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1. INTRODUCTION

Following our description [6] of the properties of the ordinary generating
functions of Pell polynomials P, (x) and Pell-Lucas polynomials @,(x) [3], we
offer here a compact exposition of similar properties of the exponential gene-
rating functions of these polynomials.

Earlier authors have written about the exponential generating functions of
the Fibonacci numbers [2] and of generalized Fibonacci numbers [7].

Details of the main properties of the Pell-type polynomials may be found
in [3] and [4], and will be assumed, where necessary. For visual simplicity,
we will abbreviate the functional notation thus: P, (x) = B,, Qn(x) =4,

Binet forms of P, and @, are

P, = (" - 8"/ - B) (1.1)
and
Qn - OLn + B?’l’ (1.2)
where
o =x + Va2 + 1
(1.3)
B=ao - V2 +1
(so o+ B =22, aB = -1, a - B = 2Vx2 + 1)
are the roots of
A% - 2zA - 1 = 0. (1.4)
Some symbolism we shall employ include:
V=o(1l-2xz-2%)"Y (=A in [6] with y replaced by z) (1.5)
Vemy = (1 = @uz + (-1)7"2%)7%, d.e., V) =V (1.6)
V' = (1 + 2xz - 22)°', i.e., replace z by -z in (1.5) (1.7)
v = A® in [6] with y replaced by =z (1.8)
2x 1
P = []_ 0] (1.9)
P” n+1 Pn (1 10)
Pn Pn-—l

Usage of the matrix P (1.9) is to be found, for example, in [3], [4], [5],
and [6]. 1Inevitably, some of the simpler results for Pell-type polynomials in
the ensuing pages may have been obtained by other methods in our papers listed
as references.
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2. BASIC MATERIAL
Write

oy _ o8y = By”

P s s 0 _ e e _
d R a-B rz% r!
an . er:(’
Qx, y, 0) = e% + P¥ =5 —
r=0 r:

Both (2.1) and

(2.2) satisfy

3%¢ 3t _
352 - 22 5y -t =0.
From (2.1)
k o P yr
Pa, yo K) = g Py, 0) = 30 2k
oy i r!
whence
Plx, y» n + 1) = 2xP(x, y, n) - P(x, y, n — 1) = 0.
Also 0
B 5k 2 LS
Q(xs y; k) - ayk Q(xs js O) _r,go P! s
whence

& (x,
Formulas (2.5) and (2.

Ys VZ+1) "ZJEQ(-’):, Ys n) _Q(x’ Ys n — 1) = 0.

7) suggest the matrix

- [Pz, v, )]

LP(x, y> 0)_|

(Q(z, 1) |

representations:

[Pz, y, n)
_P(IL', ys n - l)_
ICICE Y, 1) B
| Q(xs y, n - 1) |
Pz, y, n) = [1
Qx, y, n) = [1

Pn—l

]

O]Pn-l

O]Pn -1

| @ (x,
—P(x,
L P(x,

[Q(x,

L Q(x,

ys 0) ]
ys 1)
ys 0)J
y, 1) ]

Yy, 0)_|

3. PROPERTIES OF EXPONENTIAL GENERATING FUNCTIONS

First, from (2.4) and (2.1) or by matrices,

Px, y, n + 1) + P(x, y, n - 1) =

while, similarly,

19871

2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

OCrz+1eoty _ Bn+leBy +0Ln—1eay _ Bn—leﬁy

o-8

e + preby

Qs ys n) by (2.6)

(3.1)

195



EXPONENTIAL GENERATING FUNCTIONS FOR PELL POLYNOMIALS

Qs ys n+ 1) + Qx, y, n - 1) = 4(x? + 1)P(z, y, n). (3.2)
Generalizations, with variations, of (3.1) and (3.2) are:

Pz, y, n +r) + (-1)"P(z, y, n - r) = Q.Px, y, n) (3.3)

