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I. Introduction

In this paper we consider the generating function
Gx)™® =1/ - ayx - a,a? - -++ - a,x, ) (where m > 2 and k 2 1)
as a formal power series. Note that we can write the expression as
Gx)™* = Fy  (0) + Fy (D) + Fpy 1 (2)x? + «ve + Fp o ()™ + oo (1)
(for n =2 0, and where E%,k(o) = 1).

However, before considering equation (1), we shall develop certain didentities
by the use of partitions. Let p(n) denote the number of partitions of n; that
is, the number of solutions of the equation

x, + sz + 3x3 + -0 +nx, =n

in nonnegative integers. We state the following identity established in [1]:

pn) = - 3% p@e(d - Dpn - J) (2)
0<i<m
m<jsn
e(k) = (-1)k if k = (1/2)(3h?% + k), where k4 is an integer,
where {e(k) =0 otherwise,

and p(0) = 1.
The proof of (2) will be evident as a special case of a more general form
to be given later. Let

gx) = 3 a(nm)x® (2a)
and )
g™t = ¥ b(n)ar (2b)
n=0
where, for convenience, a(0) = b(0) = 1. Then it can be shown that
Y a)bn - 4) =0  (for n > 0). (3)
i=0
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For the sums

S

, > a(@b( - Dan - j) and T = Y a@b(G - Dan - §)
57,.<m <z<gsm
m<gsn

where 0 < m < n, using (3) above, it can be shown that

T

[}

m J
2> aln - j)_z; a(D)b(G - 2) = a(m). (4)

7i=0 0
Furthermore,

S+T= 2 2 a@bG - Ddan - §) = L M@ibwmm—i—sL
0<ism j<n s =

i1<g< 0<i<m 0

Note also that the inner sum on the extreme right vanishes unless n - 1 = 0,
because m < n. Hence, we have S + 7 = 0.
Combining this with (4), we get §

]

-a(n), or, explicitly,

5= 2 a(@b( - Dam - )
megen

1

-a(n) (0 <m < n). (5)

Since we may equally well have started out with g(x)‘l, rather than ¢g(x), we
also have

S= 2 ba(f - i)bn - ) =-bm) (0 <m<n).
0<i<m
m<gjs<n

II. Some Relations Involving Fibonacci and Tribonacci Numbers

Referring to (1), we first examine what happens when k = 1 and the a; =1,
for © < j < m, where m 2 2. For convenience, we let F, (n) = F, (n), where m 2
2 and n =2 0. mnote that F,(0) = 1, Fy(n) denotes the nth  Fibonacci numbers,

F3(n) denotes the nth Tribonacci numbers, etc. Letting n = 27, for Z > 1 and
7z > m, we have

Fn(22) = F, (20 = 1) + F, (22 = 2) + F, (22 = 3) + -+ + F, (22 =m).  (6)

Combining (6) with the results of (4) and (5) for the coefficients, we have the
following table of values that are used to determine F,(2Z).

TABLE 1
a b 1 2 3 . m
z @ Fn(Z-1) Fn(Z-2) FlZ3) | .. Fn@-m)
s M@ P& | F@d | .| F@m)
Z+2 Fm (Z-2) Fn(Z-1) Fa(2-m+2)
Z+m-1 Fn(Z-m+1) Fn(Z-m(m-1))

Multiplying the elements in column 2 by the sum

of the corresponding elements
in each row, we have:
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Fo(22) = F (2)(Fp(Z = 1) + Fy(Z = 2) + Fy(Z = 3) + «vo + F,(Z = m))
FF (2 - D)F(Z = 1) +F (3 =2) + eoe + F(Z = m + 1))
+F (2= 2)(F (% = 1) +F(Z=2) + or + F(Z = m + 2)

(2 -m+ D(E,(Z - m+ (m - 1)), 7
When m = 2, we get the Fibonacci numbers, and (7) becomes
Fo(22) = Fo(2)(Fa(Z ~ 1) + Fo(Z = 2)) + Fp(Z - 1)(Fy(Z - 1)), (8)
o Fo(22) = (Fy(2))2 + (Fy(Z - 1))2, for Z > 1. (9
When m = 3, we get the Tribonacci numbers, and (7) becomes
F3(22) = F3(Z2)(F3(Z = 1) + F3(Z - 2) + F3(Z - 3))
+ F3(Z - 1) (F3(Z2 - 1) + F3(2 - 2))
+ F3(Z - 2)(F3(Z - 1)), (10)
so that
F3(22) = (F3(2))2+ (F3(Z - 1))2 + 2F3(Z - L)F3(8 - 2), for 2 2 1. (11)
Continuing the process of (8)-(11), with m = 2a, we have:
Fpu(22) = (Fpu(2))? + (Fpu(Z = 1))%2 4 evv + (Fou(Z - a))?
+ 2Fy, (7 = 1) (Fou(Z = 2)+ Fop(Z = 3) + «ov + Fouo(Z - (2a - 1)))

