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1. INTRODUCTION

Let the arbitrary real numbers a, b, ¢, and d be given. Construct two se-
quences {Xﬁ} and {Y,} for which

Xy =a, Xy =¢, Yy =b, ¥y =d,

Xn+2 = Yn+l + 'YVL (1)
n =2 0).

L‘Yrﬁ-z = Xn+1 + X‘ﬂ

Clearly, if we set ¢ = b and ¢ = d, then the sequences {X,} and {Y¥,} will
coincide with each other and with the sequence {F,(a, c¢)}.
In 1985, K. T. Atanassov, L. C. Atanassova, & D.D. Sasselov [1] showed that

3[15;—2] -n - 1>a+<Fn+l —3[—”;2:‘+n+1>b

(7. —3[%}-Fn - 1)e + G%+2-+3[%}-n + Qd}

X, (b, as d, @), for n 2 0. (2)
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and Y, (a, b, ¢, d)

2. THE GENERALIZATION OF THE FIBONACCI SEQUENCE

Consider the generalized recursive form of (1), as follows:

Xo=a, Xy =c, Yo =b, ¥, =d,

Xn+2 = Pan-l-l + PZXn + PSY}’LJrl + Z)uyn (‘3)
(n = 0),
‘Yn+2 = Plynw‘—l + PZYVL + 1/,3Xn+1 + PHXVL
where r; is real.
Define
X=X, ja+X b+X c+X d
Y,=Y,a+¥, b+¥ ec+Y¥ d
Un =X, + 1, = Un 14 + Un,?.b + Un,ac + Un ud
Ve =Xy =Y, =V, 10+ 7V, b +V, 5¢e+V,.,d

then {U,} and {V,} can be defined by the recursions:
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[UO =a+b, U =c+d and U, = (ry +r)U,., + (r, + »)U,
Vo =a=~bs V,=c~d and 7V = (@ -r)V _,  + &, -r)V,

Wola +bs c+d; r +r, -r, -r)

(See [2, 3]1.)

e,
~ <
3 N

[]

=W,(a-bsc~-dsr, —r,r, —-r,)

Since
Uy(as by s d) =X, (a> b, ¢, d) + Y,(a, b, ¢, d)

= X,(as b, ¢, d) + X, (b, a, d, ¢), by symmetrical property,
Xla+by, a+b, ec+d, ¢c+d

]

=X, la+b)+X, ,(a+b) +X, (c+d) +X,,(+d
=X, v X Da+ &, X, Db+ (X, X, e
and (Xn,a + Xn,u>d
V,(as b, ¢, d) = X, -X, Da+ &, , - Xn,l)b + (X, =X, e
+ (Xn,q - Xn,a)d’

compare with the coefficients of a, b, ¢, and d, we obtain:

'Un,l =U,, , =W, (1, 0; vy + 7y, -7, - 1,)
=[§ii}(n ; % I ]>(rl + ra)”‘”‘(r2 + pk)k
Uy,s = Uy =W, (0, 15 1) + 1y, ~-r, - 1)
=Hﬂ§§j/m<z : ?)(p1 " ra)n—2k+1(p2 4 Pq)k_l
I/H,l = —Vn,2 = W,(1l, 03 r, - r,, -r, + rq) *)
:[;éi]<n ; ? 1 1><”1 - ), -
Vs =V o =W, (0, 15 7y - 7y, -r, +r,)
L =Kn::f/ﬂ,z : §>(p1 _ P3)n_2k+1(fz _ ru)k_l
for n =2 2.
Hence,

{UH =(a+DU, ; + (+dDU, ,

Ve = (a =DV, +(c-dDV, .

Since U, = X, + Y, and V, =X

n

{Xn = (U, + V,)/2

» = Y,, thus,

v, = (U, - V,)/2

is the solution of (3).
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Example 1: Let r, =r, =0and vy, =r, = 1. Then, we have:
Up,y = Wn(l, 05 1, =1) = F,_;
U, 3 =Wa(0, 151, -1) = F,
Vo1 = W,(1, 0; -1, 1) = [1, 0, -1]
I/’m3 =W,(0, 1; -1, 1) = [0, 1, -1]
where [£,, ty5 .0 gl = t; if n =4 (mod k).
Hence,
X, ={&,., +1[1, 0, -1)a + (F,_, + [-1, 0, 1])b
+ (F, + [0, 1, -1D)e + (F, + [0, -1, 11)d}/2 (5)

and Y, (a, b, ¢, d) = X,(b, a, d, ¢) is the solution of (1), where F; is the ith
Fibonacci number. Note that (5) is the simple form of (2).

Example 2: Let r; =»r, =0 and r; = r, = 1. Then, we have:

=V, . =W,(l, 0; 1, -1) = F

n,1 n, 1 n-1

F,

n e

Uy,3 = =V, 3 = Wy(0, 15 1, -1)

Y,=F _.b+Fd

n n-1

{Xn =F, _a+Foc

is the solution of (3) in [1].