Pz, y, n+r) - (-1)"P(z, y, n - r) = P,Qx, y, n) (3.4)
Qs y, n+r) + (-D7Qx, y> n - r) = Q.Q, y, n) (3.5)
Qx, y, n+1r) - (-1)"Q=, y, n - r) = 4(x*> + )P, P(x, y, n) (3.6)

An elementary property is, by (2.1), (2.6), and (2.4),

P(x, Ys n)a(x, Ys n) = P(x, Zy’ 2”)/2n- (3.7)
Combining (3.3) and (3.4) with (3.7), we arrive at:
P2(z, y, n + 1) = P>(x, y, n - r) = p, P(x, 2y, 2n) /2" (3.8)

Q*(xs Yy, n+1r) - Q*(x, y> n - r) = 4(x? + )P, P(x, 2y, 2n)/2" (3.9)

For variety, we use matrices to demonstrate the Simson formula (3.10) for
P(x, y, n). Details are:

P(x, y, n + 1)P(z, y, n = 1) = P*(x, y, n) (3.10)

Plx, y, n + 1) P(x, y, n)

P(x, y, n) P, y, n - 1)

P(x, y, 1) P(x, y, 1)
- |pn pr-t by (2.8)
P(x, y, 0) P(x, ys 0)

P(x, ys 2) Plx, y, 1)

-nr-t by (2.8) [|P" 7| = (-)""*]

P(x, y, 1) P(x, y, 0)

-1)""H{(a%e® - B2ePY) (e - BY) - (ae®¥ - ReP¥)?}/(a - B)® by (2.1)
and (2.4)
= (D" H-(a? + g% - 20B)e@ P} /(0 - B)?

= (-1)"e®™ by (1.3)

Likewise,
Qx, y> n + 1)Qx, y, n - 1) = @*(x, y, n)
= ()" Y4 (x? + 1)e? . (3.11)

The clear similarity of the results in this section with the corresponding
formulas for P, and @, is noticeable.

Obviously, the number of relationships involving exponential generating
functions themselves alone is extensive. Three such are, for example:

P(x, y, m)P(x, y, » + 1) + P(x, y, n - )P(x, y, r)

= P(x, 2y, n + r)/2"*7; (3.12)
Qxs y> M, y, r + 1) + @x, y, n - 1)Q(x, y, r)
= 4(x2 + DP(x, 2y, n + r)/2""7; (3.13)

and
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P, y, n)Qx, y, r + 1) + P(x, y, n - 1)Q(x, y, r)

=Q(x, 2y, n + r)/2"*". (3.14)
Put » =n - 1 in (3.12) and (3.13) to get, in succession,
P*(x, y, n) + P*(x, y, n - 1) = P(x, 2y, 2n- 1)/22""1 (3.15)
and
Q* (@, y» n) + Q*(x, y, n = 1) = 4(x® + D)P(z, 2y, 2n-1)/22""1. (3.16)
Finally,
Px, y» Mm@, y, n) + P(x, y, n)d{x, y, m)
= P(x, 2y, m + n) /2"t (3.17)
and

Q(x, Y m)@(x, Ys n) + 4($2 + 1)P(x, Ys m)P(x, Ys n)
= Q(z, 2y, m +n)/2"t"1 (3.18)
Reverting now to the formulas relating exponential generating functions to

Pell polynomials, we may establish, either by means of the definitions or by
the matrix representations, the following:

P(x, y» n + r) = P,P(x, Yy, n + 1) + P, _;P(x, y, n) (3.19)
Qxs ys n+r) =PQx, y, n + 1) + P, _,Q(x, y, n)
= Q. Pz, ys n+ 1) +@,_P(x, y, n) (3.20)
4(x® + DP(@, y» n+7) = Q.Q@, y» n+ 1) +Q,_,@s y, n) (3.21)
Special cases of interest occur when r = n in (3.19)-(3.21).
Also,
P(x, y, n +r) = %{P,Q(x, y, n) + @.P(xz, ¥y, n)}, (3.22)
Qxs y, n + r) =%{4@® + )P, P(x, y, n) + @9, y> n)}, (3.23)
P(x, y> n + r)P(x, y, n - r) - P2(x, y, n)
- (_1)n-r+1pr282xy s (3.24)

