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Problems associated with the of occurrence of runs of like ele-
ments in a series of trials have recently attracted uite a lot of
attentiono The reasons may possibly be traced not to the ����������� in-
terest they present as generalizing the usual binomial set ut also to the
practical value that any theoretical results in this direction would have with
regard to statistical testingo Feller [3] a series of
Bernoulli trials and concentrated on the relationship between the probability
distributions of the number of runs of l< successes n trials n) and the
������ of trials needed to get r runs of l< successes r) He that

P(Nk,n � r) = P(Tk,r � n) r = 0 1, ., [I]
and examined the asymptotic behavior of the of nand
Frechet [4] led the way in considering problem of deriving exact
tribution of Nk,n and 1 using his on the of the conjunc-
tion of even ts 0 More , Shane [21] and TurHer [23] obtained
for the probability distribution of 1 using the of
order k and the entries of the Pascal & Mu-
wafi [19] provided an alternative formula for this distribution in
terms of the multinomial coefficients@ Also, Uppuluri [24] gave an
explicit expression in terms of binomial that was impli-
cit in the work of Philippou et [16] Philippou et aZ [17] obtained the
exact distribution of r (r � 1) pointing out that can be represented
by the sum of r distributed variables whose
distribution coincides with 1 (see also Philippou [15])0 The exact
distributions of �������� the distribution
of order k" and of order k," Hirano [
and Philippou &Makri [18J the combinatorial of Philippou &
Muwafi [19] to derive the exact distribution of Nk,n which named Hthe
nomial distribution of order k Certain limiting cases and/or mixtures of the
above distributions have also been examined. Philippou et aZ. [17] showed that
the distribution of ,r - kr as r -+ +00 reduces to a form of
ized Poisson distribution examined in further detail by [14], who

A preliminary version of this paper was presented at the First International
Conference on Fibonacci Numbers and Their Applications, Patras, Greece, August
1984 ..
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C1" 1)0, 1, 2, ... ,P(X
where

names it "the Poisson distribution of order kIf (as being the limit of an "order
kIf distribution)" In addition, Philippou (in [14]) discussed a gamma compound
(mixed) Poisson distribution of order k" Aki et al" [1] derived a logarithmic
distribution of order k as the limiting distribution of the random variable

Tk,rl (Tk,r > kr) as r � 0
(see also the work of Hirano et al" [7] who gave figures of distributions of
order k)" Finally, Panaretos & Xekalaki [13] defined and studied some other
distributions of order k. These are the hypergeometric and the negative hyper-
geometric distributions of order k, a limiting case of the zero-truncated com-
pound Poisson distribution of order k (the logarithmic series distribution of
order k) as well as the Polya, the inverse Polya, and the generalized Waring
distributions of order k"

As is well known, the number of applications of the above-mentioned distri-
butions when k = 1 (ordinary binomial, geometric, or negative binomial distri-
butions) is vast" However, applying these distributions presupposes a constant
probability of success p which is a requirement that can hardly hold in prac-
tice. So, in many instances, combinations of different binomial, geometric, or
negative binomial distributions have been considered" That is, p is allowed to
vary from trial to trial according to some probability law thus giving rise to
compound (mixed) forms of these distributions. The particular case of a beta
distributed p gives rise to distributions belonging to the class of inverse
factorial series distributions that have played an important role in the medi-
cal and biological fields" Two such distributions are the beta-compound geo-
metric, also known as the Yule distribution (see [32]), and the beta-compound
negative binomial distribution, also known as the generalized Waring distribu-
tion (see Xekalaki [25])" Their applications, however, are not confined to
these fields" They have also been applied to fields such as accident, income,
or geographical analysis, linguistics, bibliographic research, and reliability.
A selection of their contribution to these fields can be found in Dacey [2],
Haight [5], Irwin [8, 9, 10], Kendall [11], Krishnaji [12], Schubert & Glanzel
[20], Simon [22], Xekalaki [26-30], and Xekalaki & Panaretos -[31].

