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1. INTRODUCTION

One of the more appealing aspects of the Fibonacci sequence, and certainly
the most appealing to the uninitiated, is the very large number of remarkable
identities that can be found. Discussing identities with Vern Hoggatt several
years ago, I pointed out that it was easy to discover new identities simply by
varying the pattern of known identities and using inductive reasoning to guess
new results. With characteristic enthusiasm, Vern immediately picked up on the
idea and suggested that an appropriate paper be written. Shortly after return-

ing home, I received a letter from Vern which began: "There are a surprising
number of good ways of expanding the list of identities. Consider ... ." And
the last sentence read: '"At least some of this is sparkling new, and we are

only using observation."

What follows is an account of some of the ideas we were sharing. They are
not deep but, like Vern, I find them interesting. Of course, the ideas can be
extended to more general recurrent sequences in obvious ways, but we restrict
our attention here to the familiar Fibonacci and Lucas sequences defined by

at - gt ; :
F; ==——=— and L; = a® + B%, (1)
V5
where a = (1 + /3)/2, B = (1 - Vg)/Z, and 7 is an integer.
2. THE GENERAL IDEA

The identities

n
PIRZER S ()
and
n
2 _
igaLi =L,L,., -2 (3)

are well known (see, for example, [4], p. 55]. Alternatively, for the Lucas
sequence, one can easily obtain

fEVLZ . {SF;F;+1 n even, (31
i=1 SF,F,,, -4 7 odd.

How might these be generalized? Well, sums of squares might be viewed as
sums of terms of the second degree in Fibonacci and Lucas numbers. Thus, one
might consider other such sums like, for example,

n n n
ZFF s DFRF . ey TFL
=1 =1

= =1
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and their Lucas counterparts or the mixed sums
n n n
Y FiLpye SEL . o LELig
i=1 i=1 =1

One can now proceed formally, or with a little guessing, to obtain, for d any
positive integer,

LC FnFn+d+1 n even,
L FFL = %)
t=1 Z'-'nFn+d+1 - Fd n odd,
n 5 Fyae1 7 even,
L LI ,= (5)
i=1 5F F,  ae1~ Lass n odd,
n FoL,yaet 7 even,
2 FiL1.+d = (6)
=1 FoFprge1- Lg n odd,
FoL,yavi n even,
iglLiFiﬂi = N
Folpsge1- Fgy g n odd,

which, as one would expect, exhibit a pleasing symmetry.
The proofs are straightforward utilizing Binet's formulas (1) and the known
identities (see [1] and [10])

FyL,,, s even,
Fryge = Fp = (8)
LgFpy s s odd,
S5F,F, +s s even,
Lypyos = Ly = 9)
L,L,,, s odd,
LgFoys S even,
Frige + Fp = (10)
FoLpys s odd,
LeL,yg s even
Lpsoe ¥ Lr = (11
5FFri s s odd.

As an example of the proofs of (4)-(7), we prove (4). Since of = -1, 1 -
02 = -a, and 1 - B2 = -B, we have

n L P Bi>(3i+d - pi+d
F.F.. .=
121 ihitd i§1< /5 /5

(continued)
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d(n2 _ n2nt2 d(p2 _ p2nt2 d d n X
_ad@® - o)  gd(p® - 8 )_<a+s>,z(_1y
5(1-a?) 5(1-8?) > i=1

%{ 4@+ - a) + BB - B) - Ly il(—l)"}

1=

l{ ntd+l g gintd+l _ (qd+1y gddly _p o f: (—l)"}
5 i=1 '

Therefore, for »n even,
L 1
i§15252+d ='§(L2n+d+1 = Lagv) = FpFniaen

by (9). For n odd, we have

+ L) = l(L

- L 5

m+d+1 m+d+1 Lg_y)

n
1
.leiFHd =@ d+1
i

5
1 —-—
= 5Conager t Lary = 5Fg) = BFyqi - By

by (11), since Ly, = Lg + Lg_1 and Lg_ 1 + Lgy1 = 5F; for all d.
The other results are proved similarly.