Qs ys n + )Qx, y, n = 7) - @ (x, y, n)
= (-1)* T4 (x? + 1)B2e2w . (3.25)

Results (3.24) and (3.25) are the generalized Simson formulas.
Lastly, in this section,

P(xz, y, n)P{x, y, n +r + 1) - P(x, y, n = s)P(x, y, n+r + s + 1)

- 2
d - (—1)" SE;+s+1E;e o, (3.26)
anu
Qx, Yy n)Qx, y, n+r + 1) - Qx, y, n - 8)Q(x, ys n+r +s + 1)
= (-)""°** 4 @® + DB, P e*™. (3.27)
L. SERIES INVOLVING EXPONENTIAL GENERATING FUNCTIONS
Rearranging (2.5) and (2.7), and adding, we find
n
ZP(-'X:; Ys r) = {P(.’L‘, Ys n + 1) + P(x, Ys n)
o - P, y, 1) - P(@, y» O}/2c  (4.1)
and
n
Q(xs Ys 2”) = {Q(x’ Ys n + 1) + Q(x, Y n)
r=1

- Qs ys 1) - Qlx, y> 0)}/22z.  (4.2)
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Binet forms give us the difference equations,

Plx, y, m(r + 1) + k) - §,P(x, y, mr + k)

+ (-D)"Px, y, m(r = 1) + k) =0 (4.3)
and
Qs y, m(x + 1) + k) - 9 0(x, y, mr + k)
/
+ (-D"Q(xs y, m(r - 1) + k) = 0. (4.4
Using (4.3) and (4.4), we may derive
> Pz, y, mr + k) (4.5)
r=1
_ P, y, mn+ 1) +k) ~P(x, y, m + k) - (-D"{Px, y, mn + k) - P(x, y, k)}
9, - 1L - (-Dm
and
2 Qxs y, mr + k) (4.6)
r=1
4@, Yo mnt D) +K) -9, y, m+ k) - (D@, y, m + k) - @x, y, k)}
g, - 1- (- :
Next, (2.8) and (3.19) used in conjunction with the matrix property
P? = 22P + T
yield
Plx, ¥y, 1) Pz, y, 1)
p2r = (2zP + )" . (4.7)
Pz, y, 0) P(x, y, 0)
Equating corresponding elements, we obtain
P(x, y, 27) = 3. (Z)(Zx)TP(x, ¥, ) (4.8)
and neo
P(x 2n + 1) = jﬁ "V2z) Pz r+ 1) (4.9)
] y’ I”:O(r)\ s y’ . .
Similarly,
[ " ,
Qs y» 20) = 3 (1))@, ¥, v) (4.10)
and =0
Az, y, 2n + 1) =1;§%(Z)(2x)PQ(x, y, » + 1). (4.11)

Extensions of (4.10) and (4.11) to P(x, y, 2n + J) and Q(x, y, 2n + J)
readily follow.

Now let us consider a variation of the type of sequence being summed.

