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Introduction

The three related classical series for representing real numbers as the
sums of reciprocals of integers were all studied toward the end of the nine-
teenth century. These are, respectively, the series of Sylvester, Engel, and
Liroth (see Perron [1]). More precisely, given any real number A there exist
three (different) sequences of integers {a;} such that

1 1 1

1) A=a +—+—+—+ ..
a; 4y ag

where a; 2 2, a;,, 2 a.(a, - 1) +1 for 7 2 1,

N
1 1 1
(11) A =ay+—+ +—t ...,
al alaz alazaa

where a; = 2, a.

\

a; for 7z >1,
1 1 + 1 1 +
(@, - Da; a, (a; - l)al(a2 - Da, ag

(iii) A=a +a +

where a; 2 2 for 7 2 1.

Observe that as we move from the Sylvester series (i) to the Liiroth series
(iii), the denominators in the expansion become increasingly more complex while
at the same time the growth conditions on the digits a; become simpler. We now
generalize the expansions in (i) and (ii) above, to obtain new representations
for real numbers that depend on a power kK > 0. These new representations have
the desirable property of having terms only slightly more complex than in (i)
and (ii) above, yet their digits need satisfy only mild growth conditions. Two
different sets of algorithms leading to results of the types mentioned are con-
sidered. We state the main results in the case where the digits g; grow least.

Given any fixed real k > 1 and any real number A, there exist sequences of
integers {a;} such that

1 1 1
i) 4 =a4 +—7 + + — + .-,
R

where a;,, > a; 2 2 for 7 2 1, and for 7 sufficiently large,

a; + 1 <ay,, <2, +1,

1 1 1
+ — 4+ + +"':

af (alaz)k (ajayaq)k

~
He
[N
~
o~
]
Q
o

where a; = 2, 1 < a,< 2 for 12 2, and a; = 2 infinitely often,
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1 1 1
Cl0+—+ + oo,

(iii) 4
k k
ay aja, (alaz) asg

where a, = 2, 1 <a; <2 for 7 2 2, and a; = 2 infinitely often.

Since only the digits 1 and 2 are used, the representations (ii) and (iii)
above could be regarded as being analogous in some fashion to the binary repre-
sentation for real numbers. Expansions of the above form where the digits have
no upper bounds are also considered. We note in particular that, by setting k
= 1 in the above results, we obtain expansions for real numbers with the same
form as the Sylvester and Engel series but whose digits are considerably
smaller. 1In addition, when k is a positive integer, rational numbers have
representations of types (ii) and (iii) above for which the digits a; become
periodic. This condition is analogous to that of the Luroth series when 4 is
rational.

The paper is set out as follows. In Section 2, we consider k' power ana-
logues of the Sylvester series. In Section 3, we consider k' power analogues
of the Engel series. Finally, in Section 4, we consider ktM power expansions
that are related to a simplified version of the Liiroth series.

For convenience we introduce the following notational conventions. The
lower case letters g, and a, denote <integers throughout the paper. Further-
more, unless otherwise stated, the lower case letter k represents a positive
real number.

2. Generalizations of Sylvester Series

We introduce two different algorithms that lead to a k'M power generaliza-
tion of the series of Sylvester. The first coincides with the ordinary Sylves-
ter algorithm for k = 1. The second leads to a restricted growth of the digits
in all cases, including k = 1.

Theorem 2.1: Let k > 0. Every real number 4 has a representation

A LI N

= q —_— —_ —_ oo
0 k k k >

ay 4y ay

where:

if k > 1, then a;,; 2 a; 2 2 for ¢ 2 1, and for ¢ sufficiently large,

i1 2 ag T 1,

if 0 < k <1, then ;i

v

a

Zai(ai—1)+lfori21,a122-

Proof: 1In order to obtain this result, we introduce the following algorithm:
Given any real number 4, let 4, =4 - apgs 0 < A4; < 1.