3. THE IDENTITY L2 - 5F2 = L4(-1)"
As a second example, we consider the identity
2 2 _
LZ - 5F%=4(-1)". (12)

Again the terms on the left are of the second degree and we are led to consider
expressions like

2 2
L= 5F gy Lylyyq = SEE 4y LyFyq = Fylyyg LyLy = 5By gFpy go
and so on. As before, one can proceed either inductively or formally, or with
a combination of both approaches, and it is a meta-theorem that we will not be
disappointed. 1In fact, the following results can be exhibited. Let m, n, and
d be integers. Then

5E 4B wnsa™ 2(-1)"L,_, d even,

Lan - 5Fn+dFm+d =9 (13)
L—d[’m+n+d d odd,
5F 4 Fptnsa d even,

Lan - Ln+dz’m+d = n (14)
L_ Lm+n+d+-2(—l) Loy d odd,
FaFnineg d even,

FnFm - Fn+dFm+d = (15)

1
g(L—dLm+n+d_ 2(_1)an—n) d odd,
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FgLpsn+a d even,
LFy = L, Fpyg = (16)
Loalnsnsa= 2(_1)nFm—n d odd,
FaLpynigt 2C-D)"E,_,  d even,
L,F, - Lm+an+d = 17)
L Z;’m+n-‘}-a" d odd,
Lan+d - 5FnFm+d = 2(—l)an—n+d’ (18)
LnFm+d = Lp4glfn = 2(—1)nFm—n+dy (19)
L,Ly = 5F, _4Fia= (-D)"L 4L pias (20)
Lan - Ln-dLm+d = 5(_l)n+1F—dFm-n+d’ (21)
By = B _gfnped = (-l)n+1F_dFm_n+d’ (225
LFy = Ly gFpyq = (-D)"F_ Lycniags (23)
and
Fan - Ln-dFm+d = (-l)n+1[’-dFm-n+d' (24)
Moreover, these identities, or the known identities,
Fosn+1= Fnly + EpyqFyyqs (25)
Lpins1= LnFp + Ly iFy g s (26)
and
5Fm+n+1= Lan + Lm+1Ln+1’ (27)

suggest that we seek identities like (13)-(24) but with a plus sign on the left
in place of the minus sign. Identities indeed exist and, somewhat surprising-
ly, are exactly the same as before but with the even and odd cases reversed.
Thus, for example

1

@ glnimea 2(=1)"Lp_ ) d even,
FyF, + F,, iFpig = (28)
F. Fn+m+d d odd.
This should be compared with (15) above. Since this is the only change required,
we refrain from listing the remaining counterparts to (13)-(24).

The proofs of (13)-(24) and their counterparts with the plus sign on the
left-hand side all depend on Binet's formulas, identities (7)-(9) and equiva-
lent identities obtained by replacing d by ~d, and on the identities

F, = (-)""'F, (29)
and

L (-1)"L, (30)

]

-n
for all n. As an example, we prove (14). We have

Lo, = Lnsdlpeq = (@7 + 8™ @™+ ™) - (a"*9+ gn*d) (@m*d + gt
(continued)
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]

oLm+n+ Bm+n + (OLB)"(OLm-n + B"l-”)
- gmtn+t 2d _ Bm+n+ 2d _ (OLB)n+d(OLm—"+ Bm‘")
= ~Lprns2q = Lmen) + D1 = D], _,.
Thus, using (9), (29), and (30), we have, for d even,
LuLm = Lysglm+d = =5FgFnyn+a = SF_gFpy 44
and, for d odd,
L,L, - Ln+d[’m+d = —LdLm+n+d+ 2(_1)an—n = L-dLm+n+d+ 2(_1)an-n
as claimed.

4. HIGHER-ORDER IDENTITIES

Casting about for other identities to treat in the same way,

2 2 2 2 _
F2 =-2F% =-2F2 +F?=0 (31)
and
Fn+3Fn+l+ - 2Fn+2Fn+3& - 2Fn+11-7n+2 + FF, =0 (32)

were found in a paper by Hoggatt and Bicknell [6]. Note that (32) is already
related to (31) in the manner of this paper, and one would expect such results
as

2 2 2 2 o

L2, -2L”, -2L7 +L7=0, (33)
P S N L (34)
Fovalmes = 28y olnay = 20 lnyy + Fulpy = 0, (35)

and so on. Checking a bit further, I found that these and a good deal more are
already known to hold. In [2], T. Brennan shows that

nil(_l)l"(l'+l)/2[n + l]xn+1-r= 0 (36)
r=0 r
where
[n] _ FnFn-l Fn-r+1 , [n] =1, (37)
r FoFp_q *°+ Fy 0

is the auxiliary equation for q,, where g, is the product of any 7 sequences
satisfying the recurrence I, ,, = U,4; + U,
For n = 2, (36) becomes
-2 - 22+ 1=0, (38)

which implies the truth of (33)-(35) and all other such generalizations. For
n = 3, (36) becomes

x* - 32 - 6x2 +3x + 1 =0, (39)
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which implies such identities as