Applying the Simson formula (3.10), simplifying, and summing, we derive

éi (-nr-? 1 { PGz, y, n) P, y, 0)}
P(x, y, r)P(x, y, r + 1) B e?% \P(x, y, n + 1) Plx, y> 1)J°

(4.12)

r=1
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Similarly,

3 -1)"
s @@ ys rQxs Yy, r + 1)
1 { Az, ¥y, n)  Qx, y, 0)} 1 ..

e Qs y, n+ 1) Qs ys 1)f 422 + 1)

5. ORDINARY GENERATING FUNCTIONS OF EXPONENTIAL GENERATING FUNCTIONS

Summing and using (2.5),

13)

Y. P(xs y» r)z? = (P(x, y> 0) + P(x, y, -1)z)V (5.1)
r=0
where P(x, y, -1) is the primitive function of P(x, y, 0) w.r.t. y.
Similarly,
Qxs Yy, rIzT = (Qx, y, 0) + @z, y, -1)z)V, (5.2)
r=0
Z (—l) P(x, Ys )_”)Zr = (P(xs Ys O) - P(xy Ys ‘I)Z)V', (5'3)
and 70
> D7, y, r)z” = (@, ¥y, 0) - Qx, y, -1)2)V'. (5.4)
r=0
More generally,
P(x, Y, mr + k)z? = {P(x, Ys k) - (“l)mp(xs Ys —-m + k)Z}V(m), (5.5)
and n=0
2@, y, me + k)z? = {Qx, y. k) - (-1)"Qx, ys -m + k)21, (5.6)
r=0
Induction gives
n o n+1
2y @, y. mer = 2 (" T e, g, n - marpvr (5.7)
aznr=0 r=0 r
and n+1
3" & oo 1 n+1 _ Plon+l
azngg%Q(“’ Ys P)3 n! ré%)( » )Q(x, ys n — r)zTpV (5.8)
with extensions when » is replaced by » + m.
Equating coefficients of z¥ in (5.7) and (5.8) yields, in turn,
Pz, y» n + 1) = ”}fl(” " e, yn YN /(”* "y (5.9)
N ’ = i r+l-1< P
and i
n
= n+1 . (n) n+r
Qs Yy, n + r) -.{i=o( i )Q(m, Y, n - t)E;+1_i}v/( » ), (5.10)
since
o (1)
Vn+1 =tgopt:[_12ts
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where {Pg”}, =1, 2, 3, ... is the ntt convolution sequence for Pell polyno-
mials [4].
Now, by (2.1) and (2.4), we can demonstrate that
P’ (x, y, v + 1) = @,P*(x, y» ) + P?(x, y» » - 1) = 2(-1)"e?% . (5.11)

Using this as a difference equation, we obtain

n
S PP, ys ) = [PP(xs ys n + 1) = P2y ys 1) (5.12)

r=1

- {P?(x, y> n) = PP(x, y> 0D} + 2(1= (-1)")e?™ 1/4x?

and
Y P%(x, y, r)ar = [P*(x, y, 0) + 2{P?(x, y, 0) - P>(z, y, -1)} (5.13)
r=0
- P2(x, y, -1)a% + 2222 17D/ (1 + )
by (1.8).
Furthermore,
P’ (x, y, n + 3) = (4x® + DP*(z, y, n + 2) (5.14)
- (4x?® + DP*(x, y, n + 1) + P’(x, y, n) = 0,
L P r m m
S kY (gket - gk e /(- B), (5.15)
and =0
w P2yr
rY a? B2 - 2
> o = @Y ety - 207y /(o - B)7. (5.16)
r=0 :

6. FURTHER APPLICATIONS OF EXPONENTIAL GENERATING FUNCTIONS

Techniques employed for Fibonacci numbers in [1] are now cultivated for
Pell polynomials.
To illustrate the method, we show that

P,, =P)?O(Z)(2x)fpp. (6.1)
Consider
A= {(e¥™ - 28 Yo}/ (a - B) (6.2)
= [pLoz+ Dy _ eQBx+1W}/(a - B)
= (%Y - eP¥)/(a - B) by (1.3)
=§0 le”!yn by (1.1).

o (22)"B y" o yn
A = Z—n!— Z—! by (6.2) and (1.1) (6.3)
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By equating the coefficients of y» in (6.2) and (6.3), we get

P n (2.’1,‘)1 P‘L

2n
n! _iE% 2l (n - 1)!°

which is equivalent to (6.1).
Observe that (6.2) and (6.3) lead to

374 ii Pt ont” 5 {"4qj(n ’ l)P(Zx)ifzyn}
n=0 n!