In this paper we consider generalizations of beta-geometric and beta-nega-
tive binomial distribution. These are obtained in Sections 2 and 3 as mix-
tures of the Poisson distribution of order k, in a manner similar to the deri-
vation of the geometric and the negative binomial distributions as mixtures of
the ordinary Poisson distribution. Expressions for their probabilities and the
first two moments are given. In Section 4 it is shown that the Poisson and the
gamma-compound Poisson distributions of order k are limiting cases of the gen-
eralized beta-negative binomial so that the theory of those distributions that
are of negative binomial form is a particular case of that shown in Section 4.

Before providing the main results, let us introduce some notation and ter-
minology.

A nonnegative, integer-valued random variable (r"v,,) X is said to have the
beta-geometric (Yule) distribution with parameter e if its probability function
(pef.) is given by

x) = ex! > 0
(e + 1)CX+l)' c , x

aCe) rCa + S)/r(a), a > 0, S E R.

A nonnegative, integer-valued r.vo X is said to have the beta-negative bi-
nomial (generalized Waring) distribution with parameters a, b, e if its p.f. is
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P(Y = ^ °(b) a(x)h(x) J__ 
U X) (a + o){b) (a + b + G\x) xl (1«2> 

a, bs c > 0, x = 09 1, 29 . . . . 

Their probability generating functions (p.g.f.) are of the form 

2F1(a9 3; Y; s)/2F1(a9 3; Y; !)» 

where 2FX is the Gauss hypergeometric function defined by the series 

2 M * . B: Y; a) = £ ^ f ^ ff. (1.3) 

which is convergent for all |s| < 1 provided that Y > o, + $. 
In the sequel9 we will refer to the distribution with p.g.f. 

H, (a) = p r d - qsyr
9 v > i , ( i , 4 ) 

as the negative binomial distribution. For p = 1 the resulting distribution 
will be termed "the geometric distribution.If 

A continuous r,v. X will be said to have the beta distribution of the first 
kind with parameters a9 b [beta I (a, b)} if its probabillt}^ density function 
(p.d.f.) is given by 

f(x) = r^\t,??- xa'1(l - x)*-1, a > 09 b > 09 0 < x < 1. (1.5) 

Finally3 a continuous r.v. X will be said to have the beta distribution of 
the second kind with parameters as b [beta II (a, b)] .if Its p.d.f. Is given by 

h(x) = ̂ ^ ± 7 ^ - xaMl(l + x)'(a + b \ a9 2? > 0, x > 0. (1.6) 
l (a)l (&; 

2. THE BETA-GEOMETRIC DISTRIBUTION OF ORDER k 

As implied by its name, the beta-geometric (Yule) distribution defined by 
(1.1) is obtained as a mixture on p of the geometric distribution when p Is a 
beta r.v. In fact, that was the theoretical model on which Yule [32] derived 
this distribution. In particular, if 9 denotes the mixing with respect to a 
parameter 9 and ~ denotes equivalence, then 

beta-geometric (c) ~ geometric (p) - beta I (<?, 1). 

Since the geometric distribution arises as an exponential mixture of the 
Polsson distributions this model Is equivalent to 

beta-geometric (a) ~ Poisson (X) ̂  exponential {Ilb) g- beta II (1, o). 

The structure of the latter model reveals the possibility of extending the 
beta-geometric distribution by replacing the Polsson distribution by a gener-
alized Poisson distribution. 

Consider a r.v. X which, conditional on some other r.v. X (X > 0), has a 
generalized Poisson distribution. Then its p,g,fa is of the form 

Gxlx(s) = exp{)x(g(s) - 1) } 

where g(s) is a valid peg0fos or, equivalently (see Feller [3], p. 291) of the 
form 

/ k . \ 
Gxn (s) = exp{ E M * * - 1)K (2.1) 

«i k 
Xi = Xg(iH0)/ii, k e i ^ U {+«>}, 2J ^i < +c 

< 1 
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Assume that k < +°° and that X^ = Xj9 i i J, i9 j = 1» 2, . .., fc, i.e., that 
g(s) is the p.g.f. of the discrete uniform distribution on {l, 2, . .., k}* Then 
Gx\x(s) is the p.g.f. of the Poisson distribution with parameter X/k gener-
alized by the uniform distribution on {1,2, ..., k}, i.e., 

Gx\x <*> exp{!£OJ f - 1)}. (2.2) 

The probability distribution defined by (2.2) is known in the literature as the 
Poisson distribution of order k (Philippou et dl. [17]). Thus, we have shown 
that the Poisson distribution of order k with parameter X can be viewed as the 
distribution of I1 + I2 + ••• + XN9 where N is a Poisson (Xk) r.v. and X19 X29 
... are independent r.v.fs that are distributed on {1, 2 s ...» k} uniformly 
and independently of N. 

