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1. INTRODUCTION

Let F; denote the Fibonacci sequence defined by
F,=F,=1,F, =F;_, +F,_,, for i > 3;

1
that is, 1, 1, 2, 3, 5, 8, 13, 21, 34, ... . 1In 1953 Fenton Stancliff [5] ob-
served that

SN -G - L
2;30 F; = gg- (1)

Since 1953 a number of authors including Wlodarski [8], Brousseau [1l], Koh-
ler [3], Winans [7], Long [5], Hudson and Winans [2], and Pin-Yen Lin [4] have
investigated the convergence of Fibonacci decimal expansions,

2 107KEDE o > 1.

=1

C. F. Winans first observed that

ilo—(i +1)F2i

=1
appears to converge to 1/71 employing decimal approximation, since

1

=1 = .014084507. ..

and

10 X

21076 p, = L0l (2)

i=1 .0003
.00008
.000021
.0000055
.00000144
.000000377
0000000987
.00000002584
.000000006765
.010408448305

e

Convergence of (2) to 1/71 was proved in [2], as were

- (E+1) -2 1 -(E+1) _
221070 Vp, - = and 210 F,, =

3
i=1 59 i1 31
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The purpose of this paper is to prove an analogous conjecture of Winans for
tribonacci decimal expansions and to generalize this result to obtain conver-
gents in cases where Winans found that decimal approximation failed to give
even a clue to the correct convergent. As in the Fibonacci case, the conver-—
gents include coefficients that involve a fascinating, though more complicated,
tribonacci~like recurrence relation; see Theorem 2 in Section 3.

2. PROOF OF WINAN'S CONJECTURE

Let T; denote the tribonacci sequence defined by T, = 0, T, = 1, T,= 1, and
T, =T;. 4 +T, , +T; 15 1 2 3 (3)
that is, 0, 1, 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, ... . Employing decimal

approximation, Winans conjectured the following theorem which we now prove.

Theorem 1: Let T; be defined as in (3). Then

w ) 1
2.107*E+ D, = . (4)
i=1 103 - 102% - 10% - 1
Proof: Define f(z) by
fla) = 2 T.2° (5)
=1

and note that since T, =T,, Ty=T, + T,, and T; =T for 7 = 4,

we have
(1 -2-2%-2)f) =1 -2-2"-2)(T3z+T,2"+.-+)
Tiz + (Ty = T8> + (Ty = Ty = T))E° + (Ty - T3 - Ty, - T1)2" + «.-
+ (Tn - Tn—l - Tn - Tn—3)zn toe
Tz + (T, - T))&> + (T, - T, - T)3° = z.

-1 T T, + T

-2

Therefore,

f&) = Yrat = & - 6)

i=1 1—2—22—2

Since |1 - z-2"-2%1 21 - |zl - 12?1 -12% > 0 if Izl < 1/2, the function
f(2) is analytic in the disc {z€(C: |zl < 1/2}. Consequently, its power series
expansion is absolutely convergent for all z with Izl < 1/2 and (6) holds if we
replace z by any complex number with modulus less than or equal to 1/2.

In particular, if we let z = 107X with k¥ > 1, we obtain

Y7107 - 107 - 10 : %)
i=1 1 -107% - 107%% - 107%  10% - 10%% - 10% - 1

completing the proof of the conjecture of Winans.

Remark: Define an n-ary Fibonacci sequence by the recurrence relation
T. =T, + 7. + oeee + T >n =22, 71 2n. (8)

.M T~n-1,n 1=-n=-2,n =1, n

Using the same method given in the proof of Theorem 1, one obtains:
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o 1
210G, : )

i=1 107 - 107 DR oo

This result was conjectured by Winans for tetrabonacci and pentabonacci expan-
sions.

Numerical Examples: Analogous to (1), observed by Stancliff, we have from (7),

S in-(E+Dm 1 _ 1
2107 = 155 o0 — 10 - 1~ 889 °

Moreover, by (9), we have

Y10y - : -
= <,» ~ 10000 - 1000 - 100 - 10 - 1 ~ 8889’

and, in general (with the dots denoting n - 1 eights),

T

107V, = 888...89
=1

for an n-ary Fibonacci decimal expansion.