T Zls mrr - )l

where (n), is the rising factorial.
Hence,

n+r

n+r 3
Pz(n+r) =i=zo ( 7z >(2x)7'13i >

which is an extension of (6.4).
Turning our attention to

B = (e% - e¥)e 2 /(0 - B),
we obtain, in a similar manner,
n .
(-1)**1p, =i§o(2)(—2x)n_LPi'
Likewise, from
C= (e - e¥ye ¥/ - B),

we derive

(2z)"P, = ZY: (7)vrie,,.
=0
Next, consider
D= (%% - V)Y + ef¥)/(a - B)
= (2" - 2"y /(0 - B)
n n
= i ~2—-P;"";—y by (1.1).

BN

=0

So

If we investigate
E= (%% - &P (e - By /(a - B)?,

we are led by the above process, eventually, to

19871

e Prrmyn had anyn had n PmiQm(n—i)
D=E{ nl }{Z n }= ZO{Z i - (Y

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)
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2"q,, - 2Q" = 4(x® + 1)2( )Prme P vy (6.14)
Similarly,
n
2Q,, +2Q" = ; ( ) Qprn 7y - (6.15)
Suppose now that
F={" - ¢¥"%)e¥%} /(0 - B) (6.16)
= {e@"+Dy _ BT DY}/ (o - )
- {e(a4m+a2m82m)y _ e(Bkm_)_OLZmBZm)y}/(OL _ 8)
- {ea2m(a2m+62m)y eezm(aZm_’_BZ”l)y}/(a _ B)
kil QZmyn
= Z—————— by (1.1) and (1.2).
But, also,
0 P yn e n
F=qY Y 4L by (6.16) and (1.1) (6.17)
n=0 [ n=0n‘
© P .
R P
Aol Totttn = D)1 :
Consequently,
P, Qr = i "\p (6.18)
2mn ¥om (7,) ymi * .

=0

Differentiating » times partially w.r.t. y the two expressions (6.16) and

(6.17) for F, as we did earlier for A [cf.

(6.18), namely,

(6.5)], we obtain the extension of

wip
n+r n + r
P2m(n+r) Qom = 2_: ( ) wmi * (6.19)
Finally, consider
G = (e*v - ef"¥)/(a - B) (6.20)
= {e@B Py L PRt EOYL (o - )
= {er—ly(eaRwy _ QBPmy)}/<a - B)
w P7 Yy ( = P Py"
m-1 n-m
_{Eo - }{Eo = } by (1.1)
© n Pmi—ipn—ipr:-i
=,§0 EG in - (Y
- Also,
w P n
mn
G =3 o by (6.20) and (1.1) (6.21)
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Then
P _ 7 M\pi p  pr-i. n 7\ pr- ;
mo= 2 (GBabm s X (DRTRE, (6.22)
7= iz
whence
BPG_iM_i nep (o D BRI 6
Ao nl g lise e -t (Y (6.23)
and
nET 4oy o
Prn(n+lr’) = _0( 7 >P;Pr: 1 ZP (6.24)

The presentation in this article of the properties of the exponential gen-
erating functions of Pell and Pell-Lucas polynomials suffices to give us some-
thing of their mathematical flavor.

Important special cases of the Pell polynomials and Pell-Lucas polynomials
are noted in [3] and may, for variety and visual convenience, be tabulated as:

P, 9,
x =1 Pell numbers Pell-Lucas numbers
x =% Fibonacci numbers Lucas numbers

x - Yx | Fibonacci polynomials | Lucas polynomials

Results given in this paper for exponential generating functions, and in
[6] for ordinary generating functions, of P, and @, may clearly be specialized
to corresponding results for the tabulated mathematical entities.
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