Example 3: Let r; =», =0 and r, = 7, = 1. Then, we have:

Uy, = W,(1, 05 1, =1) = (-1)"V,, ; = F,_,
and

Uy 3 =W,(0, 151, -1) = (-D"V, , =F,.
Thus,

X, =1 + DF,_ja+ (1 - (-1)")F,_;b + (1 - (-1)")F,ec
+ (1 + (-1)™F,d}/2

n

{ F at F,d, n even

F _.b+ F,e, n odd
and Y,(a, b, ¢, d) = X,(b, a, d, ¢) is the solution of (4) in [1].

n-1

Example 4: Let r, =r, =0 and r; = r, = 1. Then, we have:

Uﬂ’1 = W,(1l, 0; 1, -1) = Fn—l

Un’3 = W,(0, 13 1, -1) = F,

V”,l = W”-(]" O; ]" 1) = []-’ 0: —1’ "1’ O; ].]

Vn,3 = W,(0, 1; 1, 1) = [0, 1, 1, O, -1, -1]
Thus,

Xn = {(Fn_]_ + [13 0, -l’ _l’ 09 1])a + (Fn-l + [_1’ Os ]-9 1’ O, _l])@
+ (F, + [0, 1, 1, O, -1, -1])e + (F, + [0, -1, -1, O, 1, 11)d}/2
and Y, (a, b, ¢» d) = X,(b, a> d, ¢) is the solution of (5) in [1].
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Example 5: Let r, =r, =0, r, =2, and r, = 1. Then, we have:
Uy 1 = Wy(l, 052, 1) = {2 -V2)(1 +V2)" + (2 +V2)(1 - V2)"}/4
Up,s = W0, 13 2, =1) = V2{(1 +V2)" - (1 - V2)"}/4
Vo =W,(1, 05 =2, 1) = (n - )(-1)*"*
Vs = Wo(0, 15 =2, 1) = n(-1)""*
Thus,

B
[

w1 = 1@ =VDA +VD" + (2 +V2)(1 - VD" + 4(n - 1)(-1)""1}/8

{2 +V2)(L +V2)" + (2 +V2)(1 - V2)* + 4(n - 1)(-1)"}/8
ms = Xpr,, = W2 +V2)" - V2(1 - V2)" + 4n(-1)"}/8

X,y = Xypp y = {V2Q +V2)" - V2(1 - V2)" + 4n(-1)""1}/8

n

>

3

N
i

.
I

Hence,

Xn = Xn,la + Xn,zb + Xn,a

and Y,(as b, ¢, d) = X,(b, a> d, ¢) is the solution of the following system:
Xo=a, X, =c¢, Y, =b, ¥, =d,

c + Xn,ud

Xps2 = 2Y,40 + ¥y

(n 2 0)
Yoio = 2X,40 + Xy

By the five examples above and (4), we obtain the following formulas:
[n/2]

Z(n_le)=Fn—l

X

k=1
In/2] -

;Ei (" . 1)(—1)k = [1, 0, -1, -1, 0, 1] = (-1)"[1, 0, -1]
[n/2]

Pl
|
s

I
X
Ll |

) (” . 1)(-1)k‘12"‘2k =n-1.
=1

3. THE TRIBONACC! SEQUENCE

Let the arbitrary real numbers a, b, ¢, d, e, and & be given. Construct
two sequences {X,} and {Y,} for which

Xo=a, Xy =b, X, =c, Yo =d, ¥, =e, ¥, = h,
Xnwa = Ynyo + Yyyy + Yn (6)

(n 2 0).
Y4z = Xpio + Xpy1 + X,
Define:
X, =X, ,a+X, ,b+X,,c+X,,d+X,.e+X,6 ch
Yy =Ypa+ ¥y b+ ¥, 3c+Y,,d+Y, e+, ch
U X, +Y,=U, a+U, ,b+U, . +Un,l+d+Un,se +U,

Vv, =X, -%Y, = Vn,la + Vn,zb + Vn’sc + Vn,ud +V, e+ Vn,eh

X
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Then, we

where {U, ,} can be defined by the recursions (cf.

have:

n,3

=Uii2,1

=0

n+l, 1

-0

n+1l,1

bonacci numbers in [4] and [5]):

Up,1 =

s

for n 2 0

U0,1

and
U

n+ b,

since x3

n,1

Hence,

= Uy, + Vy,1)/2

= (Un,z + Vn,z)/z

=, s+ Vn,a)/z

=W,,, *+ Vo, )12

= (Un’5 + Vn’5)/2
=W, ¢ +V, /2=

X, ={a+dv, , + (c

+ [a-d, b -

1, Uy, = U,y =0, and Uyyg,,

That is to say,

=1L U, ,=0U,,
= 2Un+3, 1T Un,

x2 -x -1 1is a

and Yn(a, b, C> d: € h) =

4.