+ 2Fp, (2 = 2)(Foa(Z = 3) + Fp(Z = 4) + «ov + Fpuo (2 - (2a - 2)))

b2y (2 = (@ = 1)) (Fapu (Z = @) + Foy(3 - (20 - (@ - 1))))»  (12)

a21and Z 2 1.
Furthermore,

Fpu(0) = 1, Fou (1) = 1, Fp (2) = 2, ..uy Fpy(2a) = 22271,
Continuing the process for m = 2a + 1, we have:
Poa+1(22) = (Far1(2))2 + (Fpgu1(Z = 1?2+ oo+ (Faqu1(Z - a))?
+ 204 1(Z = 1) (Faqs1(Z = 2) + Fpuu1(Z = 3) + evv + Fpu1 (2 = 22))
+ 2P2041(2 = 2) (Fpas1(Z = 3) + Fogu1(Z = 4) + -
+ Fop1(Z = (2a - 1))

+ 21 (B = (@ = 1)) (Fpgs (3 = @) + Fops1(Z - (a + 1))
+ F2a+1(Z - (a + 2)))

+ 290 41(2 - a)(Fag41(Z = (a + 1)), (13
for a 21, Z 2 1. Here,
Foqe1€0) = 1, Fogu1(1) = 1, Fopy1(2) = 2, Fpgpyy(3) = 4, o1ty
and Fope1(2a + 1) = 224,

For n = 22 + 1, we also consider Fy,(2Z + 1) and Fy,,1(2Z2 + 1), where Z = g
and Z 2 1. 1In the exact way we obtained (12) and (13) but with added induction,
we now get
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Foo (22 + 1) = (Fpo(Z + 1))2 = (Fpo(Z = a))2 =~ (Fpa(Z = (@ + 1)))2 - ...
= (Fou(Z = (2a - 1)))?
[2F5,(Z = (2a = 1)) (Fp,(Z = 1) + Fpo(Z = 2) + Fy (2 = 3) + -+.
+ Fp(Z - (2a ~ 2)M)1

~ [2F5, (% = (22 = 2))(Fp (% = 2) + Fo (% = 3) + «-n

+ Fp (7 = (22 = 3)))]
= [2F5,(Z = (a + 2))(Fp,(Z = (@ = 2)) + Fpu(Z - (a - 1))

+ Fyu(Z = a) + For(Z -~ (a+ 1))
~ (2P, (Z - (a + 1)) (Fau (4 = (a = 1)) + Faa(Z ~ a))] (14)

and
Fope1Q2Z + 1) = (Foge1(Z + 1002 = (Foi1(Z - (@ + 1)))2 ~ ...
= (Faas1(Z = 2a))?
~ [2Fp41(% = 2a) (Fogi1(z = 1) + Fouo1(Z = 2) + Fyu1(Z - 3) +
ct Fop1(Z2 - (a - 1)))]
= [2Fp041(% = (2a = 1)) (Foue1(Z = 2) + Fppi1(Z = 3) + -~

+ Foge1(Z - (2a - 2)))]

il

~ [2F2a+1(Z - (CZ + 2))(F2a+1(Z - (Cl - 1)) + F2a+1(Z - Cl)
+ Fooe1(Z2 = (a + 1)1
— [2Fp001(2 = (@ + 1)) (Fagy1(Z = a))]. (15)
In closing this section, we note that for k = 1, we can combine the coef-

ficients in (1) to obtain

F (n) = % ajE%(n - J). (16)
J=1

Hence, we can solve for F,(n) in terms of the s where the a; are arbitrary
numbers, that is
F,(0) =1, F, (1) =ay, 7,(2) = (@¢))2 +a , etc., where m > 1.

It might also be noted here that all the numbers, the Fibonacci, Tribonacci,
Quadranacci, ..., and Hoganacci numbers, are, respectively, the sums and
differences of Fibonacci, Tribonacci, Quadranacci, ..., and Hoganacci squares.

