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1. INTRODUCTION

According to Moessner's Theorem [3], [6], the kP powers of the positive
integers can be generated in the following interesting way. Delete every kth
integer from the sequence of positive integers, form a new sequence by taking
partial sums of the original altered sequence, delete every (k - 1)5t entry
from the sequence of partial sums, and so on. After k¥ - 1 steps, this process
terminates with the deletion of the sequence of k' powers. TFor example, for
k = 3, we have

1 2 % 4 5 % 7 8 9 10 11 ™ ...
1 3 7 N 19 27 37 48 ...
RS 8 s B4 ...

Note that we can think of the process terminating when we delete the single
element at the bottom vertex of each small triangular array. A more general
result due to I. Paasche [4] is that, if {k;} is a sequence of nonnegative in-
tegers, if the sequence

Ky 2ky + kys 3ky + 2k, + kg5 o es (D

is deleted from the sequence of positive integers, if the sequence of partial
sums is formed, and so on, the process terminates with the sequence

k k. Kk ko .k .k
1,212, 312721,

For example, if k; = 1 for all 7, the numbers deleted are the triangular num-
bers, and we obtain

o’ % 4 5 % 7 8 9 m i1

2 6 L 18 26 35 46

6. 24 5Q 96

2 120 ...
120 .
and
1 =1%, 2 =2v.1Y, 6 =3te28-1", 24 =41 .3t.2. 1!

and

120 = 5%« 41 - 302010,
0f course, this is more neatly written as

1 =11, 2 =21, 6 =31, 24 = 4!, 120 = 5!
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If we start the Moessner process by deleting the triangular numbers

n(n2+ D _ <n -;— l>

we generate the factorials——a truly remarkable result!

It is natural to ask what happens if we commence the process by deleting
the terms of other well-known sequences—say the Fibonacci or Lucas numbers,
the square numbers, the binomial coefficients

(n + k - l)

k
for fixed k, the terms of a geometric progression {ar" '} for positive inte-
gers a and r > 1, and other sequences the reader might think of. We might also
ask what happens if the k's in (1) above are in some well-known sequence. Both

of these questions are addressed in what follows. The interested reader will
also want to consult [1], [2], [5], and [7].

2. AN INVERSION THEOREM

Let f(n) be any increasing positive integer valued function whose succes-
sive wvalues, f(1), f(2), f(3), ..., we want to delete from the sequence of
positive integers to initiate Moessner's process. To determine the products
generated, it is necessary to determine the nonnegative integers k;, 7 = 1,
such that

FQ) =kys f(2) =2k, +kys F(3) =3k, + 2k, + Kys oens

i.e., such that
n
fn)y = Y (n+1-179k;, n2> 1. (2)
=1

Of course, the condition that the k's be nonnegative has implications for the
growth rate of f(n). Thus,

ky Sky+k, Sky+k, +k, <0, (3)
and so

FA) < F@2) - £FA) < F3) - f(2) < ==+ (%)

This will force some adjustments later on, but does not affect the following
inversion theorem.

Theorem 1: Formulas (2) hold with

k]_ f(]-)s kz = f(z) - Zf(l)

;. =f@) = 2f(2 - 1) + f(© - 2), for 7 = 3.

and

k

That is to say,

)y =nf(1) + (n - DIF(2) - 2f(1)]

+ ,23(71 +1-D[fE) -2f(< -1 + f& - 2)]. (5)

=
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Rrgo;: Clearly, k; = f(1) and k, = f(2) - 2k1 = f(2) - 2f(l). Moreover, for
J Z )

J J-1 J
G -G -0 ='§: G+1-9 -2 G -Dk; =% ks
=1 =1 =1
and hence, for J = 3,

1

ki =F@) - FfG -1 - [fG -1 - FfG -2)]
=f@ -2fG - 1) +FG - 2)

J

M

n

J
kjo= L ki -
=1

=1
as claimed.

We now apply Theorem 1 to some interesting sequences, making sure at the
same time that (2) and (4) are satisfied.

