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INTRODUCT | ON

It is well known that the g-binomial (Gaussian) coefficients [Z] satisfy
the "finite" Euler identity ([2], p. 101):
r
I U+gix) =1+ 3 [”]q(z)xr,
n-12120 nzrzl
and that their g-adic limits
. " iy~ 1
llm[ ] = JI  -4g"H
el eziz 7
satisfy the "infinite" Euler identity ([1], p. 254; [2], p. 105):
: -1, (2)
Oa+qgix)=1+% I (-g)H g%
720 rzl rzizl

In [5], we showed that the g-polynomial coefficients [Wrm] satisfy the gen-

eralized "finite" Euler identity:

igm+(9) n.mi} (5)
8 > g 2gd) =1+ 3 [ ]q x?.
n-12i20\m=2520 wm2Zr21 r

We now complete the analogy by showing that the g-adic limits of these g-poly-

nomial coefficients Gr(,’”) (for each m 2 1) satisfy a recurrence relation which

generalizes that satisfied by

H (1 ‘qi)_ls

rziz1
and the generalized infinite Euler identity:
A r
3 3 qwm+(2)xa =1+ 3 Gfpm) q(Z)xI’.
izo\m=27520 rzl

This paper is organized as follows. We begin in Section 1 by defining the
basic graphical terms. We then make the first of two valuations of the digraph

in Section 2. 1In Section 3, the recurrence formula for Gz(,m) is proved. The
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generalized infinite Euler identity is proved in Section 4, and Section 5 con-
tains a short discussion of the special cases m =1 and m = 2.

We recall here the definition of the g-polynomial coefficients (see [4],
[5], and [6]). Let (my, ..., m,) denote the multiset on {l, ..., n} in which
the multiplicity of ¢ is m,. The number of elements in (my, ..., m,) is m; +
e+« +m, and is denoted by l(ml, cees mn)l. We abbreviate the multiset (m,
eeey, my) in which my = <.« =m, =m to (n.m). A multisubset (ay, -..5 ay) of
(n.m) satisfies a; < m, for ¢ = 1, ..., n, and it uniquely determines a comple-
mentary multisubset (a], ..., aj) satisfying a; +a/ =m (£ =1, ..., n). An
inversion between the multisets (a;, ..., a,) and (bl, «e.> b,), in that order,
is a pair (Z, j), where 7 is an element of the multiset (a;, ..., a,) and J is

an element of (b1, ..., b,), and © > j. Let I(ay, ..., a,) denote the number

?
1’

a multisubset of (n.m). The g-polynomial coefficient [nrm] is defined to be

of inversions between (a;, ..., a@,) and (a ..., a}), where (al, cees ) is

the generating function

n.m] _ Z I(ays «ovs ay)
= q °
[,'.V’ |[(ays vevsrap)|=r

1. GRAPHS
Let m be a fixed positive integer. We consider the digraph with vertices
all the lattice points in the first quadrant of the plane
(G, NIi, § =0}
and directed edges
(i, ) > (@ + 1, 3 (2, §) > (@, §+1(E, §20).

We will call a vertex an m-vertex if there is a nonnegative integer k such that

7+ J = km. We will call a path of the form

(G ) > G+ 1, ) > e > @ +a, D
> ta, g+ > > (G ta, i+ D),

where (4, J) is an m-vertex and a + b = m, an m-arc, and we will denote it by
(Z, Y>> +a, § +Db).

An m-arc of the form (<, J) > + (Z, § + m) will be called a vertical m-arc.
A finite sequence of consecutive m-arcs beginning with the origin followed

by an infinite sequence of consecutive vertical m-arcs is called an m-path. In
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an m-path, if (r - a, 8 -~ b)+ > (v, &), where a + b = m, is the last nonverti-
cal m-arc, (r, 8) will be called the terminal m-vertex of the m~path. The part
of an m-path between (0, 0) and its terminal m-vertex will be called the valu-

able part of the m-path.

2. VALUATION

Until Section 4, we will assign to all directed edges of the form (¢, J) =
(Z + 1, 7) the monomial qjx and directed edges of the form (Z, J) + (Z, J + 1)
the trivial monomial 1 (<, J 2 0).

The product of all the monomials on the m-path p (m-arc) is then called the
value of the m-path p (m~arc) and is denoted by v(p; g, x). Clearly, the value
of an m-path is completely determined by its valuable part. In fact, if (», s)
is the terminal m-vertex, and if

(0, 0)> > (a,, aj)>>(a; +a,, a] +a))>>---
> (a; + s +a,, al + 000+ a)) = (v, 8)
is the valuable part of the m-path, the value of the m-path p is
a,al+azlaj+al)+.--+a,(a]+ ---+a,§-1)xp.

v(p; g, x) = q

Observe that

I(ay, «vvs ay) = ajay +azla) +aj) + - +a,la] +--- +a)_ ).
This shows v(p; ¢, x) = g/(%> > agr, Hence,
N .
Lemma 1: [ » ] = }: v(p; g, 1), where the sum is over all m-paths from (0, 0)

to (v, wn - r).

We note that I(al, .e.s ay) 1s also equal to the number of unit squares

(area) under the m-path p ([3], p. 13).

