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1. INTRODUCTION 

One of the more appealing aspects of'the Fibonacci sequence, and certainly 
the most appealing to the uninitiated, is the very large number of remarkable 
identities that can be found* Discussing identities with Vern Hoggatt several 
years ago, I pointed out that it was easy to discover new identities simply by 
varying the pattern of known identities and using inductive reasoning to guess 
new results. With characteristic enthusiasm, Vern immediately picked up on the 
idea and suggested that an appropriate paper be written. Shortly after return-
ing homes I received a letter from Vern which began: "There are a surprising 
number of good ways of expanding the list of identities. Consider .*. ." And 
the last sentence read; "At least some of this is sparkling new, and we are 
only using observation.," 

What follows is an account of some of the ideas we were sharing. They are 
not deep but, like Vera, I find them interesting. Of course, the ideas can be 
extended to more general recurrent sequences in obvious ways, but we restrict 
our attention here to the familiar Fibonacci and Lucas sequences defined by 

and LJ = a* + BS (1) 
v5 

where a = (1 + v/5)/29 3 = (1 - \/5)/2, and i is an integer. 

2. THE GENERAL IDEA 

The identities 

tF/=FnFn+1 (2) 
and 

i = l 

£.£/-£A+i "2 ") 

are well known (see, for example9 [4], p. 55]. Alternatively, for the Lucas 
sequence, one can easily obtain 

Z L 2 = j^nFn + 1 "even, (3 f) 

*-l \5FnFn+l " 4 n o d d * 

How might these be generalized? Well, sums of squares might be viewed as 
sums of terms of the second degree in Fibonacci and Lucas numbers. Thus, one 
might consider other such sums like, for example, 

2>.F. + 1, £ F,Fi+2, ..., E/fPi + d 
^ = 1 ^ = 1 t = 1 
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and their Lucas counterparts or the mixed sums 

%=\ ^ = 1 ^ = 1 

One can now proceed fo rmal ly 9 or wi th a l i t t l e g u e s s i n g , t o o b t a i n , fo r d any 
p o s i t i v e i n t e g e r 5 

» (FnFn+d+l n e v en 9 

*ml (FnFn+d+l~Fd n ^ d 9 

* (5FnFn+d+l n e v e n * 
^ V i + d " (5) 

* = 1 I 5 * n * n + < f + 1 - Ld + 3 n o d d , 

" (FnLn+d+l n e v e n > 
S ^ i + d - < (6) 
* = 1 VVn+d+l - Ld " odd' 

" (FnLn+d+l n e v e n > 

1 " 1 ^ n ^ n + d + l " ^d+3 ^ Odd, 

whichj, as one would expect, exhibit a pleasing symmetry. 
The proofs are straightforward utilizing Binetfs formulas (1) and the known 

identities (see [1] and [10]) 

(FsLr+s s e v e n > 
F*+2e-F*m\ W> 

{LsFr+e s odds 

(5F8Fr+8
 S e V e n ' 

^ + 2 s - L* " < (9) 
I L s L r + S

 s o d d * 

(LsFr+s G e v e n > 
tfP+23 + *V =< (10) 

( F s L r + s s odd, 

LsLr+s s even 

* i . + 2 a + ^ - < i ( U ) 

l 5 F s F r + s s odd. 

As an example of t h e p roo f s of ( 4 ) - ( 7 ) , we prove ( 4 ) . Since a3 = -1» 1 -
a2 = -a, and 1 - 32 - -3» we have 

A'^-u^i^n 
(continued) 
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_ a^ct2 - a2n + z) + 3d(g2 - B2n+2) _ lad + 8d\ . f ( - 1 ) i 

5 ( l - a 2 ) 5 ( l - 3 2 ) V 5 / i = 1 

= ±{ad(a2n+1 - a) + 6d(62 n + 1 - B) - Ld • £ ( -1)4 

= Ua2n+d+1 + g2n+d+i _ ( a d + i + B d+ i } - £ ; J . £ (-i)»i. 

Therefore, for n even, 

. £ FiFi + d = "s"(L2n+<i+l " ^ d + i ) = ^ n ^ n + d + l ^ = 1 J 

by ( 9 ) . For n odd, we have 

n 1 1 
. £ FiFi+d = ^ ( L 2 n + J + l " L<f+1 + ^ " 5" ( Z ; 2n+ C ?+l " L<f- 1> 
i = 1 

= ^L2n+d+l + Ld+1 ~ 5 F d ) = V n + d + l ~ *d 

by ( 1 1 ) , s i n c e Ld+l ~ Ld -¥ L^~ \ and £<?_ i + ^d+l = 5i^ f ° r a ^ ^» 
The o t h e r r e s u l t s a r e proved s i m i l a r l y . 

