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1. Introduction

In [1] H. B. Mann and D. Shanks gave a novel criterion for primality in
terms of the displaced entries in the Pascal triangle (7,); the simple descrip-
tion is as follows. Consider the left-justified form of the Pascal triangle
and displace the entries in each row two places to the right from the previous
row (so that the n + 1 entries in row 7 occupy columns 27 to 3m, inclusive);
also, circle the entries in row n which are divisible by n. Then the column
number k is a prime if and only if all the entries in column k are circled.

A little experimentation suggests that the result is also true for the Pas-
cal-T triangle Ty (see the portion of T3 below), and in what follows we show
that this is the case. [Tm here is the Pascal-T triangle of order m, as
defined in Section 2, and the n'M-row, k'h-column entry is denoted by C,(n, k);
T, is the Pascal triangle, and

¢, (na k) = (%)-]

That is, the same displacement by two is applied to successive rows of T3, the
entries to be circled are chosen in the same way, and it is still true that the
column number k is a prime if and only if all the entries in column %k are
circled.
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The Displaced Array for Ts

In addition to the original paper of Mann and Shanks, the result for T, is
also given in Honsberger [2, p. 3] with a slightly different proof. Gould [3]
gives yet another version using a theorem of Hermite [and also extends the
result to certain arbitrary rectangular arrays, e.g., Fibonomial coefficients,
in which the entries satisfy a relation analogous to

<Z) =n(n-1) --- (n -k + 1)/k!
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for the binomial coefficients]. All three proofs are straightforward and es-
sentially depend only on the facts that

ot 0 = ()

has an explicit formula, and the simple property that
() - %G 2 )
k kK\k - 1/’
so that if n and k are relatively prime, n divides (Z).
These simplifications, however, are not available for C,(n, k) with m > 2,
and so, at least for the present, we show only that T3 has the property

claimed, since in this case the reduction formula given in Section 2 allows us
to use only ordinary binomial coefficients.

2. Preliminaries

To keep the exposition here self-contained, we will briefly recall the
definition of the Pascal-7 triangle 7, (as used e.g., in Bollinger [4]), and
state two theorems which are used in the sequel.

Definition: For any m > 0, T, is the array whose rows are indexed by n = 0, 1,
2y «.., and columns by k = 0, 1, 2, ..., and whose entries are obtained as
follows:

(a) Ty is the all-zero array;
(b) Ty is the array all of whose rows consist of a one followed by zeros;

(¢) T,, m =22, is the array whose n = 0 row is a one followed by =zeros,
whose n = 1 row is m ones followed by zeros, and any of whose entries
in subsequent rows is the sum of the m entries just above and to the
left in the preceding row.

The entry in row 7 and column k is denoted by (,(n, k), although we note that
n
02(7’1, k) - (k),
since T, is the Pascal triangle. There are (m - 1)n + 1 nonzero entries in row

n, and these are the coefficients in the expansion

(m-1)n
A +x+x2+ ... 2 Hr = 5 ¢ (n, k)xk.
k=0

The reduction formula referred to earlier is also from [4, Th. 2.2], and
its statement is as follows.

Xon
Theorem I: C,(n, k) = Z:(j)Cm_ﬂj, k=-3).
70

Lastly, we will also need a theorem of Ricci [5]; since this is of some
interest in its own right, and the source may not be widely available, we in-
clude the short proof.

Theorem II (Ricci): Ifa, b, ..., ¢ are nonnegative integers, and

n=a+b+ ... +c,
then
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n!
alb! ... ¢!

"t

0, mOd<D(a, b,n..., c))’

where D(a, bs ..., ¢) denotes the greatest common divisor of a, b, ..., C.
. . n nin - 1
Proof: We first note that for any k 2 1 it follows from ( ) = —( ) that

k kK\k -1
(Z) = 0, mod(Ez;%—z§>.

If we now write the left side of the main congruence as

n! L n - a)!
at(n - a)! b! ... e!

and use the fact just noted, we conclude that the first factor here is divis-
ible by n/D(n, a). Considering a similar decomposition for b, ..., ¢, we con-
clude that the multinomial coefficient 1is divisible by the least common
multiple of the numbers
n n n
D(n, a)’ D(n, b)’ > D(n, )’

And then by known divisibility properties this least common multiple is

n
DD, ay, D(n, bB), ..., D(n, e))’

which is the modulus used in the statement of the theorem.

3. Proof of the Criterion for T3

In the displaced array for T3, constructed as described previously, we can
of course dispose of the even (composite) column numbers exceeding 2 by noting
that the construction puts an uncircled 1 (the first entry in any row) in every
such column in the same manner as that for 7,. When k is odd, then, we need to
show that, if k is a prime, every entry in column kX is circled, and if k is
composite, at least one entry in column k is uncircled.

We should also note at the outset that by the construction for the
displaced array, the 2m + 1 entries in row »n will now occur in columns 2n to 4»n
(2n < k < 4n, or k/4 < n < k/2), and the general entry in position (n, k) will
be C3(n, k - 2n). Then, if k = p, p a prime > 3, the entries in column p are
the numbers Cg(n, p - 2n) for p/4 < n < p/2, and for these values of n, n and
p — 2n are relatively prime.

We now show that for any relatively prime »n and k, C3(n, k) is divisible by
n [which means that the entries C3(n, p - 2n) referred to in the previous
paragraph will all be circled]. From Theorem I with m.= 3, we have that

Oyt 0 = 3 (M) k=D = 2 (37 )

§=o 7=\
B AN T > d .
P A RAVS R = k;l’kodd(n =Pk =D - !
j=‘72£ s k even

But from the facts that the arguments of the denominator factorials must add up
to n, and that twice the second argument plus the third must add up to k, it
follows that the assumption that the arguments have a common divisor d > 1
implies that d also divides »n and k, contrary to the hypothesis. Theorem II
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now implies that every term in the sum is therefore divisible by #, and then so
is C3(n, k). Thus, all the entries C3(ms, p -~ 2n) in column p will be circled
in the displaced array.

Finally, for k odd and composite, we let p be an odd prime divisor of k and
let kK = p(2r + 1). 1In this case, the row n = pr contributes the entry C(3(pr,
p) to column k, where, again from Theorem I,

Zp: (pr)!
pr1 (pr = D - HEF-p)t’
2

C3(pr, p) =
i=

Here, for each term except the last, the assumption that the arguments of the
denominator factorials have a common divisor d > 1 leads to the conclusion that
the prime p is composite; thus, their ged is 1, and from Ricci's Theorem we
again conclude each of these terms is divisible by pr. The last term (j = p),
however, is just the binomial (ﬁf), which is not divisible by pr [2, p. 8].
Thus, C3(pr, p) is not divisible by pr, and so there will be an uncircled entry
in column k. This completes the proof.

Theorem: In the displaced array for T3, the column number is a prime if and
only if all entries in the column are circled.

Lastly, we note that, as with T3, a 1little experimentation suggests the
conjecture that the criterion is true in all triangles 7,, but the nature of
various formulas for Cp,(n, k) (see [4], [6], and [7]) appears to require an ap-
proach different from that used here.
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