Suppose now that A has an exponential distribution whose parameter is it-
self a r.v. having a beta II (1, o) distribution, i.e., the p.d.f. of X is of 
the form 

f(X) = I - e~(1/^x (1 + m)-<c + 1)dm. Jo m 

Then the u n c o n d i t i o n a l d i s t r i b u t i o n of X has p . g . f . 

Gx(s) = of f m^il + m)~(o + 1)expLx(~ + k - £ sty dm dX 

of (1 + m)<c + 1)(l + m Ik - J2 sA) dm9 

G
x(^ = 7"TT 2Fi(x» !; * + 2; £ e * - fc + l). (2.3) 

For k = 1, (2.3) reduces to 

£j<» = ~Ti a^it1' 1; c + 2; s) 

which is the p.g.f. of the beta-geometric distribution. Hence, (2.3) is a gen-
eralized form of the beta-geometric distribution. In the sequel, we will refer 
to this distribution as the beta-geometric distribution of order k with param-
eter o. 

The first two factorial moments of the beta-geometric distribution of order 
k can be obtained using (2.3); thus, 

W> = F T T T T T ^ ( 2 > 2; e + 3; \)£i 

= g 1 ( g + 2 ) (2) fe(fe + 1) = k(k + 1) 
(c + 1 ) (a + 2) (c - 1) ( 2 ) 2 2 (c - 1) ; 

E(X(X- 1)) - ^ T - ( c +
4

2 ) ( 2 ) ^ ( 3 » ^a + ^ l ) { ^ 

(2.4) 

T T (C j 2) ^ ( 2 s 2; C + 3; X ) . ? i ( i " X) 

fe2(fe + l ) 2 fe(fe + l)(fe - 1) 
(a - l ) ( e - 2) + 3(e - 1) 

i - 2 
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Hence, the variance is 

irm = k2(k + 1) V k(k2 - l)(3fe + 2) 
* w 4(c - l)2(c - 2) + 36(c - 1) • U ^ ; 

Note that both the mean and the variance of the beta-geometric distribu-
tion are greater than or equal to the corresponding mean and variance of the 
ordinary beta-geometric distribution and do not exist when c ^ 1 and c ^ 2S 

respectively. 
Because of their simplicity, relationships (2.4) and (2.5) can be of great 

practical value as far as moment estimation of the parameter o is concerned, 
especially because of the complexity of the maximum likelihood method for gen-
eralized hypergeometric-type distributions. Thus, based on a random sample of 
size ns the moment estimator of o is 

c - * < * + l) + 1 (2.6) 
2X 

with variance 

7 ( c ) " n(a - 2) + 9nk(k + 1) ' (2-?) 

where X is the sample mean. 
Now, we shall show that if I" is a r.v. having the beta-geometric distribu-

tion of order k with parameter o > 0, its p.f. is given by 

^ = *> = ̂ E ( 1
 £!*°  E 7^-T) ^ ^ (2.8) 

£=0 *" Zia:*-* y° + i^(Za:i + £+l) * 

II X-! 
# = 0 , l s 2 , . . . . 

From ( 2 . 3 ) 5 we have t h a t 
k 

ffy(s) ITT 2^1 d> 1; e + 2; £ si + 1 - A:), 

^ r»l / k V 

* v c + i r r 0 ( ^ + 2)(p) \ i - i / 1 n .Q^i (i - tfOs 
( p S ) 2 — / ^ ^ %~1 y WV y ( * \ 

a + 1 S?0(c + 2)(P) 4 + ^ . j . V r j , r 2 , . . . . rk, I) 
„ r ( (Er , + « ! ) 2 ( 1 - k)lsIir< 