Then we recursively define

1
an=[mj|+lfornzl,/ln>0,
n

where

n

1
A .. =A4A, -— for A, > 0.
a

First, repeated application of the algorithm yields
1 1 1 1
A=a,+4, =a, + = +4,= e =a, +—5 +—+ e + —+ 4 .
0 1 0 a{c 2 0 a{( aéc CZE n+1
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Now a,, = [I/A%/k] + 1 implies that, for 0 < 4,, (a, - 1)k < 1/4, < aﬁ. Thus,

1
An>z,

n

and provided a, 2 2 (0 < 4, < 1)
1

4, < ————o,
(a, - D

n

Now 0 < 4, < 1 implies a; = 2 and

4 = 111
S N A
ar a9

Continuing this process inductively we see that 4, > 0 for all n. Furthermore,
since {4,} is a strictly decreasing sequence of positive values, we deduce that
a,., 2 a, 2 2 for n 2 1. Therefore,

k k
ak = (a, -1
ay (a, - 1 an (a, - Dfay,
Thus,
X 1 (a, - l)kaﬁ
Ayl ~ 2 % P
An+1 ay - (a, - 1)

In the case 0 < k < 1, aﬁ - (a, - % < 1; so
Apyq 2 (a, = Da, + 1, n 2 1.
In the case k > 1, we have
Apyy 2 ay t 1
provided
(a, - DF

ak - (a, - DL

This is true if g, 2 Zl/k/(Zl/k——l).and if 4, < (21/k - 1)X/2. On the contrary,
suppose that

Zl/k
ZSCZnSI:'Z—l7—k—_I]=C(k),
say. Then
1 1
147,L+].=An—a5 SAn—W.

Now, either A, ,, < 21/ - 1)k/2 or

1 2
A =4 - <4, - ——— fa < ce(k).
n+2 n+1 a71;+1 n (C(k))k n+l

Thus, at each stage, A,.; is decreasing by at least a fixed constant, so after a
finite number of steps we must reach a stage at which 4; < (QI/k - l)k/Q. The
result for k > 1 now follows, since

1 1
Ay, < <
I (@y4n - DF T (e() +7m - DX

+ 0 as n > o,

For 0 < k <1, a,,; 2 (a, - Da, +1 za, +1 as a, 2 2; hence,
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1
An < z————zgf + 0 as n » «,
n +

A slight modification to the algorithm leads to the following results.

Theorem 2.2: Let k > 0. Every real number A has a representation
1 1 1
A = ag+ g +—3+—5+ -,

X x x
ay 4, ag

where
a, +12a, 22 forn z 1,
and for n sufficiently large,

a, +1<a s 2k, + 1.

Proof: We use the same algorithm as previously, except that now we let

[(2>1/k]+1f 1, 4, > 0
A, = — or n =2 1, > 0.
n An n
As before, A4 2 a, 22 for n 2 1, but now

2 < A, < 2 if 0 <4, <1

— L 1 < 1.

ak = 7" 7 (a, - Dk "
Therefore, for n = 1,

A A 1 1

= - — s
and
2 1/k
= + 1/k .

A 1 [(An+l) } <1+ 2%,
Also,

4 < 2 1 2qk - (a, - )X

+1 > 7 kT ko k

" (a, - 1) ak ak(a, - 1)

So
2 _2a5(a, - ¥
Baal 7T gk 1k’
n+1 an = (ap - )

and we have Ayt za, +1, provided that

2(a, - L)k
2ak - (a, - DX

This is easily seen to be true if a, 2 31/k/(31/k - 21/k) and if

1/k _ o91/kyk
< 2(3 ; 2 ) )

An

An argument similar to that used in the previous proof shows that these
conditions must hold after at most a finite number of steps. Thereafter, as
before, 4, > 0 as n » «», and the result follows.

We note in particular that by setting kK = 1 in Theorem 2.2 we get an ana-
logue of the Sylvester series
4 FNE NNV S
=q = 4y =
0 a, as ag ’

where a,,; 2 a, 2 3 for n 2 1 and for n sufficiently large

an+lSan+1S2an+l.
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This is a much milder growth condition than the condition a,,; 2 a,(a, - 1) +1
for n 2 1 of Sylvester. However, under these weaker conditions we no longer
obtain uniqueness for the expansions. For example, if we let instead

0 - Ufy:)l/k] .1

where m > 1 is.a fixed constant, we obtain a new expansion for 4 where the
digits satisfy very similar growth conditions.

