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1. INTRODUCTION

The Fibonacci numbers F, are defined as Fy = 0, F; = 1 with the successive

numbers given by the recurrence relation F, , = F + F,.

n+1
Horadam[6] extended these numbers to the complex number field by defining
them as F¥ = F, + iF, .
Taking a different approach, Berzsenyi [2] defined the set of complex num-
bers at the Gaussian integers and called them the Gaussian Fibonacci Numbers.
He defined them as follows: Let n € Z and m be a nonnegative integer. Then, the
Gaussian Fibonacci numbers F(n, m) are defined as
m

F(n, m =;§§(Z)ikfk-k’

where E} are the (real) Fibonacci numbers defined above. He proved that
F(n, m) =Fn -1, m) + Fln -2, m), n= 2.

This relation implies that any adjacent triplets on the horizontal line
possess a Fibonacci-type recurrence relation. In a paper in 1981, Harman (see
[4]) elaborated Berzsenyi's idea and defined another set of complex numbers by
directly using the Fibonacci recurrence relation. He defined them as follows:

Let (n, m) =n + im, where n, m € Z. The complex Fibonacci numbers denoted

by G(n, m) are those which satisfy

G(0, 0) =0, G(O, 1) =1, G(1, 0) =%, G(1, 1) =1+ 2,
and

Gn+ 2, m
Gn, m+ 2)

Gn+ 1, m) + Gn, m),
Gn, m+ 1) + Gn, m).

The initial values and the recurrence relations are sufficient to specify
uniquely the value of G(n, m) for each (n, m) in the plane. It is easy to
see that
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G(n, 0) = F, and G(0, m) = IF, .
The advantage of Harman's definition over Berzsenyi's is threefold:

1. While in Berzsenyi's definition, any adjacent horizontal triplets in
the plane satisfy the Fibonacci recurrence relation, in Harman's defi-
nition, any adjacent horizontal and vertical triplets do the same.

2. Horadam's complex Fibonacci numbers E? come as a special case for Har-
man's. Indeed, F: = G(1, m).

3. By obtaining a recurrence relation for G(»u, m) itself, Harman was able

to prove some new summation identities for {F,}.

Pethe, in collaboration with Horadam, extended Harman's idea to define Gen-
eralized Gaussian Fibonacci Numbers [10]. They again denoted these numbers by
G(n, m) and defined them at the Gaussian integers (#, m) as follows: Let p;, P,

be two fixed nonzero real numbers. Define
G0, 0) =0, G(1, 0) =1, GO, 1) =1, G(1, 1) = p, + ipl,

with the conditions G(n + 2, m) = p,G(n + 1, m) - q,G(n, m), and G(n, m + 2) =
p,Gn, m+ 1) - q,Gn, m).

With the help of this extension of Harman's definition, the authors were
able to obtain a wealth of summation identities involving the combinations of
Fibonacci numbers and polynomials, Pell numbers and polynomials, and Chebyshev
polynomials of the second kind. Observe that these numbers and polynomials all
have the first two initial values as 0 and !. Consequently, it is natural to
ask, as in Remark 4 of [10], if a further extension that would include numbers
and polynomials whose first two initial values were other than O and 1 is pos-
sible. The positive answer to this question is precisely the object of this
paper.

Our main result is Theorem 6.1. With the help of a single equation, (6.1)
of this theorem, various summation identities involving the product terms of
Fermat's numbers, Fibonacci numbers and polynomials, Pell numbers and polyno-
mials, Lucas numbers and polynomials, and Chebyshev polynomials of the first
and second kinds are obtained. Besides these identities, (6.1) has the poten-
tial for obtaining many more by varying the values of m and #. The extension,
first thought to be straightforward, did not turn out to be so. It still had

to be formulated in terms of the Lucas fundamental sequence [9] whose first two

terms are 0 and 1.
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2. PRELIMINARIES

Let {U,} and {W,} denote the sequences defined as follows,

=

Up =0, Uy =1, Upyp = pPUpyr = qUys 0,
0,

n #
Wy =a, W by W,,o =PWypqy = qW,s n 2

1

where @, b, p, and ¢ are any real numbers, p, ¢ # 0. The sequence {U,} is the
fundamental sequence defined by Lucas and {W,} is the one defined and exten-
sively studied by Horadam (see [9], [7], and [8]). Lucas's primordial function
is the special case of {W,} with W, = 2 and ¥, = p. The relation between the
terms of {W,} and {U,} is given by

W, = bU, - aqU, _;. (2.1)

Let {V,} be the complex-valued variant of Horadam's sequence defined by

Vo =a, V; = 1b, with the recurrence relation Viwo =0V, 0y = gV,

As above, it is clear that

v, = ibU, - aqU (2.2)

n-1°

3. DEFINITION

Let (n, m), n, m € Z, denote the set of Gaussian integers (n, m) = n + im.