3. THE FIBONACC! SEQUENCE

If F, denotes the nth Fibonacci number, then

iy F. =F

i+1 ~ fg i-1°

so the sequence of differences is nondecreasing for < > 1. Since F, > 2F,, we
may set f(n) = F, and the Moessner process will apply. Also, from Theorem 1,

+1
we have

k,=F,=1,k, =F, - 2F, =0,
and

Ky = By = 28, B,y = Fp

for 7 =2 3. Thus, from (5), we have

St Y (4l - DF, (6)

=3

F

n+1

and if we delete the numbers 1, 2, 3, 5, 8, 13, ... from the sequence of posi-
tive integers, the Moessner process generates products with the exponents

1, 0, 0, 1, 1, 2, 3, 5, 8,
That is, the products generated are

11, 2110’ 312010, 41302011’ 5140302111, 615040312112,

4. THE LUCAS SEQUENCE

There is a little difficulty with the Lucas sequence {Ln} because of (4).
Thus,

and the sequence of differences only increases for 7 =2 2. Also, if we attempt

to set f(Z) = L;,, as for the Fibonacci sequence, then

F(2) =L, =426 =20, =2f(1).
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This difficulty, however, can be overcome by a slight artifice. Consider the
function f(n) =n for 1 <n <2, and f(n) =1L, , for n > 3. Here the differ-
ences are nondecreasing for 7 2 1 and f(2) 2 2f(1). For this sequence, we have

kpo=f) =1, k, = £(2) - 2f(1) =2 -2-1=0,
ky = f(3) - 2f(2) + f(1) =3 -2-2+1=0,
k, = f(4) - 27f(3) + f(2) =4 -2-3+2=0,

and for 7 2 5,

ki = £(3) = 2f(4 = 1) + f(4 - 2) =L, , =20, , +L, , =L, -

Thus, from (5), for #n =2 4, we have

L

n-1

n
nky + (n -~ Dk, + (n = kg + (n - Dk, + L (n+ 1 - k;
i=5

n + f (n+1- L, ., (7

=5

and, if we begin the Moessner process by deleting 1, 2, 3, 4, 7, 11, 18, ...,
the exponents in the generated products are 1, 0, 0, 0, 2, 1, 3, 4, 7, ..

5. THE GENERAL SECOND-ORDER RECURRENCE

Consider the general second-order recurrence defined by g, = ¢, g, = d, and
Jn+o = A9p4r + bg, for m 2 1, where a, b, ¢, and d are positive integers with
d 2> 2c. The first few terms of {gn} are

g, =c> g, =d, g, =ad + be, g, = a’d + abc + bd, ...
Now define the sequence {k;} by
k, =g, =cs
k, =g, - 29, =d~ 2c, (8)
ki=g, -2, . + g,_,» for i >3,

so that the k; satisfy Theorem 1 for all < > 1. Then, deleting the sequence
{g;} from the sequence of positive integers in the Moessner process generates
products whose exponents are successive terms of the sequence {k;}. In addi-
tion to the above, note that

ky
and that
k, =ak,_, + bk,_,, for n 2 5.

n-

ad + be - 2d + e, k, = a?d + abe + bd - 2ad - 2be + d,

We may also ask what sequence {f(<)} should be deleted from the sequence
of integers to start a Moessner process that generates products where the ex-
pontnes are the sequence {g;}. We must determine f(n) such that

F) = L n+ 1 - d)g,. (9)
=1
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It turns out that the desired function f(n) may be defined by the following
second-order, nonlinear recurrence.

() =¢, £(2) = 2¢ +d,
fn+ 1) =af(n) + bf(n - 1) - nac + n + Ve + nd, n > 2.

To see this, we note that

f(1) =c=g, and f(2) =2c+d=29 +g,.