As a particular case of these expansions, we note that, by definition, the
Riemann zeta function ¢(k) for k > 1 has expansion

1 1 1
g(k) =1 +—+ —+ — +
Euler's well-known formula for ¢(2m), m = 1, 2, 3, ..., then yields
2m :
om -1 ™ _ 1 1 1
2 ”’(zm)!_1+22m+32m+42m+'“’

where B, is a Bernoulli number.

3. A Generalization of the Engel Series

Using algorithms essentially similar to those introduced in Section 2, we
obtain k'® power analogues of the Engel series.

Theorem 3.1: Let k > 0. Every real number 4 has a representation
1 1

+ +
all( (alaz)k (alaz%)k

where:

> 1 for ¢ 2 1, and g; > 2 infinitely often,

if k¥ > 1, then a; 2 2, a;

if 0 <k <1, then ;. 2z a; 2 2 for 7 2 1.

Proof: We make use of the following algorithm. Given any real number A, let 4
=A-ay, 0<A; <1. Then we recursively define

1
a, = [Al/k ] + 1 formn=1, 4, >0,
where "

A,py = agh, - 1 for 4, > 0.

First, repeated application of the above algorithm yields

A + A sl
= q = q —_— — = s oo
0 1 0 FOET GK
1 A
=aqa +—1 +————l + oeee + + ntl .
" (gt ( w ¢ y
aj aa, ajd, .. a, aga, -+ a,

Again, if 4, > 0, we have A: > 1/a,, and if also a, = 2, then
1

4, € — o
T (a, - DR
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Now 0 < 4; £ 1 implies g7 2 2 and A2==afA - 1>0, thus ap, 2 1. Continuing the
process inductively we see that 4, > 0 and hence a, =2 1 for all n. We consider
now the case k > 1. Suppose a, = 2, then

k k
a 1
A, = aSAn - 1= ————lL-—g -1= (1 + ——————) - 1< 2k -1,

(a, - 1) a, -1
since we have assumed a, 2 2. Now, if 4,4,; < 1, then a,4+; 2 2. Otherwise a,+;
=1 and 4,4+ = 4,41 - 1. Continuing this process, we see that after at most
[2k - 1] steps with

An+i = 1, An+i+1 = An+i - 1= An+l -1

we must reach a stage at which
An+j <1 and Cln+j > 2.

We deduce that the sequence {4,} is bounded above by 2¥ -1 for all n. Further-
more, there exists a sequence of integers n; = 0 < np < n3 < ... such that

0 <dy g =1 a, 22

and a, = 1 for all other n > 1. Then

A
0 < n; +1 < 1

- . ’
(a1ay --- ani)k 2k (L -1)

and so S,, > A as 1 > «, where
1 1 1 A
Sp=agt— A+ ———F e b ———————— =g~ — L
ak  (ajan)k (a a,) (a a,)k
1 19 1 cee Qp 1 cee Qy

Now let n;-; <n < n;. Then S,, | £ Sy < Sy,, and n > » iff ¢ > ». So Sy, > 4
as n > o, i.,e., the series converges. For the case 0 < k < 1, if a, = 2, then

k
1 (a, - D* a
k n n
a > > since 4 < -1

+1 > +1

" Apyr  ak - (@, - D " (a, - DF
Now for k < 1, aﬁ - (a, - 1)* < 1 and since a; z 2 we deduce that aq,,, 2 a, 2 2
for all n 2 1. Thus, i

An+l 1

<
(@ .. apk 2k

+> 0 as n > »,

and again the series converges.
This result gives the ordinary Engel series for k = 1.

It is possible to further restrict the growth of the digits a;, so that for
7 2 1 they need only take on the values a; =1 and a; = 2, for any k > 1.

Theorem 3.2: Let kK > 0. Every real number 4 has a representation

1 1 1
A=ay+—+ + + e

k
af  (aa)%  (aja,ay)®

where:

If ¥k 2 1, then a; = 2, 1 <a; £2 for ¢ 2 2, and a; = 2 infinitely often,
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If 0 <k <1, thena; 22, 1 <a; <1+ [2}/*] for 1 > 1,
and g; = 2 infinitely often.
Proof: We use the same algorithm as in Theorem 3.1 except that now we let

A=A -ay, 1 <4 <2,

2\1/k
a, [KZ;) } + 1 forn 21, 4, > 0.

