2 2,

nekil 2n - k = 3!
a(n, k) = J§3 @ (n,s r)( ?Zr = 3)!3 (r - D)b(2r - 3, r = 2),

where the Qk(n, r) are rational numbers such that @,(n, r) =1 and

"il @m -k - 2)1!

Gm =k = DT = D&y ms )

@ (n, r) =
m=r+k-2

for 3<r<n-1andn==4.
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Proof: According to (3.7), the Theorem is true for a(n, 2); assume it is true
for a(n, k = 1). The proof for a(n, k) follows immediately when we substitute

J-k+2 . _ 1
aGy k=1 =" L @G B I B - - 3, - 2)
Z ¥

into (3.6) and change the order of the summations. This completes the proof.
It is not difficult to evaluate

n=-1 -
Q. 7 = T A - 1)

m=r+1

i R e ]

but apparently the formulas for Qk(n, r) for k > 3 are complicated.
L. PROOF OF LEMMA 2.1
The second equality in Lemma 2.1 is proved in [2, p. 215]. To the writer's

knowledge, the first equality is new and is of interest in its own right. We
shall make use of the generating funhction

oo n n
AL+ 0= ¥ ek, ouk I, 4.1)
n=0 k=1 :
which follows from (2.1) and the MacLaurin series for (1 + ¢)%. We have
J u-g - & k)uk t” 4.2
(1 + )9 = , —_, .
t7(w); (1 + t) n};j k§13(n A Y (4.2)
so
., . ) n r _1\y*-r K\ ¢
J (1 + E#md- o (2Y) s(%, K)u 2 4.
BG0; ¢ 2 n‘::j r.z=:j kz=:1 (r - ! n! (4.3)
From (4.1) and the binomial theorem,
. 0 n k n
L+ i l=14 8 Set 0 X (K) - v I
n=1 k=1 r=0'" n:

SO

tj(u)j(l + t)u-d-1

. o n 3 J n+g
- tw; + £ T st B )_‘,O(ﬁ)(-j- 1)’<-P< Y 50, m)u"*”’)t—n-'—J. (4.4)
n=1k=1 r= :

m=1

Comparing coefficients of u*¥¢"/n! in (4.3) and (4.4), we have

2o (=D"Ts(r, K)n! i "I it o
‘:‘:7- CXWIL = (n)jm);ls(a, m X (k_m)(-a- LY~ **Ms(n-g, 7).

i=k-m
(4.5)

r

We now obtain the right-hand side of (4.5) in another way. We know
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(M); (@) oy /(@ = )

= (n)j(x)j(x -J - l)n—j

J n- 7
(m); X s, man et - Gy D@ -4 - D
m=0 i=0

]

J n-g Z ; R
m; T slds m ¥ eln - 4, i)( > (2) i - l)L'w)x"’*’". (4.6)
m=1 =0

w=0

The coefficient of xk on the right side of (4.6) is
g . nod 7 . i-k+m ..
n); Lsl@s m 3, ( )(-J -1 s(n - g, 1),
J k~m
m=1 i=k-m

which can be compared to the right side of (4.5). The left side of (4.6) can
be written

-(n); w
(nkj(x)n+1/(x -J) = 3 J 1 p Ssn + 1, mam,
- (3)
so the coefficient of xX is
k 1 \k-m+1 '
-(n); s(n+ 1, m{= . (4.7)
2 ()

Comparing (4.7) and the left side of (4.5), we have the first equality of Lem-
ma 2.1. This completes the proof.
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