Theorem 1: Keeping the above notation, we have

Ilay, ooy @) = Ia), «ous al).
Proof: I(a), ..., a)) =a)_ qa, +a) ,(a,+a,_ ) + - +al(a, +--- + a,)
= ’ r 4 4 o !
a,al + ag(al ta) + +a,(al + ta; )
= I(al, cees a,). Q.E.D.
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3. RECURRENCE RELATIONS

Let g™ (g, x) denote the power series obtained from summing the value of

all the m-paths. Writing in the ascending powers of z,

G(m)(q, o) =1+ Z Gim)xr’

rzl
we see that Grfm) = Z v(p; g, 1), where the sum is over the set of m-paths with

terminal m-vertex on the line x = r. Lemma l now implies

Corollary 2: [npm} > G;m), as n > o,

Theorem 3: TLet Gém) =1, Gyfm) =0, if » < 0. Then, for all » > 1,
G(\ZI) - (1 _ qHH)—1< Z q(r—i)(m—l)Gr(T)l>'
m2i21
Proof: TLet p be an m-path with terminal m-vertex on the line x = r. Choose
the largest k such that (0, km) is an m-vertex of p and let (¢, (k + I)m - )

be the next m-vertex, 1 < < < m. Then
v(py q, 1) = gt @Dy 001,

where p' is the m-path obtained by deleting the part from (0, 0) to (¢, (k +
1)m ~ 2) from p and then translating so that the starting point is at the ori-
gin. The sum of v(p’; ¢, 1) for all such p’ is Gp(rf)i. Thus,
e = % qum< > q(r"i)(m_i)Gfﬁ)i>
k20 m2k21
- - q”’”)‘l( 5 CI(P_Mm"i)GﬁT)i)' Q.E.D.
m

Zi21

bk, IDENTITIES

Now, we multiply an additional factor of g% to each monomial qjx already
assigned to the directed edges between the lines x = Z and x =7 + 1. Thus,
the total sum of the values of all the m-paths is clearly changed from

1+ 3 GI(,m)xI'
rzl

1+ 2 Gz(,'")q(g)x”.

rz1

to

On the other hand, the sum of the values of the m-arcs emanating from each m-
vertex (r, g) satisfying r + s = im is now uniformly equal to
AN
q7"jm+(2)xe7,

mzg=20
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Since each m-path consists of a valuable part followed by an infinite sequence
of consecutive vertical m-arcs the value of which is 1, and since the valuable
part consists of a finite sequence of consecutive m-arcs starting with (0, 0)
and ending at its terminal m-vertex, the total sum of the values of the m-paths
is equal to

n ( Z qijm+(‘72)xj>.

120 \m2j20

Equating these two formal power series and invoking Corollary 2, we obtain

Theorem 4: Let Ggm be the g-adic limit of [n;m] as n > ©, Then they satisfy

I ( > qij'”(g)xj) -1+ % 60l o,

=0 \m=2j5=0 r21

It should be noted that Theorem 4 also follows directly from Theorem 3.

5. SPECIAL CASES

The case m = 1 is, of course, the Euler identity:

r
IMa+gqix) =1+ 3 GS)q(Z)xP,

20 r>1
where G?) =1,and ¢ = 1 @ - qi)'l, if » 2 1.
r .
rz2i21

When m = 2, the recurrence for Gf) is

GS) = (1 - qzr)—lqr—lGS?l + (1 - qzr)—lGS?z’
where ¢ = 1, ¢%) = 0. If welet rbe >1,a,_ ., = (1 -¢*) %"}, and b,_, =

(1 - qzr)'l, the recurrence can be written as

¢® =q, ¢? +b, _,6?
r

r-1"r-1 r-2"r-2°
Using this notation, we may write the infinite product identity for the case
m= 2 as
(L+x+qge?)(A + g% +q%?) ... (1 +q%x+qg* 1 x?)

) 6)

3
1+ ayq?'z + (aja, + b)q?z* + (aya,a, + bya, + aobl)q(Z)x3

N
(2)_u
+ (aga,a,a, + ba,a, + aba; +agab, + byb))qg"x
r

+ oo+ (%aiz a&h...apd>42kr+ e

i+ll—*bi

1
1+ (1 - qz)'quJx + {1 - qz)_lq(l - q“)-l + (1 - q“)'l}q@)xz

(continued)
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+ {(1 _ q2)—lq(1 _ qh)-lq?_(l _ QG)-I + (1 _ q#)—IQZ(l _ qG)-l
3
+ (1 _ q2)-l(1 _ q6)*l}q(2)x3 + .
Here, by the notation,

’+baoal cee a,
z

A
we mean that the sum is over all possible products obtainable from Ag@y e

A4 by replacing in it blocks of two consecutive a;a; by b;. There are F,

(Fibonacci number) such formal terms in Gf). This can be seen, by induction,

from
¢ =a ¢® +p @
r-1 r-1 r-2 r-2
= <a<12:y+ba°al e ar_;>ar_l + < 2 aga; ... a, g \b,_,
%l T aa; |+ b,
= aa; ... a, .-
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