S e t t i n g J 

k 
r. = # . , £ = 1 , 2 , . . . , 7<9 and r + E ( i - 1 ) ^ = x9 v % i = l 

we o b t a i n 
k \ \ 2 

(U *' + l)')' 
(p + 2 ) ( E E + 4 ) n xdi 

3 3 ' 1 
from which (2.8) follows. 
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.3- THE BETA-NEGATIVE BINOMIAL DISTRIBUTION OF ORDER k 

The beta-negative binomial distribution (or generalized Waring distribution) 
was considered by Irwin [9] in the context of problems in accident analysis. 
It was obtained from the theoretical mode] 

beta-negative binomial (a, b; c) ~ negative binomial (£>, p)g beta I (c* a) 

which is equivalent to 

beta-negative binomial (as b; a) ~ Poisson (A) ? gamma f—s b)^ beta II (a» o) 

Thens an extension of the beta-negative binomial distribution can be de-
fined by a slight modification of the latter mechanism., 

Let J be a r.v. such thats conditional on another nonnegative r.v., A has a 
Poisson distribution of order k with parameter A and p.g.f. given by (2.3). 
Assume now that A has a gamma distribution whose scale parameter is a beta II 
(a, o) r8v.s i se M assume that A has a p.d.f. of the form 

f(\) = r(q +_g) . Xb-1 ma-b-i(l , ,<a + c) -\/m fa 
J W T(a)T(b)T(a) A J0

 m u + m) e m° 

Then the final resulting distribution of X will have p.g.f. 

exp|-A ( i + k - £ stydX dm 

r( 
i . e . , 

^(S) = (a C+%(b) ^ ( a ' b; a + b + a'\t1
8i ~ k + X ) - (3>1) 

The above r e l a t i o n s h i p r e d u c e s , for k = 1, to 
°{b) 

Gr(s) =
 („ . „ \ — z

Fi(a> £* a + & + p ; s ) , 

i.e.s it coincides with the p.g.f. of the usual beta-negative binomial distri-
bution. Thus (3*1) defines a more general form of beta-negative binomial dis-
tribution in the framework of distributions of order k« We will refer to this 
distribution as the beta-negative binomial distribution of order k with param-
eters a5 bs and c; a5 b9 o > 0. 

The mean of this distribution can be obtained from (3.1) by differentiation 
at s = 1. 

Hb) a I" D + c i-i 

ab _ (b+ i 
(a + c)(b) a + b + c (c - 1)^) 

g(fr) o2> (a + °\b+\) k(k + 1) 

i.e., 

^ ( J ) " Uc - 1) • ^3'2> 
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The second f a c t o r i a l moment i s 

y [ 2 ] = E(X(X - 1)) 

°(b) a(2)^(2) ~(b) ^(2)~(2) / ^ ( K \ 2 

+ (a + e ) ( f c ) a + fc + C 2*1 ( « + L & + l ; . a + Z > + C + l ; l)£Ui - 1), 
i . e . 9 

i, = ah^a + D ^ + W & + !) , ccbUk2 - 1) 
Mt2] 4 ( e _ i)(0 _ 2 ) 3 (e - 1) • ^ J o J ; 

Hence9 we have9 for the variance, 

vfv\ - k ^ k + l ) 2 ^ ( g + g - l ) ( g + fc - 1) _,_ afefe(fe2 - l)(3fe + 2) , Q , , 
V{X) ~ 4 ( s - l ) 2 ( t f - 2) + 36(a - 1) * ( 3 e 4 ) 

Because application of the distribution will require estimation of three 
parameters (a, bs and <?)9 we also provide the third factorial moment. 

_ , g(g + l)(g + 2)Z^(^ + l)(fc + 2)k3 (k + I ) 3 

y[3] = E(X(X - 1)(X - 2)) - -s(o __ 1)(c _ 2)(e __ 3 ) 

g(g + !)£(£ + l)k2(fr2 - l)(/c + 1) 
2(e - 1)(<? - 2) 

. gftk(fr2 - l)(fe - 2) 
4(c - 1) 8 ^Jo3; 

Equations (3.2), (393)s and (3.5) can be used to develop estimators of the 
parameters g9 bs and c if a moment method of estimation is to be considered. 

Note that for k = 1 we obtain from equations (3.2)-(3.5) the corresponding 
moments of the usual beta-negative binomial distribution. Inspection of these 
formulas shows that y^j is expressed in terms of the first i factorial moments 
of the beta-negative binomial distributions i = 1 9 2 9 3. Hence y^j exists only 
If c > t, i = 15 2? 3. 