Further, let
G: (n, m) ~ ¢,
where ¢ is the set of complex numbers, be the function defined as follows.
For fixed real numbers p and g, define
G0, 0) = a, G(1, 0) = b, GO, 1) =ib, G(1, 1) = pb(1 + ©) (3.1)
with the following conditions:

Gn + 2, m) pG(n + 1, m) - gG(n, m), (3.2)

and

Gn, m+ 2) pG(n, m+ 1) ~ qG(n, m). (3.3)

Conditions (3.2) and (3.3) with the initial values (3.1) are sufficient to

obtain a unique value for every Gaussian integer.

22 [Feb.



GENERALIZED GAUSSIAN LUCAS PRIMORDIAL FUNCTIONS

4. EXPRESSION FOR G(n, m)

Lemma 4.1: We have
G(n, 0) = W,, GO, m) = V,. (4.1)
Proof: The proof is simple and, therefore, omitted here.

Remark: Observe that if ¢ = 0 and b = 1, the definition for G(n, m) reduces to
that of Pethe & Horadam's "Generalised Gaussian Fibonacci Numbers' [10], where
p, =p, =p and g, = q, = q. Further, if a =0, b =1, and p =1, g =1, this

definition reduces to Harman's '"'Complex Fibonacci Numbers' [4].
Theorem 4.2: G(n, m) is given by

G(n, m) = bU,U,,, + aq’U, _,U,

m=1

+ <bU, 1 U,. (4.2)

Proof: We use induction for the proof. Suppose (4.2) holds for all integers
0, 1, ..., n for the first number in the ordered pair (n, m) and for all inte-

gers 0, 1, ..., m for the second number. By (3.2), we have
Gn + 1, m) = pG(n, m) - qG(n - 1, m). (4.3)
Applying (4.2) to the right side of (4.3), we obtain

Gn + 1, m) = plbU,U,,, + aq’U,_,U,_, + ibU, U, ]

+1 n=1"m=1 n+l-m
- qlbU,_ U, + aq®U,_,U,_, + ibU,U,]

= b(pUn - qUn—l)UrrH—l + aqz(pUn_l - qUn—z)Um-l
+ 2b(pU, ., - qUDU,.

Therefore, by the recurrence relation of {U,}, we get

Gn+ 1, m) =bU,, U ., + aq’UU, _, + ibU, U (4.4)

n+l"m+1 n+2"m?*

The right side of (4.4) is exactly the right side of (4.2) with »n replaced

by » + 1. Similarly, we prove that

G(n, m+ 1) = bUU ., + aq’U, U, + ibU, U, .. (4.5)

By (4.4), (4.5), and the induction principle, (4.2) holds for all nonnegative

integers.

5. RECURRENCE RELATION FOR G(n, m)

Theorem 5.1: For fixed n and m, the recurrence relation for G(n, m) is given

by
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2% . .
G(n+ 2k+s, m+2k+s) = bp(1+i)jzzjl(—l)g(q)Zk'Jan+j+SUm+j+s (5.1)
2 2k J 2k -4 k
+ apq j;l(—l) (@ _JUn+j-2+sUm+j—1+s+q2 G(n+s, m+s),

where s = 0 or 1.

Proof: For the proof, we again use induction on k. TFirst we find the expres-

sions for G(n+ 2, m+2) and G(n+ 3, m+3). By (4.2), we have

Gn+2, m+2) = bU, Uy, 5 + aq’U, , U, + iU, U

+1"m+1 m+ 2

= bU,, ,(PUpyr = qUyy1) + aq®(pU, - qU, 1) (pU, - qU,_;)
+ ib(pUn+2 - qUn+1)Um+2

bp(]‘+7;)Un+2Um+2 - qun+ 2Um+1 - iqun+1Um+2
+ aq® (p?U, U, - pqU,U,_, - pqU, iUy + q°U, _1U, _;)

bo(A+ ) U, 4y Upyy = bGPV, 41 = qU Uy = 20qU, 4 (PUy sy = qUR)
+ aq*(p*U,U, - pqU,U,_y - pqU, Uy + q*U,_1U,_1)

b1+ %) (U, Uy = qU, 1 Unsy) + ap’q?U,U, - apq®U, .U,
- apq®U U, _, + q*(BU, Uy, + aq®U, _ U, _, + ibU,, U,)

]

bo(L+2) (Uyy Uy n = qUyy1Upiq) + apq* Uy (PUn~ qUy, -1)
- apq’V, Uy + q*G(n, m).

