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An arithmetic function / is called multiplicative if 

f{mn) = f(m)f(n), (1) 

whenever (m, ri) = 1. A multiplicative function / is called completely multi-

plicative if (1) holds for all m9 ft. Further, a multiplicative function / is 

said to be a quadratic (see [1], [3], [8]) or a specially multiplicative func-

tion (see [2], [4], [6], [7]) if 

f = aob, (2) 

where a, b are completely multiplicative functions and °  denotes the Dirichlet 

product. It is known that (2) is equivalent to 

f(mn) = Z f(m/d)f(n/d)g(d)\i(d), 
d\(jn,n) 

where g is a completely multiplicative function and y denotes the Mobius func-

tion. The completely multiplicative function g is defined for every prime by 

g(p) = (ab)(p) or g(p) = f(p)2 - f(p2) or g(p) = f^ip2), 

where f'1 denotes the Dirichlet inverse of /. Since a quadratic / is multipli-

cative, the values /(ft) are known if the values f(pm) are known for all primes 

p and all positive integers m. Furthermore, the values f(pm) are known if the 

values f(p) , f(p2) [or the values f(p)s f~1(p2) or the values a(p) , b(p)] are 

known. The values f(pm) are given recursively by 

/(D = 1, 

f(p)5 f(p2) a r e arbitrary, 

f(pm) = f(p)f(pm'1) ~ g(p)f(pm-2), m = 3, 4, ... . (3) 

Consequently, if we put f(pm) = Sm, we obtain a generalized Fibonacci sequence 

determined by 

S Q - 1, 

S1, S2 are arbitrary, 

Sm + i = Si^m ~ ((^1) ~ ̂ 2^m-i' m = 2S 3, 4, ... . 

If we let Si = 1, #2 = 2 , we obtain the Fibonacci sequence. 
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If / is specially multiplicative and / = a°b, where a, b are completely 

multiplicative, then the generating series of / to the base p is given by 

f(P)(x) = (1 - coOd - to) (P a prime)> 

where a = a(p) , g = b(p) . Then 

^(p)(J:) = 1 - /(p)* + g(p)x2' 

where jT(p) = a + 3 and g'(p) = a@. Noting that the generating function of the 

Fibonacci sequence {Fn} is 

Y<n
FnXn = 1 _ x - ^ 2 ' 

n = 0 

f(P)(x) w i l 1 generate {Fn} if j(p) = 1 and #(p) = -1. 

If a is any nonzero complex number, one could consider / for which f(p) -a 

and g(p) = -a2. It will follow that 

frn,(ai) = i 2-T = £ ^n^^n. 
J(p) 1 - ax - az^cz „~0

 n 

Hence , f(pn) = anFn. W r i t e j ( p n ) = Gn. Us ing known p r o p e r t i e s ( s e e [ 5 ] , [ 9 ] ) 

of t h e F i b o n a c c i s e q u e n c e {Fn } , f o r e x a m p l e , t h e f o l l o w i n g p r o p e r t i e s of t h e 

s e q u e n c e {Gn} can be d e r i v e d : 

tan~k^Gk =Gn + 2 - a - 2 , 
k = 0 

E (-l)kan~kGk = (-DnaGn_1 + an, 
k = 0 

a ^ 2 k ~ ^in + l'-
fc = 0 

V - 2(n-fc) + l / 

n 
Y 3(n-fc) + 2 L jL*a ^3/c - 1 ~ U 3 n + 1 

k = l 

E (n - k)an-k+3Gk = Gw + 3 - (n + 3)a; 

fe = i 

n - k + 3 ^ _ /-, _ / w i Q N ^ + 3 

£ = 0 

In 
1 ^ 2 ( 2 n - f e ) + l ^ E „2(2n - f c ) + l r ^ _ r2 

a UkUk+l ~ ^ 2 k = o 
2n-l 

y - 2 ( 2 n - / c ) - l r - r _ r2 _ hn 

k = 0 

£ a * - " + 1 f f f c
2 -GHGn + 1 . 

k = 0 
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l o f a * ^ ' ^ = G3n+k + (-l)n6a2n+5Gn_1 + 5a3n + \ 

k = 0 

Gn+m = GnGm + alG
n-lGm-l> 

Gl ~Gn-^n+k = H r ^ 1 ^ ^ ^ ^ ^ 
aGsn + z = Gn + i + a Gn - a Gn_1, 

aG2n+l = Gn + 1 " a Gn-l' 

The proofs of the above relations are omitted. 
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