Let us now consider a nonnegative9 integer-valued r.v. X whose probability 
distribution is the beta^-negative binomial distribution of order k. We will 
show that the p.f. of X is given by 

P ( I ^ ) = 7 ^ E ^ E — ^ ^ ^ ^ . (3.6) 
(a + b + c) ( Z x . + £) H/^ 

j -1 

c(£) 

x = Q9 1, 29 

Setting c* - 7 • , x"\ - we have, from (3.1)9 

£x(s) - 0 * 2 ^ ^ , 2?; g + b + o; £ e* + 1 - /A 

a(r)b(r) Qc ** +1 - *y 
^0 (g + b + <?)(r) 
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a(r)hr) / r \ /-I 
° p^o(a + b + c)(r) t + ^ - r U» *V • ••> *V 

r a, 
= «*£ E E • 

r =0 £ = 0 Zvt = p - £ & 
(a + £ + )̂(Er, + £)̂ f Ilr-! 

J - l 
k 

Let x^ = p^ 9 £ = 1 9 2 9 . . . , fc9 and a? - p + ]T (£ - l ) r^ . Then t h e p . g . f . of J 
becomes ^ = 1 

GX(*) = <?*£ ^ E — T T " — E • —— 
(a + b + a)(lx. + i) n Xjl 

3 -1 

which leads to (3.6). 
It is interesting to observe that the beta-geometric distribution of order 

k defined in Section 2 and the beta-negative binomial distribution of order k 
defined in Section 3 are related in the same manner in which the ordinary beta-
geometric and beta-negative binomial distributions are related. In particulars 
the beta-geometric distribution of order k can be thought of as a special case 
of the beta-negative binomial distribution of order k for a - b = 1. 

4. SOME LIMITING GASES OF THE BETA-NE-GATJVE 

BINOMIAL DISTRIBUTION OF ORDER k 

It is known (see Irwin [8]) that the beta-negative binomial distribution 
can take a negative binomial or a Poisson form for certain limiting values of 
its parameters. So9 naturally one would inquire whether its generalization as 
defined in Section 3S i.e., the beta-negative binomial distribution of order k 
tends to a negative binomial or Poisson type of distribution of the same order. 
It can be shown that, indeed, this is the case. 

The Poisson distribution of order k and the gamma-compound Poisson distri-
bution of order k ••are obtained as limiting cases of the beta-negative binomial 
distribution of order k as indicated by the following theorems. 

Tiheorem 4.1: Let J be a nonnegative, integer-valued r.v. whose probability 
distribution is the beta-negative binomial of order k with parameters a$ b3 o* 
Then 

11-̂ (8) -exp^f^jS*-*)}. (4.1) 
where lim stands for limit as a •> +<»9 b •> +° °, c -> +°°  so that abI(a + o) < + °°  

H 
and a/(a + e) -* 0. 

The result of this theorem was not unexpected since^by its derivation^ the 
beta-negative binomial distribution of order, k can be regarded as a beta mix-
ture of the gamma-compound Poisson distribution of order k (studied by Philip-
pou [14]) with p.gof. 

G(s) = 11 + m(k - eE s*)) ' , m > 09 b > 0S (4.2) 
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which converges to a Poisson distribution of order k as demonstrated by the 
following theorem* 

Theorem 4.2: Let X be a r.v. having the gamma-compound Poisson distribution of 
order k with p.g.f. G(s) given by (4*2). Then, 

G(s) + exvbrib £.(8* - 1)1 (4.3) 

as m -> 09 b -*• +00 so that mb < + °°. 

Theorem 4.3: Let X be defined as in Theorem 4*1* Then* 

lip Gx{8) = (l + §(/c -£«*))"* . (4-4) 

where lim stands for limit as a -> +°°  and <? -*- +°°  so that a/(a + c) < + °o. 

Note that9 for fe = 1, relationships (4*1) and (4*4) yield the Poisson and 
negative binomial limit of the ordinary beta-geometric distributions respec-
tively s while (4.3) yields the Poisson limit of the ordinary negative binomial 
distribution. 
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