3. GENERALIZATION OF WINAN'S CONJECTURES

For o 2 2, Winans was unable to formulate a conjecture for the correct con-
vergents for >10°% 7y, even for k = 1, a = 2. Once one establishes the correct
convergent as we will in Theorem 3 of this section, one observes that ZHO'LTZi
does converge fairly rapidly to 110/689. Indeed,

10 .

10787, = .1

1 .04

.013

.0044

.00149

.000504

.0001705

.00005768

.000019513
.159641693

=

i T T

110 _
and ggg = .159651699...

First, we require a theorem involving a recurrence relation for tribonacci
numbers which is interesting in itself and essential to the goal of determin-
ing all convergents of

2kr ., k=1, a> 1.

=1
Theorem 2: Let Ty=0, Ty=1, T,=1, and let T; =T;_3 + T;_, + Ty, for ¢ > 3.
Define sequences {a;} and {b;} by

for 7 2 4; a, =1,a,=3,a, =17, (10)

a; =a;_y ta;, Ta;, 2
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and

b; =b,_, +b;_, +Db;

: for © 2 4; b, =b, =1, b, = -5. (11)
For every positive integer a > 1,

T . =qaT + b, T +T;3 22 0. (12)

3a+1 o 20+€ ato+17

-3

Proof: ©Let B;, B,, and B; be the distinct complex roots of 23-22-2-1=0

so that

(z - B)(z - B)(z - By) =2° - 2% -z - L (13)

Then there are constants u,, u,, and u, such that

T, = uIBf + uzﬁg + uaeg for every 7 2 0. (14)

Define

A, = BY + BY + B3> By = -[BIBS + BIRS + BYB3II, Cq = (B,B,B,)"

Now, it is easily checked that

BN - (BY + B + BB + [(B,B,)" + (B,8,)* + (B,8,)%18F ~ (B,8,8,)*

= B3 - BI* - B3BI® - BIRI® + BIRIY + BRI + (B,B3B,)* - (B1B,B3)* =0,
and similarly for Bj and B3, so that B}, B}, and B} are the roots of the equa-
tion

2% - 4,87 - Byz - Cy = 0.

Using (14), we obtain

Ti+3a AaTz+2a By,Ti40 = CuT; = 0. (15)
From (13), it follows that
A, =4A; , +A;_, +4;_; for every 721 (16)

[Sgnc?, fgr Jg=1,2, 3, B; = B;‘l + 83_2 + 83_3 il B}-a(Bg - B; - B; - 1)=0]
and clearly

C; = 1 for every 7 2 0. 17
In particular, (13) implies that 818283 = 1, so that
B, = -[B;u + By + B;u]- (18)

-1

Replacing z by z in (13), we obtain

(% - Bl)(é - Bz)(é - 83) = Zl? - (B, + B, + Bs)(ﬁ)
+ (8,8, + 8,8, + B,8)(2) - 818,85,

so that B, + 8, + B, = 1 and 8,8, + B,B, + B,B, = -1.
On the other hand, we have, as B,8,8, = 1,

G5 -5)G - %)

e,
(R

N];——u—'

1 1
=3tz
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so that 1/B;, 1/B,, and 1/B; are roots of (1/z)%+ (1/2)2+ (1/z) - 1 = 0. How-
ever, B,8, = 1/B;, B;B; = 1/B,, and BB, = 1/B4, so we have

B; = _[%)i + (-51—2)”' +(g))
Consequently,

B, = -B - B, + B. for £ 2 3 (19)

T -1 -2 -3

if and only if
&) @) @]
1\i-1 i-1 1 \i-1 i-2
@) @) @) ) )T
\i-3
&)+ (&)
But this is equivalent, since B,8, + BBy + B,B; = -1, to
i-3 i-3 i-3 3 3 2
(@7 @7 7N B - @) - ) -
which is true in view of the fact that 1/61, 1/B,s 1/B3 are roots of
B + (3 + () -1 o

Finally, checking initial values, we observe from (16), (17), and (19) that
Ay = Aygs by = By, and Cy = 1 for every a>1 completing the proof of Theorem 2.