III. A Congruence for F  ,(n) and Related Identities

We now return to (1) and consider the function Glx) %, Let

y = G(x). (17)
Since

1/y =1+ (L - y)/y, (18)
we see that

Vy = 1+ (age/y) + (a,22/y) + <o + (apax™/y). (19)
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Multiplying (19) by l/yk*, we have
1/y**l = 1/y% + (alx/yk+1) + (ayx [PFTY) + oo+ (axTyRth). (20)
Combining the coefficients in (20) leads to
m
o, xw1(n) =jz=:l (@i Fm, xe1ln = §)) + F (),  (n21). (21)

Substitution of (17) into (1) yields
gk = T Fp i (™, (22)
which, after differentiation and multiplying through by x, gives
-kx(y'k‘ldy/dx) = SiTnFm’k(n)x”. (23)
n=1 .

Now, using the values of y in (18) and (1) and combining the coefficients of
both sides of (23), we have

m
nFm,k(n) = kzjaij,k+l(n -3 (24)
J=1

We observe that (24) 1s a special case of (12) and (13). Hence, we get the
following congruence:

Fm,k(”) = 0 (mod k/(n, k), for n = k. (25)

Multiplying both sides of the equation in (21) by n, we have nF, ,(n) in both
(21) and (24). Hence, combining (21) with (24) leads to

m
VZFm’k+1(W> = .Zl (,]Z(QJ + naj)Fm, k+l(n - J). (26)
=
Replacing k with k - 1, we get
m . -
nk, o (n) = > (k- Daj; + na;)fy, 1 (n - 3), (27)
J=1

where n, Kk 2 1 and m > 2.

IV. A Table of Fibonacci Extensions

We now use equation (21) to make a table of Fibonacci extensions (see [5])
where, for convenience, we let m = 2. Of course, we could have considered any
other value for m, where m > 3.

In Table 2, below, we consider the values of Fz,k(n), where the a; = 1 and
FZ’]((O) = 1.

Table 2 was constructed by using the following rule:

To get the kP element in the »th column, add the k™! element in the (n - 1)St
column and the k™ element in the (#n - 2)" column together with the (k% -
1)st element in the nth column. Note that the second row is the Fibonacci
numbers.

When m = 3, we obtain the Tribonacci numbers. To get the Tribonacci extensions
we merely proceed as in Table 2, except that we have one more term, that is,
our rule is:
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To get the kM element in the n'h column of the Tribonacci extensions, we
add the k'h element in the (n - 1)t column, the kP element in the (n - 2)nd
column and the kP element in the (# - 3)*d column together with the (k - 1)st

element in the n'B column.

We can construct a table for any m 2 4 in the same way we found the table for m

= 3 but with added induction.

TABLE 2

20

51

71

233

In order to construct Table 2 for the kth powers,
to construct Kk lines, which is a great deal of work.

However,

one might think we need
this is really

aot necessary, since by equation (27) it is evident we need only find the num-

bers in line k.

The following is a table of the generalized Fibonacci numbers.

For con-

venience, we have replaced ay with o and a, with b, where g and b are arbitrary

numbers.
TABLE 3
Values of Fy , (,a, b)

1 2 4
o o o 0 0 0
1 1 a 2 +b a3 +2ab & +32%0+b2
2 |1 2a 3@+ dadieap 5t +12db+38
3 |1 3a 6a%+2 10ad+12ab 152" £ 304 b+ 6b?
k 1 ka

Table 3 was constructed using the rule:

To get the k'h element in the #nth column, we add the product of ¢ multiplied
by the k" element in the (# - 1)t column and the product of b multiplied by
the kP element in the (n - 2)" column together with the (k - 1)St element in

the n'h column.
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To obtain the table for m = 3 that gives us the generalized Tribonacci numbers,
we use the rule:

To get the k™ element in the n'™ column, we add the product of g; multiplied
by the k™M element in the (n - 1)t column to the product of a, multiplied by
the k™ element in the (n - 2) column and we add those two products to-
gether with the third product of g3 multiplied by the KM element in the
(n - 3)¥ column. We then add the sum of the three products together with
the (k - 1)St element in the n'h column.

To obtain the table for m =2 4, we do exactly as we did for m = 3 but with added
induction.

We conclude this paper by noting that in exactly the way we found Table 2
(with the g; = 1) we may also construct Table 3 with the a; equal to arbitrary
numbers.

Using step-by-step induction, it is easy to show that, by equation (27), we
can find any element on line k using only the numbers found on line Xk and g;.
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