As in the previous result, 4, > 0 and a, 2 1 for all » > 1. Also,
2
LK

n

and

4, >

which implies

Ay = afh, =1 > 1
and, in the case k > 1,
2 1/k
Ay =1+ [( / } <1+ 21/% < 3,
An+1

Thus, 1 < a, < 2 for n 2 2, and (since 1 < 4; < 2) a; 2 2. Also provided a, = 2
(the case a, > 2 cannot occur for n = 1, by the preceding inequalities) we get
k
A, < ————E———; =2 and 4, < ———jzﬁl—?
(a, = 1) (a, - 1)
since we assumed a, = 2. Now, in the same way as in the previous theorem, after
at most [2¥T1 - 1] steps of Ayt = 1, we must reach a stage at which 4,,; < 2
and a,4; = 2. Therefore, the sequence {4,} is bounded above by 2k+1 — 1 for all
n 2 1. The convergence of the series for kX > 1 is now shown in exactly the same
way as in the previous theorem. The proof for 0 < k < 1is exactly the same ex-
cept that a; 2 2 and forn 2 1,

1 <a, <1+ [21/k],

-1 =2kt -1,

In particular, by setting X = 1 in Theorem 3.2, we get an analogue of the
Engel series
1 1 1
A=ay+—+ to———t e,

al alaz ala2a3

where a; = 2, 1 < a; <2 for © 2 2 and a; = 2 infinitely often. Compare this
to the growth condition a;4+; =2 a; 2 2 of Engel. Again under these weaker
conditions the expansion is not unique. For example, in Section 4 we consider
a different algorithm which for k = 1 gives another series with the same form
and conditions on the digits, as the series noted here.

We note as well that, if we had defined 4; = 4 - qg with 0 < 4; <1, as we
did in Theorem 3.1, the digits obtained would have satisfied the same con-
ditions as above for 7 > 2, but would have had a; > 2 if 0 < 4; < 1/2k'1. The
representation thus obtained would no longer be entirely in a "binary" form.

The representation of rational numbers when k takes on integer values 1, 2,
3, ... is also of interest. The condition that holds, i.e., that 4 is rational
if and only if the digits in the expansion eventually become periodic,
corresponds to the criterion for the representation of rational numbers via the
Liroth series. The result below applies to both the algorithms of Theorem 3.1
and Theorem 3.2.
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Proposition 3.3: Let k = 1, 2, 3, ... . The digits in the kP power expansions
of Theorem 3.1 (or Theorem 3.2) become periodic if and only if A is rational.

Proof: Suppose firstly that 4; = p/q is ratiomal (with p, q¢ € N). Then, since
k € N, each 4, is also rational, with .

A, =ak (A | -1=af [(ak 4, ,-1) -1
- _ K _ P
_...—aAl-i—b—q’
where a€ N, b € Z. Now, for the first algorithm (Theorem 3.1) we have
p
0<An=7”s2’<—1.

Thus, every

1 2 3 (2¥ - g
Ay[ e _! _’ —’ MR _————}’

9 9 9 q
and so there exist m, n € N such that 4, = 4,4,. Then the algorithm applied to
A, 4+ gives the same successive digits as when applied to 4,, i.e., the digits
become periodic. The same argument applies in the case of the second algorithm
except that now 0 < 4, = pn/q < ok+t1l _ .

Conversely, suppose that eventually a, = @,+,- Lf we use the notation

X + 1y ! + + L

= q e ——— “en

n 0 k k k
ay  (aya,) (ay ++. a,_y)

and let a, = (aja, ... ar)k, and a, = an+m_1/an_l, we have
1 1 1 1

Rt T o vy

n-1 n nrn+1 nn+l *°° n+m-1

n"n+1
X+1{—1+ L + ! )(1+1+1+ )
= 4n k kK Kk k k ST T2 T e
a”‘l\a” I+ 1 Ay 41 Dy vm-1 O o

]

a rational number.