Using the recurrence relation for {U,} once again, we finally obtain

Gn+2, m+2) = bp(1+2) U,y 9Unso = QU4 1Ups1) (5.2)

n
+ a;goqz(UnUm+1 -qU,_1U.) +q%Gn, m,
which is the same as (5.1) when ¥ = 1 and s = 0.

Replacing #» and m by n + 1 and m + 1, respectively, in (5.2) we have

Gn+ 3, m+3) = bp(1+ %) (WUy43Unss = qQUysoUnss) (5.3)
+ apq? WUy i1Upsy = QU U, 1) + @°Gn+ 1, m+1).

Again, it is easily seen that (5.3) is exactly the same as (5.1) when k =1
and s = 1. Thus, (5.1) holds for the initial values Xk =1, s = 0, and k =1,
s = 1. Suppose next that (5.1) holds for, and up to, some positive integer k.
We will show, then, that it also holds for k + 1. First let s = 0. Now, al-
though # and m are assumed to be fixed in (5.2), it is clear that (5.2) is true
for any positive integers n and m. Therefore, we can write the expression for
Gn+ 2k + 2, m+ 2k + 2) by replacing » and m in (5.2) by = + 2k and m + 2k,

respectively. Thus, we have
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Gn+2k+2, m+2k+2) = bp(1+7) (U,

aqu(Un_,_zk Untok+1~ QUnyok ~1Unsoi) + q°G(n+ 2k, m+ 2Kk).

+2k+ 20n+okr2 ~ Uns ok 1Un+ 2k+1) (5.4)

+

Using (5.1) for s

0 in (5.4), we get

Gn+ 2k+ 2, m+ 2k+ 2) bp(1+ 1) (U,

2
aPq” WUy o Ut ok+1 = QU+ o1 -1Up s 22)

+ok+2Unsok+2 = QUnions1Unmsok+1)

-+

2k . .
+ qz{bp(l+i) 2 DI FE I,y U
Ji=1

2k . .

+apg® ¥ D@ Uy + @GO, m)}-
J=1

Combining the first four terms on the right with the corresponding terms in

the braces, we have

2k +2 . .
G(n+ 2k+ 2, m+2k+2) = bp(1+1) zl(-1)J(q)2’<+2‘JUn+ij+j (5.5)
=
2k+2

+ aqu ‘Zl (_l)j(q)2k+2—jUn+j—2Um+j—]_ + q2k+2G(7’L, m) .
i=

Identity (5.5) shows that (5.1) with s = 0 is true if k is replaced by k + 1.
Similarly, we can show that (5.5) with s = 1 also holds if k is replaced by
k + 1. Induction on k then shows that (5.1) holds for all k when k is a posi-

tive integer.

6. IDENTITY FOR THE SEQUENCE {Wn}

Equation (5.1) enables us to prove an important identity involving the

product terms of the sequences {W,} and {U,}. We prove

Theorem 6.1:
W U N odd
N . N-j n+N+1 m+N° ’
PIRACDEARIC) Wot jUnsj = Q"W + (6.1)
Jj=1 -, U N even.

n+N-"m+N+1°

Proof: Equating the real and imaginary parts of (5.1), we get

2k 2k . .
. o K -
bp Z (-1)° (@ * JUn+j+sUm+j+s + apq2 -Zl(_l)J(q)z JUn+j—2+sUm+.7'—1+s (6-2)
i=1 J=
_ 2
= DU, s Unronrrvs T 9 Vtop c1vsUniok 146

2k 2
-9 (bUn+sUm+1+s + aq Un-1+sUm—1+s)
and

2Kk
i 2k -4 _ 2k (6.3)
bpj§1(_1)g(q) JU"+J'+SU"1+J'+S - bUn+2k+1+sUm+2k+s -9 bUn+1+sUm+s'
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Note that if a = 0 and b

1, (6.2) and (6.3) reduce, respectively, to (5.1)
and (5.2) of [10], where p,

=p,=pandgq, =q, =q.
To convert identity (6.2) to the one containing the terms of the

sequence
{w,}, we proceed as follows.