3. THE IDENTITY Ln
2 - 5^n

2 = 4 H T 

As a second example, we c o n s i d e r t h e i d e n t i t y 

i n
2 - 5Fn

2= 4 ( - l ) n . (12) 

Again the terms on the left are of the second degree and we are led to consider 
expressions like 

Ln " 5Fn + d> LnLn + d " 5FnFn + ds LnFn + d " FnLn + d> LnLm " 5Fn+dFm+d> 

and so on. As before, one can proceed either inductively or formally, or with 
a combination of both approaches, and it is a meta-theorem that we will not be 
disappointed. In fact, the following results can be exhibited. Let m9 n, and 
d be integers. Then 

( 5 * , - d * ,
B I + » + r f + 2 < - 1 > % . - » d e v e n > 

^L-dLm+n+d d o d d > 

(5F-dFm+n+d d even, 

(L_dLm+n + d+ 2 ( - l ) " l „ - » d ° d d , 

i^-d^m+w+d d even , 
V m - FK + dFm+<f = U ( 1 5 ) 

5 ( L - ^ m + , + rf- ^ - ^ " ^ - n ) ^ ° d d , 
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and 

(F-dLm+n+d -d even, 
LnFm - L

n + dFm+d = \ (16) 
U - d ^ + n + d - 2(-l)nFn_n d odd, 

(F-dLm+n+d* 2(~VnF«-n * even, 
V m " Lm + dFn + d " ) ( 1 7 ) 

U_d*O T + n + d d odd9 

V ^ + d ~ 5 ^ n F w + d = 2( - l )»Z; ; n -* + d» (18) 

LnFm+d " Lm + dFn = 2 ( - 1 ) " ^ - n-S- d * ( 1 9 ) 

LnLm - 5 ^ _ ^ + ^ = (~l)nL_dLm_n+ds ( 2 0 ) 

^ w - ^ - A + d = 5(-Dn+lF„dFm_n+d, ( 2 1 ) 

FnFm " Fn~dFm+d = ( - 1 ) " + ̂ - J ^ - n + d > ( 2 2 ) 

LnFm " Ln-dFm+d = ( " " ^ " ^ - d ^ r a - n + d » ( 2 3 ) 

i ^ m - ^ n - A + d = ( - D ^ ^ - d ^ - n + d - (24) 

Moreover, t h e s e i d e n t i t i e s , or the known i d e n t i t i e s , 

Fm + n+ 1 = FmFn + Fm + lFn + l9 ^ 2 5 ^ 

Lm + n + l = L w F n + Lm + lFn + l> ^ 2 6 ^ 
and 

5^m + n + l = ^m^n + Lm + lLn + ls ( 2 7 ) 

suggest that we seek identities like (13)-(24) but with a plus sign on the left 
in place of the minus sign* Identities indeed exist and, somewhat surprising-
ly, are exactly the same as before but with the even and odd cases reversed. 
Thus, for example 

)T(L-dLn + m+d- 2(-l)%7_n) d even, 
FnFm + Fn+dFm+d={ ^ 

(F-d
F

n + m+d d ° dd°  

This should be compared with (15) above. Since this is the only change required, 
we refrain from listing the remaining counterparts to (13)-(24)* 

The proofs of (13)-(24) and their counterparts with the plus sign on the 
left-hand side all depend on Binet's formulas, identities (7)-(9) and equiva-
lent identities obtained by replacing d by -ds and on the identities 

F_n = (-1)"-Vn (29) 
and 

L_n = (-l)nLn (30) 

for a l l n . As an example, we prove ( 1 4 ) . We have 

LnLm - Ln+dLm+d = (a* + g * ) ( a m + 6m) - (a"+d+ &n+d)(am+d + $m+d) 

(con t inued) 
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= am+n+ 3 m + n + (aB)"(am-n+ gm_n) 

_ am+n+2d_ $m+n+2d_ (a$)n+ d(am~ n + &"'") 

Thus, u s i n g ( 9 ) , ( 2 9 ) , and ( 3 0 ) , we have , f o r d even , 

and, fo r d odd, 

^n^m "" Ln + dLm+d = ""%km+n+J + 2 ( _ 1 ) Lm-n = ^-d^m+n+J"*" 2 ( _ 1 ) ^m-n 

as claimed. 

4. HIGHER-ORDER IDENTITIES 

Casting about for other identities to treat in the same way, 

F\* " 1 F \ , - 1 F \ , + Fn = 0 (31) 
n+3 n+2 n + 1 " 

and 
F F -IF F - IF F + F F = 0 (32} 
rn+3-Sz+*f ^rn+2rn+3 ZJ7n + l̂ n + 2 T rnrn+l u >> J A' 

were found in a paper by Hoggatt and Bicknell [6]. Note that (32) is already 
related to (31) in the manner of this paper, and one would expect such results 
as 

£* - 2L2 - 2L2 + L 2 = 0, (33) 
n+3 n + 2 n + 1 n ' 

F L - 2F L - IF L + FnLn = 0, (34) 
n+3 n+3 n+2 n+2 n + 1 n+1 n n ' 