Now assume that (9) holds for » = k -— 1 and n = kK for some fixed k = 2. Then,

]

Fk +1) = af(k) + bf(k - 1) - kae + (k + 1)e + kd

k k-1
ay(k+1-12)g, +b (k- 1)g, - kac + (k + 1)c + kd
L =1

=1

k k-1
akg, +a L (k + 1 - 1)g, +b 2 (k - i)g, - kac + (k + 1)c + kd
=2 =1

k k
ake + a_f:(k +1-9g; + b'f:(k +1 - g,y
. it =2 - kac + (k + 1)e + kd
S (k+1 - Nlag; + bg;_ ;) + (k + e + kd

Jg=2

1

k+1
T (k+2-1Dg,.

=1

This completes the induction.
Incidentally, it now follows from Theorem 1 that

g, = f(@) -2f¢Z -1 +fE-2), ¢ 23. (10)

6. SOME OTHER INTERESTING SEQUENCES

If we start the Moessner process by deleting terms in the arithmetic pro-
gression {a + (n - 1)d}, where d > a in view of (4), it follows from Theorem 1
that the exponents in the generated products are

k, =a,
,=(a+d - 2a=4d- a,
and ky = [a+ (£ - 1)d] - 2[a+ (£ -2)d] + [a+ (£ - 3)d] -0,

for © 2 3. Thus, the generated products are simply
14 2ald-a 3a2d—a 4a3d—a
3 5 3 3
If, dinstead of starting Moessner's process by deleting the terms of an
arithemtic progression, we desire that the k's (i.e., the exponents in the re-

sulting products) be in arithmetic progression, we must delete the successive
terms of the sequence {f(n)}, where
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& . , n+ 1 n+1
Fn) = ;;l(n +1 - Dia+ - 1)dl = < 9 )a + ( 3 )d. (11)

In Section ! we saw that interesting results were obtained if we began the
Moessner process by deleting the triangular numbers

n(né+ 1) - (n ; 1)9 "

vV

1.

This naturally raises the question of deleting the binomial coefficients
(n + i + 1) for any fixed integer k > 2.

Of course,; the result follows from Theorem 1 with

) = (n + 2 - 1).

We have

gomrm = (PR = (5) = (D)

= (25T 2 E ) k- (57 )

it
i

k, = £(2)
and, for 7 = 3,

7<.=<i+7<'1)_2(7:—1+k—1>+(7;—2+7<—1>=<i+k—3>.

1
That is,

() Eere-alil0) ax

Thus, if we delete the sequence {(n g 2)} 5 Ve generate the products
ns

D L5, G LB, 0

If we delete the sequence {(n

3 L3, G

>+

3)} 5 ,> We generate the products
n#

3 4
1 » 3 )2(2)1(2),
and so on.

Finally, we consider the case when {f(n)},the sequence of deleted numbers,
is the geometric progression {ar" '} with ¢ and » positive integers and r = 2;
and also the case where k; = ar® !,

If f(n) = ar"™™ ', we are starting Moessner's process deleting the terms of
g geometric progression and we have from Theorem 1 that the exponents in the

generated products are

ky = f(1) - a,
k, = f(2) - 2f(1) = ar - 2a = a(r - 2),

and, for 7 > 3,
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k; =f&) = 2f(Z - 1) + f(< - 2)
= art™t - 2qpt"2
=art 3?2 - 27 + 1)

=art 3(r - 1)2,

+ ar*”?

again a geometric progression with common ratio » after the first two terms.
In any case, we also have that

ar™t = na + (n - Da(r - 2) + a(r - 1)2_551¢_3- (13)

=3

If, on the other hand, k; = ar®~' for 7 > 1, we must begin Moessner's pro-
cess by deleting the successive terms of the sequence {f(n)}, where

F(n) af: (n+ - rt?

n-1 .
a)y (n - rt
=1 =0

n-1 . i m=1-1 n-1
n - 1)rtr - . —i-
= az ( ) ' - arn 1 Z(n _ ’L).'L‘n T 1,
=0 r,n-i—l =0
where & = »~'. Thus,
n-1 n+1l
-1 n-< n-1,d T - X
fn) =pr"* "t e== Y = qr" e =
=0 r=pr1 dax 1 - z=p1
L (14)
_a@"tt —r +n - rn)
- H)
(r - 1)

and the Moessner process yields the products

la’ Za.lar’ 3&_2ar,1a1’2’
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