The left-hand side of (6.2) equals

2k -1 .
P
P J'i;l (_1)J(q)2 J(bUn+j+s - aqUn+j—l+s)Um+j+s (6.4)
k
+ prrH— 2k+sUm+ 2k+s apqz +1U U

n-1l+s m+s*

Using (2.1) in (6.4), we see that the left-hand side of (6.2) equals
2k -1 s
D@

m+J+s
J

+ DPUps ok 45 Unsok+s = apq2k+lUn—1+sUm+s-

Therefore, equation (6.2), after rearranging terms, becomes
2k -1

J 2k -4
2 p(-D" (@ %+j+sUm+j+s
j=1
2
= bUn+2k+sUm+2k+1+s - prn+2k+sUm+2k+s + aq Un+2k-1+sUm+2k—1+s
k 2%+ 2 k
+ apq® +lUn—1+sUm+s - aq®™* Up-r46Un-1+s ~ bq® UpssUnsivs
2
= bUyysoxss Unsoks14s = PUnsok+s) + aQ°Upyop —146Unsok -1+
2k+ 1 2k
+ CZC[ * Un—1+s(pUm+s - qu-l+s) - bq g, U

n+s"m+l+s

2
= bV, 4 oirs CQUnyor 148 T 9Q U uop c146Unson -1+ T 49
- bg**u U

n+s m+l+s

2k+lU U

n-1+s"m+1l+s

~q(BUy s ok+s = AQUpiox -1+ 8)Untok-145 ~ q2k (BUy, s = aQUp-14+5)Unt1+s-

Therefore,
2k -1 o1 k-1
(_1)‘7 pq J Wn+j+SUm+j+s (6.5)
Jg=1
2k-1
= WypokreUnson-148 T 4 WywsUnt1+se

Putting s = 0 in (6.5), adding -pW,, U, ,,, to both sides of (6.5), and then
using the recurrence relation for {U,}, we get

2k

: k-g _ 2k
S DI g Iy Uy s = Wy Ungoker T QT W U (6.6)
Jg=1
Replacing 2k — 1 and 2k in, respectively (6.5) with s =

=0 and (6.6) by N, we
finally obtain (6.1).
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7. APPLICATION TO SOME SEQUENCES

/.1 Arithmetic Progression: Let p = 2 and g = 1. Taking Uy=0,0U, =1, and

Wog = a, W, = a+d, it is easily seen that {W,} becomes an arithmetic progres-
sion {4,} and {U,}, the sequence of nonnegative integers, where U, = n. Equa-

tion (6.1) reduces to

i _ (m+ M)A, pep N odd,
2(-1) (m + J)An+j = (m+ )4, + (7.1)

Jij
= -(m+ N + 1)An+1v’ N even.

J=1

7-2 Geometric Progression: Let p = gq+1, Wy = a, and W; = ag. Consequently,

the sequence {W,} becomes the geometric progression with common ratio g and
W,=aq", and the sequence {U,} with U, = 0 and U; = 1 has the ntP term U, given
b
7 n-1
U, = >, q, n=1, 2,
g=0

Let us denote the geometric sequence {W,} by {Gf)}. Equation (6.1) reduces to

(@)
N G U , NV odd,
i ~ i~(D @ n+N+1 m+N
(@ + 1) X (-1)I* "Dy o= q"6c 7y, + o (7.2)
J=1 -G U N even.

n+N m+N+1°

7.3 Fermat's Sequence: Let p =3, g =2, Wy =2, and W; = 3. Then {W,} is

Fermat's sequence (see [7]). Let us denote it by {M,}. With these values of
p and q, {U,} is easily seen to be the sequence given by U, = 2"-1. Equation

(6.1) reduces to

3 ZNZ DI U= 2 MU +{ e e 2 (7.3)
J=1 M, Unsne 1> N even.

Remark: In fact, {U,} is also known as Fermat's sequence. M, and U, are
given by

M,=2"4+1 and U, =2"-1.

7.4 Fibonacci and Pell Polynomials: Next, let p = x and g = -1. Then, with
Wy =1 and W, = x, {W,} reduces to the Fibonacci sequence {F,(x)}, and with
Uy =0 and U, = 1, {U,} becomes the Pell polynomial sequence {P,(x)}, see [5].