Note that for the ordinary Engel series the condition a
some n sufficiently large a,,; = a, for all 7 = 1.

n+l 2 Ay implies that for

4. k'™ Power Series Related to the Luroth Series

We could at this stage investigate expansions for real numbers whose terms
take the form of the terms of the Liiroth series raised to a power. However, we
consider instead a similar type of algorithm which leads to an expansion of
simpler form, yet where the digits satisfy similar conditions. In particular,
by setting kX = 2 in the results below, we obtain a series expansion for real
numbers with the appearance of a simplified Liiroth series.

Theorem 4.1: Let k > 0. Every real number 4 has a representation
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1 1 1 1
A=ay+—+——+ 2 + k
ay  aya, (aya,)a;  (aya,a3)"a,
where:

if ¥k > 1, then a =2, a;

; 21 for 2 21, and a; 2 2 infinitely often,

if 0 <k <1, then a;,, 2 a; 2 2 for ¢ > 1.

Proof: We derive this result from the following algorithm. Given any real num-
ber 4, let 4, =A -a , 0 < Ay < 1. Then we recursively define

1
a, =1+ [Z;] forn 2 1, 4, > 0,

n

where

Ayyp = ak4, - a&71 for 4, > o.

Applying this algorithm repeatedly, we obtain

A + A P
= a = a — —_— = ° o o
I T T
PR SRS S N 1 N An+l
- a —— o o o .
0 a, a?az (@, «.. an_l)kan (a; ... a, )k

Now a, = 1 + [1/A4,] implies that for 4, > 0,

A, > L
n an’
a, = 2

4, < !
" a, -1

and provided

Now 0 < A; < 1 implies that q; > 2 and 4, = a?Al - a%7! > 0; thus a, > 1. Con-

tinuing this process inductively, we see that 4, > 0; hence, g, 2 1 for all n.
Consider the case k > 1. Suppose now that a, = 2; then

k ak-1
= ok k-1 Ay k-1 n
A =afd, - a < __n = 0.
n+l nn n a, - 1 a a, - 1
Now if A,4; < 1, then a,,; 2 2. Otherwise, a,4) =klland Apyor = 4,47 - 1. Con-
tinuing this process, we see that after at most [a, ‘/(a, - 1)] steps with
peg = 1o Apyiyy = Apes -1 =4, - L

we must reach a stage at which 4,,; <1 and a,4+; 2 2. Hence, there exists a se-
quence of integers n; =0 <7, <7z < ... such that

0 < An-+1 <1, a, 41 2 2, and a, =1

for all other n > 1. Then

A

n; +1 1
T ogk(i-D?

0 < Z
(ala2 .. ani)

and so S, + A as 1 » «, where
1

1
S, =@y +—+ o0 + =4~ —RF

X X
" a (a, +.. a,_"a, (a, «-- a,)
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Now let ng_y SN < ng. Then

Sni_l <S5, < Sni, and n > o iff 7 > =,

So S, »4 as n » o, and the series converges. For the case 0 < k < 1, if a, 2 2
then

1 a, -1
T4l > 2 k-1 °
An+l ay
Since k < 1, as‘l <1, and as a; = 2 we deduce that an+12tan > 2 for all n > 1.
Thus,
A 1
n+l < +> 0 as n > o,

(@, .. a)k  2k»

and again the series converges to 4.
We note that by setting kX = 2 in Theorem 4.1 we obtain the expansion
4 PRI S = +
=a — o o 0
0 2 2 ’
a aga, (ayay)“as

where a; 2 2, a; 2 1 for © > 1, and a; > 2 infinitely often. In many ways this
could be regarded as a simplified version of the Liiroth series. 1In addition,
we shall show shortly that, as in the Liiroth case, 4 is rational if and only if
the digits in the expansion become periodic.

A second algorithm for k¥ = 1 leads to a '"binary" series of this type where
the digits a; are equal to 1 or 2, for ¢ 2 1.

Theorem 4.2: Let k > 0. Every real number 4 has a representation

4 PE NN = +
= q —— cee,
0 ay afaz (alaz)ka3
where:
If k 21, thena; =2, 1 <a; <2 for 2 2 2, and a; = 2 infinitely often,
if 0 <k <1, thena, =2, 1 <aqa,,; <1+2al™%fori=>1,
7

and g; 2 2 infinitely often.