=0, U, ,=1

1 m20),

factor of x* - 2x3 + 1.

= -V

N, 1 Ny b
ny2 = Va5 =
Vn,a = —Vn,s

=Uppo,1 Y Upsr, 1 T Un s

THE FIBONACC! SEQUENCE

[1’ Os Os _1]
[0’ 13 Os “l]

= [0, O, 1, —1]

Thus, we have:

= W, + (1,0, 0, -11)/2

= (Unt2,1 = Ups1,1 + [0, 1, 0, -1])/2

= (U4, , + 10,0, 1, -1])/2

=W, ,+[-1,0,0, 11)/2

= (U;+2,1 - Un+1,1 + [0, -1, 0, 11)/2
WUypy, 4 + [0, 0, =1, 1])/2

+th=-b-dU, ., ,+G+DU ,

e, e-h,d+e+h-a->b-cl}/2

the definition of the Tri-

X,(d, es h, a, b, ¢) is the solution of (6).

THE FIBONACCI-TRIPLES SEQUENCE

Let the arbitrary real numbers a, b, ¢, d, e, and & be given. Construct
three sequences {X,}, {Y,}, and {Z,} for which
(X, =a, X, =b, Yy =c, ¥, =d, Z, =e, Z; = h,
Koo = Ypy1 + Zn
Yppp = Zyyqy + Xn  (n>0). (7
LG+2 = Xn+1 + yn
The first ten terms of the sequences defined in (7) are shown below:
n X, Y, Zn n X Y Zin
0 a c e
1 b d h 6 84 + 5a 8b + 5¢ 8d + 5e
2 d+e h+a b+ec 7 | 13b + 8¢ 13d + 8e 134 + 8a
3 2h + a 2b + ¢ 2d + e 8 21d + 13e 217 + 13a 21b + 13¢
4 | 3b + 2¢ 3d + 2e 3k + 2a 9 | 34k + 21a 34b + 2l1c 34d + 2le
5 | 5d + 3e 5h + 3a 5b + 3e 10 | 55p + 34e¢ 55d + 34be 55k + 34q
1987] 115
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Define

Uy =X, + Y, + 2, =U, 1a+U, ,b+U,3c+U,,d+U,se+U,gh,

then {U,} can be defined by the recursion

Un,l

Un,s
Thus,

U, = (

Yn+6

,Zn+6

Xs(m+2)
Letting 7y,

Vasa =

Up=a+c+e, Uy =b+d+h, and U,,, = U,,, + U,
icec, Uy =Wp(a+c+e, b+d+h; 1, -1).
Compare with the coefficients of a, b, ¢, d, e, and A. We have:
=Un,s =Up,s =W,(1, 05 1, -1) =F, _,
=U,,y =U, ¢ =W,(0, 151, -1) = F,
at+e+e)F, , +Bd+d+ nF,.
Xp = Y4y = 2y and X, = 2,,, — ¥, ;, we have:
= T4y = Ypo1)/2
(Zp+a = Zn-1)12
= (Xp4o = Xp-1)/2
X,=Y,.1+2Z2y-, and X,, = Z,41 - Y, -1, we obtain:
= (Znu+r + Z4-2)/2
= (Xp41 + Xp_2)/2
= (Yn+1 + Ynop)/2
AXpps =20, 06 = Y000 = (Ko + X)) - (K, + X)) =X - X
=4X ., + X,
=4Y,. + Yy
=bZp43 + 2,
When n = 0 (mod 3), taking n = 3m, we have:
= 4X3(m+1) + X3 with Xy = q and X; = 2k + a.
= X3,, we have:
4Vpy1 + V, with Vy = g and V; = 2k + a.
we get:

Therefore,

Vm

=F3, ja +F, h by ( 2

2v5

1+ /5)3 _

i.e., X =F a +-F;h.

n

Using a similar method, we have: X, =

116

n-1

e - )

_2h+ (/5 - Da, 4 /5y 4 /5 + a - 2y _ /oym
2/5

+ /5,

2

1 - /5")3’"

F,_,a + F,h,
F,_ic + F,b,
F,_,e + F,d,

- (55) )

if » = 0 (mod 3)
if #» = 1 (mod 3)
if »w = 2 (mod 3)

L We
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and
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Y,(as bs ¢, d, e, h) =X, (e, h, a, b, ¢, d)

Zn(as b’ Cs ds e h) Xn(C, d, e, hg A, b)

as the solution of (7).

Numerous similar pairs of sequences can be constructed. However, the ones

introduced here stand most closely to the very spirit of the Tribonacci sequence

(or

and

the Fibonacci-triples sequence) and its generalization rules.

We would like to thank Professor Horng-Jinh Chang for his helpful comments
the referee for his thorough discussions.
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