3 _ 3 _ 3 3 3 _
F;+u 3Fn+3 6Fn+2 + 3Fn+1 +t P =0, (40
Fn+l+Fm+lon+l+ - 3Fn+3Fm+3Lp+3 - 6Fn+2Fm+2Lp+2
+3F, B L. + FFLp = 0, (41)

and so on. Those interested in these and similar matters should also see [3],
[5], [7]3 [8]’ [9]9 and [11]-
As a final example, we consider the well-known and elegant identity

- 73 3 _ 3
Fap = F%+1 t Py Fiq

(42)

(see [12],p. 11). 1In the spirit of this paper, there are three immediate gen-
eralizations, and one has only to consider a few examples to guess the follow-
ing:

- 2 2 _ 2
Ly, = LyiFypy Y Inly =L [ F s (43)
— 2 2 2
5F3n - Fn+1Ln+1 + P, L, - Fn—an-1= (44)
and
— 73 3 3
5L3n = Ln+1 + L, - Ln_l. (45)

For completeness, we prove each of (42)-(45). They are not difficult, but
are a bit subtle, and it is easy to take a wrong turn. We make repeated use of
(25), (26), and (27), above.

- To prove (42), we use (25), and write

P = By t4ans1
= Fn—lFZn + Z;’nFZn+1
= i F e tenr T B
=F, (Fy\Fp + FFp ) + Fn(Fn2 + Fn2+l)
=P, F,(F, ., +F )+ Fj+ F,F2
Fpo1(Fpyy = Fp 1) (Fpyy + Fn—l) + Fi + Fthil
= Fn—lp;il - Ekil + R +’E;E:a1
Fn2+1(Fn—1 + Fy) + Fn3 - Fna—l

- w3 3_ @3
- Fn+1 + Fn Fn—l

as claimed.
For (43), we use (26) and the formulas

F_ =F%2 -F2 and F =F24+F?

from the proof of (42) to write

Lyp = Lpo142n41
Ln—IFZn + LnF2n+1
Ln—l(F;;l - F;tl) + Ln(Fﬂ2 + F;il)
=L, FA4, - L, \F2, +L,F}+ L,F2, (continued)

1986] 165



For

DISCOVERING FIBONACCI IDENTITIES

F2 (L, +L,) +L,F2-1T
=L ,.F?

n+l"n+1

2
n—an—l

+ LnFnz - Ln—anz—l'
(44), we use (27) and (26) to write

5F = 5Fn—1+2n+l
L, + L L

3n
=1L 2n nhon+1

=L _,L + L L

n-1"n-1+n+1 n-n+n+l
= Ln—l(Ln—an + LnFn+1) + Ln(LnF?L + Ln+1Fn+1)
= L2 F, + L, \L,F, ., + LiFy + L, L, F,\\

n-1

n-n+1l
=72 2
- Ln—l(Fn+l - Fn—l) + Ln—anFn+1 + LnFn + Ln(Ln—l + Ln)F?’Hl
= 2 2 2 2
- Fn+1(Ln—1 + 2L, 1L, + L) + LyFy = Ly 2 Fy s

- 2 2 2
- FZ+1(Ln-1 + Ly)® + LyF, = L, 1 Fy_

= 2 2 2
- Fn+1Ln+1 + FnLn - Fn—lLrL—l‘

Finally, to obtain (45), we use (26) and (27) to write

5Ly, = 5Ly _14on41
= 5Ly 1 Fp, + L,Fy,00)
=L, 1 5F gppe1 Y In* SF 00
= Ln-l(Ln-an + LnLn+l) + Ln(er + Ln2+1)
= L:il(Ln+l =L, 1) + L, (L, + L)+ LIl

= 2
- L;ian+1 - L:—l + L, 1 Lplyyy + L: + (Ln+1 = Ly 1) Llpys
- 73 3 3

=Ly, tL, - L, + Ln—an+1(Ln-1 +L, - Ln+l)

= 3 3 3
- Ln+1 + Ln - Ln—l

as claimed.
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The book FIBONACCI NUMBERS AND THEIR APPLICATIONS containing the papers
presented at the First international Conference on Applications of The
Fibonacci Numbers held in Patras, Greece, can be purchased for $44.50
(a 25% discount).

All orders should be prepaid by Cheque, credit card, or international
money order. Order from:

KLUWER ACADEMIC PUBLISHERS
190 OLD DERBY STREET
HINGHAM, MA 02043

U.S.A.

if you reside in North America or Canada. Residents of all other coun-
tries should order from:

KLUWER ACADEMIC PUBLISHERS GROUP
DISTRIBUTION CENTRE

P.0. BOX 322

3300 AH DORDRECHT

THE NETHERLANDS
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