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In t h i s note we consider the recurrence re la t ion 
n 

fn+l = L fkan-k + bn, n = 0, 1, 2, . . . , (1) 
k = 0 

where f = 1 and <an> and <bn> are sequences of parameters. Equation (1) is 
termed the convolved Fibonacci equation because of the occurrence on the right 
side of the convolution of the sequences <fn> and <an> . Special cases of (1) 
include the following: 

When CLQ = a\ = 1, an = 0 for n > 2, and bn = 0 for n = 0, 1, 2, . .., the fn 
are the usual Fibonacci numbers. 

When ag = d\ = ••• = ar_^ = 1, an = 0 for n > r, and bn = 0 for n = 1, 2, 
..., the /„ are rth-order Fibonacci numbers (see, e.g., [2] and [3]). 

When a0 = a.\ - 1» an = 0 for n > 2, Z?Q = 0, and 

1̂ = Z aj(n + ! ) J for n = 1, 2, 3, ..., 
J" = I 

(1) becomes the recent recurrence studied by Asveld [1]. 

We first take the generating function of (1) to obtain the generating func-
tion 

*•(*> = £ /„*" 
n = 0 

of </n > in terms of the generating functions A(z) of <an> and 5(s) of <bn> . 
Using standard results (see, e.g., [4]), we immediately get 

F(z) = ! + Zfi8i (2) 
for all s for which F(z) , A(z) , B{z) exist and 1 - zA(z) * 0. 

Two examples of (1) and their solution via (2) are now presented. The an 
and bn are integers in the first example, while they are not in the second. 

&»• 
Let an and bn be the usual Fibonacci numbers. In this case, the /„ 

are called the convolved Fibonacci numbers. Since 

A{z) = B(z) = ~ J' 
1 - z - 2Z 

it follows from (2) that 

-/2/2 /2/2 
F(z) = 1 + 

1 - (/2 - l)z 1 + (/2 + l)s 

and hence / Q = 1, 
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fn ' Y{S2 - l)n + ̂ j(/2 + 1) M, n = 1, 2, 3, ... . 

Example 2: A standard six-sided fair die has three sides painted red, two 
sides painted black, and one side painted white. A series of throws of the die 
is made. We will determine the probability fn that nowhere in the first n 
throws of the die is a throw of black followed by a throw of white. 

Let En denote the event that nowhere in the first n throws of the die is a 
throw of black followed by a throw of white, Wn be the event that a white is 
thrown on throw n, and Rn that a red is thrown on throw n. Wn will denote 
complementation, i.e., the event that a white is not thrown on throw n. We may 
thus write 

P(En) = P(En\Wn)P(Wn) + P(En\Wn)P(Wn) 

from which 

fn = 5/6 /n_! + 1/6 P(En\Wn), n = 2, 3, ..., (3) 

where f i = l . But 

P(Ek\Wk) = P(i?fe.i; Ek.z) + P(Wk.i; Ek_0 

= 1/2 fk.z + P(Ek_l\Wk_l)P(^k-l). k = 2, 3, ... . 
Hence, 

P(Ek\Wk) = 1/2 fk_2 + 1/6 P(^-ikfc-i), k = 2, 3, ..., (4) 

where f$ = l and 'P(Ei \ f/]_) = 1. Substitution of (4) into (3) for k = n yields 

/„ = 5/6 /„_! + l/6[l/2 /n_2 + 1/6 P(^n-i|J/n-i)], n = 2, 3, ..., (5) 

for which P{En_i|^„_i) may be found from (4). 
Successive substitution of P{Ek\W]<) into (3) for k = n - 1, . . . , 1 yields 

n-2 

/n = 5/6 /n_! + 1/2 £ (l/6)n-l-dfi + (l/6)n, n = 2, 3, ... . (6) 
j = o J 

Equation (6) and the initial conditions can be expressed in the form of (1) 
with 

a0 = 5/6, 

an = 1/2 (l/6)n, n = 1, 2, 3, ..., 

Z?n = 1/6 (l/6)n, n = 0, 1, 2, ... . 
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