-2 -2

)+ (&)

-3 1 -3
Y

@)L

Using Theorem 2, we can now easily establish our main result, from which
convergents of all tribonacci expansions of the form I:IO'kLTQi, azl, k21,
may be calculated. Clearly, this contains Theorem 1 as the special case o = k
= 1. However, we note that the proof of the following theorem does not appear
to generalize trivially to n-ary Fibonacci expansions, n > 3, because of its
dependence on Theorem 2.

Theorem 3: Let {7;}, {a;}, and {b;} be defined as in Theorem 2. Then

o 2k _ R k
$otg - T, - 10% + (T, - a,T,)* 10 o)
_ =
i=1 ©10% - gy - 102k - by e 105~ 1

iff the denominator is nonnegative.

Proof: Define F(z) by
F(z) = 2, Ty;8%s o 21, @n
im=1

and observe that
(1 = agz = boez? = 2°) (Tyz + T, 2% + Ty 2% + ++°)
=Tz + (T = agly)z” + (Tyq = Thu@y - T b,)2® + terms of higher degree.
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Using (12), it is easily seen that the coefficients of all powers of z
greater than 2 vanish. Hence,

2
Tz + (T,, - a,T,)z

F =
(Z) 1 - b 2 3
Ay — byz™ - 3

Let v}, Y, and v§ be the roots of
1 - auz = byz? - 2% = 0. (22)

We begin by showing that exactly one of the roots of (22) is real. Indeed,
it suffices to consider the case a = 1. For, assume that one of v¥, v%, v%,
say y;, is nonreal and that all of vy, v$, y§ are real. Clearly, Q(y}) is a
proper subfield of @(y;), so that deg(Q(y$/Q)) < 3 and divides 3; that is, it
is 1. Consequently, Y{ is an algebraic integer lying in ¢. Indeed, it is a
unit because it is a root of 1 - @uz - baz? - 2° =0, so that y§ = #1. Thus,
Y1 is a root of unity, which is clearly impossible.

It is now easy to show that (22) has exactly one positive real root when
a=1. Let f(38) =1 -2 - 2% - 2% and observe that f’(z) = -1 - 2z - 332 <0
for all real z since f"(z) = -2 - 62 = 0 only if 2 = -1/3 and fF"(-1/3) < 0 so
that f'(z) has a maximum at 2z = -1/3. However, f'(-1/3) < 0 so that f(z) is
decreasing for all real z and, since f(1/2) > 0 and f(l) < 0, it is clear that
f(2) = 0 has one real root z, (1/2)<z < 1, and so must have two nonreal roots
which are conjugate pairs.

Now, let A(z) be the polynomial defined by

h(z) = Ty 3 +'(T2a - aazh)zz’
Then, applying partial fractions, we have, as o = 1,
Uz U,3 Uy

+ +
Y1 — 2 Y, - & Y3 - &

AFEE) 2@ EE))

n=0 n=0

F(z)

2

2

Y1

3

This converges if <1, <1, and <1.

Now the denominator of F(z) can be written as
vy = 2)(y, = 2)(y3 - 2)
and if we let Yy, be the real root between 1/2 and 1 and note that
(v, —2)(yy - 2) >0,
since Y, and Y, are complex conjugates, we see that, for real z,
1 -2-2%2-2%>0 if and only if Y, —2>0or z<yYy,. (23)
Clearly, then, as v,Y,Y; = 1 and |Y2| = |Y3[ = (1/%?:) > 1, we also have
2] < lv,|  ana 5] < [y,

completing the proof.
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Example 1: Let k = 3 and let oo = 8. Then, by Theorem 3,
103 - 44+ 105 + 4 - 10° _ 44,004,000
i1 87 109 - 131 106 + 3. 103 - 1 869,002,999 °

Note that this fraction is approximately equal to .050637... and that with
Ty = 44, T, = 5768, T,, = 755476,

we have
2107% T, = 044
=1 + .005768
+ .000755476
.050523476

so that the series converges quite rapidly for k = 3 although it does not con-
verge at all for k = 2.

Example 2:

Listed in the table below are the convergents of

S 107k . for k =1, 2, 3 and o < 4.
oz

i=1

k=1 k=2 k=3

y o1 100 10,000 1,000,000
889 989,899 | 998,998,999

=2 110 10,100 1,001,000
689 969,899 | 996,998,999

o =3 190 19,900 1,999,000
349 930,499 | 993,004,999

I None | 405000 4,000,000
889,499 | 988,994,999
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