Proof: We use the algorithm of Theorem 4.1 except that now we let Ay =4 - ag,
1 <4, <2, and

A

2
a, =1+ [——] forn 2 1, 4, > 0.
n
In the same way as before, we can show 4, > 0 and g, 2 1 for all n = 1.
Also in this case
a4, > 2
n an
which implies

- .k k- -
Apyy = apd, - ay L aﬁ 1.
It follows that for k > 1
a =1+ [ 2 <1+ 2 <3
n+l k-1 .
An+1 a,
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for n 2 2 and, as 1 < Al < 2, a; = 2. Also, provided a, = 2

Thus, 1 < g, <2
(the case @, > 2 cannot occur from the above), we get
2
4, £ ——— =12,
q a, -1
an
4 2ay k-1 k-1
S = - q "t = 3,2K7
n+1 a, - 1 n 3
since we assumed @, = 2. Now in the same way as in the previous theorem, after

at most [3.2%71] steps of a,,; = 1, we reach a stage at which 4,,; < 2 and At j
= 2. The convergence of the series for ¥ > 1 is now shown in eiactly the same
way as in the previous theorem. However here, unlike that case, the sequence
{4,} is bounded above for all n by a fixed constant as well. The proof for 0 <

k < 1 is the same except that we now have, for n > 1,

A, <3.2571 <3, and a,,; < 1 + 2al7%,

We consider now the expansion of rational numbers via these algorithms when
k is a positive integer. We show that as in the previous section 4 is rational
if and only if A has an expansion in which the digits become periodic.

Proposition 4.3: Let k =1, 2, 3, ... . The digits in the k'P power expansions
of Theorem 4.1 (or Theorem 4.2) become periodic if and only if 4 is ratiomal.

Proof: First suppose that the expansion is periodic, that is, eventually
Ay = Apgpe

Then with the notation

1 1 + 1
Xy =ag+—+—F—+ ... 7
a, aja, (al cee Qun) a,
and a, = (ala2 cen ar)f, o, = qn+m—l/an-1’ we have
1 1 1
A=X, + — =+ ...t P
CHRNEYN (< <t S | (@, v AGpimeo) Gymoy
1 1 1
+ + + e + -
Oy Ay Oc*anan+l Oy (an e an+m—2> Ayvm-1
T = +
aZa, aZaka,,,
1 1 1
=X, + — + — + ...

(a a ¥ a
n o *°° n+m-2 n+m-1

= a rational.

Conversely, suppose 4; = p/q dis rational (with p, g € N). Then, since k € N,
each 4, 1is also rational, with
_ Lk o oo k=1 - k=1{,k _ o k-1\ _ k-1
Ap =, (A, - al) an-l(an—zAn—z an—Z) 1

= ... = akAl +b=p/q.
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where b e Z, a, p, € N. Now in the case of the second algorithm (Theorem 4.2)
= k-1
0 <4, =p,/qg < 3.2¢7°.

Thus, every

foefd 2 3.2871q
n q q " q
and we deduce that the expansion becomes periodic in the same way as in
Proposition 3.3. In the case of the algorithm of Theorem 4.1, we do not have

a fixed bound for 4,. However, when 4 is rational,

an=1+[ﬁl—;:l=l+{%}sq+l

as p, =z 1 for 4, > 0. Using the fact that any 4, for which g, = 1 is bounded
above by an 4,, for which g, 2 2, and that (for a, 2= 2)
ak—l
L € e,
a, -1

it follows that, for all n 2 1,
4, < (g + k-1,
Thus, every
1 2 (g + Dk 1g
A, € 9=, =5 ceu; ———— >,
9 9 q
and again we can deduce that the expansion must eventually become periodic.

In summary, we have found new classes of representations for real numbers
that are related to the classical series of Sylvester, Engel, and Liroth. 1In
many cases, the expansions require very mild growth conditions on the digits
and share with the Luroth series the property of begin periodic when a number
is rational. Unlike the classical series, however, the expansions for real
numbers with k¥ # 1 are not unique, slightly different algorithms yielding

series with the same properties, but with different digits for the same real
number 4.
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