Fn+3Lm+3 - 2Fn+2I,m+2 - 2Fn+1Lm+1 + FnLm = 0, (35) 
and so on. Checking a bit further, I found that these and a good deal more are 
already known to hold. In [2], T. Brennan shows that 

n£\-l)Hr + 1)/2\n + 1]xn + 1~r^ 0 (36) 
r = o L P J 

where 

is the auxiliary equation for qn, where qn is the product of any n sequences 
satisfying the recurrence \in + 2 - Vn+i + ̂ n* 

For n - 2, (36) becomes 

x3 - 2#2 - 2a: + 1 = 0, (38) 

which implies the truth of (33)-(35) and all other such generalizations. For 
n = 3, (36) becomes 

xk - 3x3 - 6a?2 + 3x + 1 = 0, (39) 
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which i m p l i e s such i d e n t i t i e s as 

F3
t-3F3 - 6F3 + 3F3 + F3 = 09 (40) 

n+k n+3 n+2 n+1 n 9 v J 

F F F - 3F F L - 6F F L 
n + k 777 + 1+ p + k n + 3 m + 3 p + 3 n + 2 m + 2 p + 2 

+ 3Fn + lFm + lLp + l +FnFmLP = 0 , (41) 

and so on. Those interested in these and similar matters should also see [3], 
[5], [7], [8], [9], and [11]. 

As a final example, we consider the well-known and elegant identity 

F = F3 + F3 - F3 (42) 
£3n rn+l T £n £ n-1 KH^' 

(see [12], p. 11). In the spirit of this paper, there are three immediate gen-
eralizations, and one has only to consider a few examples to guess the follow-
ing: 

5F3n = Fn+ lLn\l + V n " Fn - lLn- 1 > <"> 
and 

5i3n = L n + l +£„9-£„3.1. (45) 

For comple t enes s , we prove each of ( 4 2 ) - ( 4 5 ) . They a r e no t d i f f i c u l t , bu t 
a r e a b i t s u b t l e , and i t i s easy to t ake a wrong t u r n . We make r e p e a t e d use of 
( 2 5 ) , ( 2 6 ) , and ( 2 7 ) , above. 

To prove ( 4 2 ) , we use ( 2 5 ) , and w r i t e 

F = F 
3rc n-l+2n+l 

= F Fn + F F 0 L1 n-1 2 n n 2 n +1 

n -1 n-l+n+1 + £n£n+n+l 

= Fn-l(Fn-lFn + ^ „ + i ) + ^n ^n + ^ + l ) 

- V l W l + *'„+l> +F»3 + FnFn\l 
= Fn-AFn + l ~ Fn-l)&n+l + ^ - l ) + ^ + ^ n + 1 
= 7? z? 2 - F 3 +• F 3 + F F 2 

r n - l r n + l r n - l ^ ^ n ^ x n x n + l 
= F 2 (F + F ) + F 3 - F 3 

r n + l ^ r n - l T ^ n ' T x n x n - l 

= F * + F3 - F3 _ n+1 n n-1 

as c la imed . 
For ( 4 3 ) , we use (26) and the formulas 

F = F2 - F 2 and F = F 2 + F2 

^2n n+1 r n - l d U U r2n+l £n T r n + l 

from the proof of (42) t o w r i t e 

^3n ^n-l+2n+l 

Ln-l(Fn\l ~ Fn-^ + £ n ( ^ + ^ + l ) 

V A + i " Ln-iFn-i +[Ln*£ + LnFn\i ( con t inued) 
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" Fn+l(Ln-l + Ln) + LnFn " Ln-lFn-l 

= ^n + l^n+1 + ^n^n " Ln-lFn-l' 

For ( 4 4 ) , we use (27) and (26) t o w r i t e 

J r3n •Jr n-l+2n+l 

= Ln-lL2n + LnL2n+l 

" ^ n - l ^ n - l / n + V n + i ) + Ln(LnFn + ^n+i^n+l) 

= Ln-lFn + L r c -1 L A+1 + Z«Fn + ^ L n + lFn+l 

" Ln-l(Fn + l - Fn-0 + V l ^ * V , + l + ^ „ + ^ n - 1 + £»>*Vi + l 
= ^ n + l ^ w - l + 2Ln-lLn + Ln) + ^n^rc ~ Ln~lFn-l 

= ^ n + l ^ n - l + Ln) + LnFn " ^n- l^n- l 

Finally, to obtain (45), we use (26) and (27) to write 

^3n ~ 5 ^n - l + 2n+l 

= ^ n - l ^ n + V 2 » + l > 
= ^n-1 * -^n-l+n + l + r̂c * ̂ Fn + n + l 

= L n - l ^ n + l ~ L n - 0 + ^H-lAAi + 1 + Ln + LnLn + l 
= ^n-lLn + l ~ Ln-1 + Ln-lLnLn + l + Ln + (Ln + 1 " ^ n - l ^ n + l 

= ^n + 1 + Ln ~ ^n-1 + ^n-l^n + l ^ n - l + ^n " ŵ + 3.) 

= Ln + 1 + Ln ~ Ln-1 

as c la imed . 
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