It is easy to see that for x = 1 and x = 2, {U,} reduces to Fibonacci and Pell
numbers, respectively, see [5]. Equation (6.1) becomes

Eprns () By (@), N odd,
+; &) = -F (@)EF,,  (x) + (7.4)

Fﬂ+N(x)Pm+N+ 1(.%‘), even.

m

v
jglx["n np (x)P

Remark on Lucas Polynomials: If p ==z, g = -1, Wy, =2, and W, = x> + 2, {W,}

reduces to the Lucas polynomial sequence {L, (x)} [5]. Since p, g and {U,} are
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the same as in section 7.4 above, equation (6.1) reduces to (7.4), where F, is
changed to L,, that is

3 Ln+IV+1(x)Pm+1V(x): N odd,
2 %Ly j (@) B,y j(®) = L, (), (%) + (7.5)
Lyn@PE,  yiy,(x), I even.

Ji=1

7-5 Chebyshev Polynomials: Now let p = 2x, g =1, Wy =1, and W; = x. Then

W, (x) reduces to the nth Chebyshev polynomial T, (x) of the first kind and U, (x)
reduces to S,(x), that of the second kind [1], where
_ _ sin #n6 _ -1
T,(x) = cos nb, S,(x) = =in 0" and 6 = cos™ “x.

From (6.1), we obtain

- Jt+1 T 412Gy ()5 N odd,
2-1"" 2T, ;@) Sy, j(@) = T, (2)S,,,(x) + (7.6)
. =L, 0 (@) Sys gy 1(x) s N even.

J

8. SPECIAL NUMERICAL CASES

Results of section 7 are more comprehensible and more interesting for some
particular values of n and m. These are listed below. Some of these identi-

ties are known, and some appear to be new.

(A) n=0,m=0

1
N =NA R N odd,
_1)i*tlip. = & 27 *
2 (CDITgA; =S 49 (7.1)
Ji=1 ——2—(1\7 + 1)A;, N even,

where A, = a is the first term of the arithmetic progression {4,}.

(C)]
. _ , ¢y, N odd,
(_1)J+1qN—J(q + I)G;q)UJ = aq]V +{ + (7-2)*
j=1

i= N even,

(D
n }'

where a is the first term of the geometric progression {G Using the fact

that Gflq) = aq”, we find that (7.2)* reduces to

v PN qUIV’ N odd,
2D g+ DUy =1+
j=1 'Uzv+1’ N even.

Observing that in (7.3) U, = 2" - 1, we see that (7.3), withn =0, m =0,

reduces to

zﬂ: (_1).7'+121V-j(2j _ l)Mj - %[2N+1 +{

2% - )My, ., N odd,
o (7.3)*
jg=1

-(27*1 _ 1)M , N even;

Jij Fo. . (x)Py,(x), odd,
L aFy (@B (x) = -1 +{ e (7.4)%
i=1

Fy (x)PIH 1 (x), even;
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i LN+1(3C)PN (x), N odd,
> xL; (x)Pj (x) = - + (7.5)%
j=1 LN(x)PN+1(x), N even;
TIV+1SN
. — N odd,

—1)*t iy, , -1 *
j;l( D77 aly (2) 8 (x) = 5 + 1,5, (7.6)
5 N even.

(B) n=0, m=1 W+ D4,
s IV odd,
v ) 2 .
_ J+1lr L = *
jgl( 1) (g +1D4;=a+ —+ 2)AN (7.1)
I E— N even;
(@)
N G U > IV odd
. . q v+1“N+1 >
X (@ + D" iD= glalg + 1) +{ @ (7.2)**
Jg=1 _sz U s N even;
N+2
My 1Upia
v 3 , V odd,
_1V\d+ 19N _ oN+1 Kk
j};l( DIty o= 27+ ., (7.3)
3 N even;
v FN (x)P (x), N odd,
> @ ()P, (%) = -= +{ T (7.6)**
J=1 E}(x)?ﬁ+2(x), N even;
ij Ly @By, (x) N odd, xk
2wl ()P, (@) = -x? +{ (7.5)
J=1 LN(x)P”+2(x), N even;
Tyea ()5, () TV odd
o
i 2 g ’
1)+ T (x)S =z + 7.6)**
jz:,l( Il ()5, (@) =« 1 (25, , (@) (7.6)
T E— N even.

Remark: Obviously, various other identities may be obtained by other choices
of n and m. This bears out the fact that this technique provides an abundance
of identities by substituting suitable values for m, n, p, and g is just one

identity (6.1)!
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